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Abstract

Recently, several convergence rate results for Douglas-Rachford split-
ting and the alternating direction method of multipliers (ADMM) have
been presented in the literature. In this paper, we show global linear con-
vergence rate bounds for Douglas-Rachford splitting and ADMM under
strong convexity and smoothness assumptions. We further show that the
rate bounds are tight for the class of problems under consideration for all
feasible algorithm parameters. For problems that satisfy the assumptions,
we show how to select step-size and metric for the algorithm that optimize
the derived convergence rate bounds. For problems with a similar struc-
ture that do not satisfy the assumptions, we present heuristic step-size
and metric selection methods.

1 Introduction

Optimization problems of the form
minimize  f(x) + g(z) (1)

where x is the variable and f and g are proper closed and convex, arise in numer-
ous applications ranging from compressed sensing [9] and statistical estimation
[29] to model predictive control [45] and medical imaging [37].

There exist a variety of operator splitting methods for solving problems of
the form (1), see [12, 39]. In this paper, we focus on Douglas-Rachford splitting
[17, 41]. Douglas-Rachford splitting is given by the iteration

2 = ((1 - a)ld + aR, s Ryg)2", (2)
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where « in general is constrained to satisfy o € (0,1). Here Id is the identity
operator, Ry is the reflected proximal operator R,y = 2prox, s —Id, and Prox. ¢
is the proximal operator defined by

prox, (=) i= argmin{f(x) + o — 2/}, (3)

The variable z* in (2) converges to a fixed-point of R,fR,, and the sequence
zk = proxn/gzk converges to a solution of (1) (if it exists), see [1, Proposi-
tion 25.6].

When (2) is applied to the Fenchel dual problem of (1), this algorithm is
equivalent to ADMM, see [28, 21, 6] for ADMM and [20, 18] for the connection to
Douglas-Rachford splitting. These methods have long been known to converge
for any @ € (0,1) and v > 0 under mild assumptions, [21, 36, 18]. However,
the rate of convergence in the general case has just recently been shown to be
O(1/k), [30, 15, 13].

For a restricted class of monotone inclusion problems, Lions and Mercier
showed in [36] that the Douglas-Rachford algorithm (with o = 0.5) enjoys a
linear convergence rate. To the authors’ knowledge, this was the sole linear
convergence rate results for a long period of time for these methods. Recently,
however, many works have shown linear convergence rates for Douglas-Rachford
splitting and ADMM in different settings [31, 42, 15, 14, 16, 22, 40, 32, 34, 5,
47, 2, 44, 38|.

The works in [31, 15, 5, 42] concern local linear convergence under different
assumptions. The works in [34, 47] consider distributed formulations and [32]
considers multi-block ADMM, while the works in [14, 16, 22, 40, 36, 2, 44, 38]
show global linear convergence. Of these, the work in [2] shows linear con-
vergence for Douglas-Rachford splitting when solving a subspace intersection
problem and the work in [44] (which appeared online during the submission
procedure of this paper) shows linear convergence for equality constrained prob-
lems with upper and lower bounds on the variables. The other works that show
global linear convergence, [14, 16, 22, 40, 36, 38|, show this for Douglas-Rachford
splitting or ADMM under strong convexity and smoothness assumptions.

In this paper, we provide explicit linear convergence rate bounds for the
case where f in (1) is strongly convex and smooth and we show how to select
algorithm parameters to optimize the bounds. We also show that the bounds
are tight for the class of problems under consideration for all feasible algorithm
parameters v and «. Our results generalize and/or improve corresponding re-
sults in [14, 16, 22, 40, 36, 38]. A detailed comparison to the rate bounds in
these works is found in Section 5.

We also show that a relaxation factor a > 1 can be used in the algorithm. We
provide explicit lower and upper bounds on « where the upper bound depends
on the smoothness and strong convexity parameters of the problem. We further
show that the bounds are tight, meaning that if an « is chosen that is outside
the allowed interval, there exists a problem from the considered class that the
algorithm does not solve.



The provided convergence rate bounds for Douglas-Rachford splitting and
ADMM depend on the smoothness and strong convexity parameters of the prob-
lem to be solved. These parameters depend on the space on which the problem
is defined. This space can therefore be chosen by optimizing the convergence
rate bound. In this paper, we show how to do this in Euclidean settings. We
select a space by choosing a (metric) matrix M that defines an inner-product
(z,y)m = "My and its induced norm ||z|[n; = /(x,2),,. This matrix M
is chosen to optimize the convergence rate bound (typically subject to M be-
ing diagonal). Letting the problem and algorithm be defined on this space can
considerably improve theoretical and practical convergence.

The metric selection can be interpreted as a preconditioning with the objec-
tive to reduce the number of iterations. A similar preconditioning is presented
in [22] for ADMM applied to solve quadratic programs with linear inequality
constraints. Our results generalize these in several directions, see Section 5 for
a detailed comparison.

Real-world problems rarely have the properties needed to ensure linear con-
vergence of Douglas-Rachford splitting or ADMM. Therefore, we provide heuris-
tic metric and parameter selection methods for such problems. The heuristics
cover many problems that arise, e.g., in model predictive control [45], statisti-
cal estimation [29, 48], compressed sensing [9], and medical imaging [37]. We
provide two numerical examples that show the efficiency of the theoretically
justified and heuristic parameter and metric selection methods.

This paper extends and generalizes the conference papers [25, 24].

1.1 Notation

We denote by R the set of real numbers, R™ the set of real column-vectors of
length n, and R™*™ the set of real matrices with m rows and n columns. Further
R := RU{o0o} denotes the extended real line. Throughout this paper H, H1, Ha,
and K denote real Hilbert spaces. Their inner products are denoted by (-, -}, the
induced norm by || - ||, and the identity operator by Id. We specifically consider
finite-dimensional Hilbert-spaces Hy with inner product (z,y) = 2T Hy and
induced norm ||z|| = VzTHz. We denote these by (-,-)g and | - ||g. We
also denote the Euclidean inner-product by (z,y)s = 27y and the induced
norm by || - |l2. The conjugate function is denoted and defined by f*(y) =
sup, {{(y,x) — f(z)} and the adjoint operator to a linear operator A : H — K
is defined as the unique operator A* : K — H that satisfies (Az, y) = (x, A*y).
The range and kernel of A are denoted by ranA and kerA respectively. The
orthogonal complement of a subspace X is denoted by X~. The power set of
a set X, i.e., the set of all subsets of X, is denoted by 2%. The graph of an
(set-valued) operator A : X — 2% is defined and denoted by gphA = {(z,y) €
X x Y |y € Az}. The inverse operator A~! is defined through its graph by
gphA™t = {(y,z) € Y x X | y € Ax}. The set of fixed-points to an operator
T : H — H is denoted and defined as fixT = {z € H | Tx = z}. Finally, the
class of closed, proper, and convex functions f : H — R is denoted by I'o(H).



2 Background

In this section, we introduce some standard definitions that can be found, e.g.
in [1, 46].

Definition 1 (Strong monotonicity) An operator A : H — 2% is o-
strongly monotone with o > 0 if

(u—v,2—y) > oz -yl
for all (z,u) € gph(A) and (y,v) € gph(A).

The definition of monotonicity is obtained by setting ¢ = 0 in the above
definition.

In the following definitions, we suppose that D C ‘H is a nonempty subset of
H.

Definition 2 (Lipschitz mappings) A mapping T : D — H is §-Lipschitz
continuous with 8 > 0 if

1Tz = Ty|| < Blle -yl

holds for all x,y € D. If § =1 then T is nonexpansive and if 8 € [0,1) then T
is [B-contractive.

Definition 3 (Averaged mappings) A mapping T : D — H is a-averaged
if there exists a nonexpansive mapping S : D — H and o € (0,1) such that
T=(1-ald+asS.

Definition 4 (Cocoercivity) A mapping T : D — H is [-cocoercive with
B >0 i BT is %-avemged.

This definition implies that cocoercive mappings 1" can be expressed as
T = 55(1d +5) (4)
for some nonexpansive operator S.

Definition 5 (Strong convexity) A function f € T'g(H) is o-strongly convex
with o > 0 if f — || - ||? is convez.

A strongly convex function has a minimum curvature that is at least o. If
f is differentiable, strong convexity can equivalently be defined as that

f@) = fy) + (V). 2 —y) + Gllz —yl (5)

holds for all z,y € H. Functions with a maximal curvature are called smooth.
Next, we present a smoothness definition for convex functions.



Definition 6 (Smoothness for convex functions) A function f € To(H)
is B-smooth with § > 0 if it is differentiable and gH |2 = f is convez, or
equivalently that

f@) < fy)+ (Vi) z —y) + 5llz =y (6)
holds for all x,y € H.

Remark 1 It can be seen from (5) and (6) that for a function that is o-strongly
convez and [3-smooth, we always have 5 > o.

3 Douglas-Rachford splitting

The Douglas-Rachford algorithm can be applied to solve composite convex op-
timization problems of the form

minimize  f(z) + g(x) (7)

where f,g € T'o(H). The solutions to (7) are characterized by the following
optimality conditions, [1, Proposition 25.1]

2= RygRyy2, z = prox,¢(z) (8)

where v > 0, the prox operator prox., is defined in (3), and the reflected

proximal operator R, = 2prox.; —Id. In other words, a solution to (7) is found

by applying the proximal operator on z, where z is a fixed-point to R4 R ¢.
One approach to find a fixed-point to R4R, is to iterate the composition

k+1 _ k
z =R, gRys2".

This algorithm is sometimes referred to as Peaceman-Rachford splitting, [41].
However, since R,y and R, are in general nonexpansive, so is their composition,
and convergence of this algorithm cannot be guaranteed in the general case.

The Douglas-Rachford splitting algorithm is obtained by iterating the aver-
aged map of the nonexpansive Peaceman-Rachford operator R,,R-¢. That is,
it is given by the iteration

A = ((1 - a)ld + aRy Ry f)z" (9)

where « € (0,1) to guarantee convergence in the general case, see [19]. (We
will, however, see that when additional regularity assumptions are introduced,
a =1, i.e. Peaceman-Rachford splitting, and even some o > 1 can be used and
convergence can still be guaranteed.)

The Douglas-Rachford algorithm (9) can more explicitly be written as

ak = proxvf(zk) (10)
yh = prox,yg(Qa:k ) (11)
=28 4 2a(yF — ) (12)

Note that sometimes, the algorithm obtained by letting o = % is called Douglas-
Rachford splitting [18]. Here we use the name Douglas-Rachford splitting for
all feasible values of a.



3.1 Linear convergence

Under some regularity assumptions, the convergence of the Douglas-Rachford
algorithm is linear. We will analyze its convergence under the following set of
assumptions:

Assumption 1 Suppose that:
(i) f and g are proper, closed, and convez.

(ii) f is o-strongly convex and -smooth.

To show linear convergence rates of the Douglas-Rachford algorithm under these
regularity assumptions on f, we need to characterize some properties of the
proximal and reflected proximal operators to f. Specifically, we will show that
the reflected proximal operator of f is contractive (as opposed to nonexpansive
in the general case). We will also provide a tight contraction factor.

The key to arriving at this contraction factor is the following, to the authors’
knowledge, novel (but straightforward) interpretation of the proximal operator.

Proposition 1 Assume that f € T'o(H) and that v € (0,00) and define f, as
Fy=af+ 50 1P (13)

Then prox.¢(y) = V5 (y).

Proof.  Since the proximal operator is the resolvent of ydf, see [1, Exam-
ple 23.3], we have prox, ¢(y) = (Id + ¥Of) "ty = (0fy)'y. Since f € T'o(H)
and v € (0,00) also f, € T'o(H). Therefore [1, Corollary 16.24] implies that
prox. ¢ (y) = (8fy) 'y = Vfi(y), where differentiability of f follows from [1,
Theorem 18.15], since f,, is 1-strongly convex, and since f = (f*)* for proper,
closed, and convex functions, see [1, Theorem 13.32]. This concludes the proof.
O

This interpretation of the proximal operator is used to prove the following
proposition. The proof is found in Appendix B.

Proposition 2 Assume that f € T'g(H) is o-strongly convezx and -smooth and
that v € (0,00). Then prox. s — 1+{/ﬁId is —1———1—-cocoercive if 3 > o and
I+yo  1+9B8

0-Lipschitz if p = o.

This result is used to show the following contraction properties of the re-
flected proximal operator. A proof to this result, which is one of the main
results of the paper, is found in Appendix C.

Theorem 1 Suppose that f € To(H) is o-strongly convex and B-smooth and

that v € (0,00). Then Ry is max (1237 ;1‘{) -contractive.




For future reference, we let this contraction factor be denoted by 9, i.e.,

6= max (257}, 129, (14)

Theorem 1 lays the foundation for the linear convergence rate result in the
following theorem, which is proven in Appendix D.

Theorem 2 Suppose that Assumption 1 holds, that v € (0,00), that o €
(O,%_HS) with 0 in (14). Then the Douglas Rachford algorithm (9) converges
linearly towards a fized-point z € fix(RygR¢) at least with rate |1 — a| + ad,
i.e.,:

12571 = 2] < (11 = af + ad) [|2* — 2].

Remark 2 Note that a > 1 can be used in the Douglas-Rachford algorithm
when solving problems that satisfy Assumption 1. (This also holds for general
relazed iteration of a contractive mapping.) That a-values greater than 1 can
be used is reported in [38] for ADMM (i.e., for dual Douglas-Rachford). They
solve a small SDP to assess whether ADMM converges with a specific rate, for
specific problem parameters B and o, and specific algorithm parameters o and
~. This SDP gives an affirmative answer for some problems and some o > 1.
As opposed to here, no explicit bounds on a are provided.

Also the z* iterates in (10) converge linearly. The following corollary is
proven in Appendix E.

Corollary 1 Let x* be the (unique) solution to (7). Then the x* iterates in
(10) satisfy

lz* 1 = 2*[| < (11 = af + 8a)" T s 120 - 2] (15)

Remark 3 Note that Corollary 1 and Theorem 2 still hold if the order of R
and Ry is swapped in the Douglas-Rachford algorithm (9).

We can choose the algorithm parameters v and « to optimize the bound on
the convergence rate in Theorem 2. This is done in the following proposition.

Proposition 3 Suppose that Assumption 1 holds. Then the optimal parameters
for the Douglas-Rachford algorithm in (9) are « = 1 and v = —~. Further,

VoB
VB/o-1

the optimal rate is .
B/o+1

Proof.  Since § € [0,1), the rate in Theorem 2, |1 — «| + &d, is a decreasing
function of a for @ < 1 and increasing for a > 1. Therefore the rate factor
is optimized by a = 1. The v parameter should be chosen to minimize the



max-expression max (1@;1, ;33) defining ¢ in (14). This is done by setting

the arguments equal, which gives v = 1/y/o. Inserting these values into the

\/16/0'_1 ‘:l

B/o+1"

rate factor expression gives

Remark 4 Note that o = 1 is optimal in Proposition 3. So the Peaceman-
Rachford algorithm gives the best bound on the convergence rate under Assump-
tion 1, even though it is not guaranteed to converge in the general case. The
reason is that Ry becomes contractive under Assumption 1 (as opposed to non-
expansive in the general case).

3.2 Tightness of bounds

In this section, we show that the linear convergence rate bounds in Theorem 2
are tight. We consider a two dimensional example of the form (7) in a standard
Euclidean space to show tightness. Let © = (x1,23), then the functions used
are

f(z) = 3(Baf + 023), (16)
g1(x) =0, (17)
92(x) = ta=0(2), (18)

where > o > 0 and t,— is the indicator function for x = 0, i.e., tyz—¢(x) =0
iff z =0, otherwise co.

The function f is S-smooth since §Hx||§ - flz) = B%”x% is convex. It is
o-strongly convex since f(z) — §||z[3 = ﬁ%"x% is convex. So the function f

satisfies Assumption 1(ii).
The proximal operator to f is

prox, s (y) = argmin{yf(z) + 3llz — 3}

= argmin{y ((8y + 1)at + (0 + 1)23) +z1y1 + z2yo}
(ﬁyh ﬁyﬂ (19)

where y = (y1,y2). The reflected proximal operator is

Ryf(y) = 2prox. ;(y) —y
= 2(7555Y1 1155 Y2) — (91,92)

— (28, ey, (20)

The proximal and reflected proximal operators to ¢g; in (17) are Prox.,, =

R,;, = Id. The proximal and reflected proximal operators to g, in (18) are
prox,,, (r) = 0 and R4, = 2prox,, —Id = —Id.
Next, these results are used to show tightness of the convergence rate bounds

in Theorem 2. The tightness result is proven in Appendix F.



Theorem 3 The convergence rate bound in Theorem 2 for the Douglas-Rachford
splitting algorithm (9) is tight for the class of problems that satisfy Assumption 1
for all algorithm parameters specified in Theorem 2, namely o € (0, %) with

0 in (14) and v € (0,00). If instead a & (0, %), there exist a problem that
satisfies Assumption 1 that the Douglas-Rachford algorithm does not solve.

Remark 5 This result on tightness can be generalized to any real Hilbert space.
This is obtained by considering the same g1 and go as in (17) and (18) but with

)
fla) =" %z, ¢)°

i=1

Here {gbz}‘;”l is an orthonormal basis for H, |H| is the dimension of the space
H (possibly infinite), and \; = o > 0 or \; = 8 > o for all i, where at least one
Ai = o and one \; = 3.

4 ADMM

In this section, we apply the results from the previous section to the Fenchel
dual problem. Since ADMM applied to the primal problem is equivalent to the
Douglas-Rachford algorithm applied to the dual problem, the results obtained
in this section hold for ADMM.

We consider solving problems of the form

minimize  f(z) + g(y)

subject to Ax+ By =c¢ (21)

where f € T'o(H1), g € To(H2), A : H1 = K and B : Ha — K are bounded
linear operators and ¢ € K. In addition, we assume:
Assumption 2

(i) f € To(H1) is B-smooth and o-strongly conver.

(i) A @ Hi — K is surjective.
The assumption that A is a surjective bounded linear operator reduces to that
A is a real matrix with full row rank in the Euclidean case.

Problems of the form (21) cannot be directly efficiently solved using Douglas-

Rachford splitting. Therefore, we instead solve the (negative) Fenchel dual
problem, which is

minimize dy(u) + da(p) (22)
where dy,dy € Ty(K) are

di(p) = f*(=A"p) + (¢, 1), do(p) = g"(=B"p). (23)



The Douglas-Rachford algorithm when solving the dual problem becomes
= (1 — Q)1d + aRyq, Ryay)2 . (24)

This formulation will be used when analyzing ADMM since for a = % it is

equivalent to ADMM and for o € (0, 3] and « € [3,1) it is equivalent to under-
and over-relaxed ADMM, see [20, 18, 19]. Note that we only use (24) as an
analysis algorithm for ADMM. The algorithm should still be implemented as
the standard ADMM algorithm (with over- or under-relaxation). Here we state

ADMM with scaled dual variables wu, see [6]:

= argmin{f(z) + 3| Az + By* - e+ u*|3} (25)
xgﬂ — ARt — (1- 2a)(Byk —0) (26)
y*" = argmin{g(y) + o} + By — e+ w3} (27)
uF = oF 4 (28T 4 ByR T —¢) (28)

where 2% in (24) satisfies z*¥ = y(uF — ByF), see [19, Theorem 8] and [27,
Appendix B].

4.1 Linear convergence

To show linear convergence rate results in this dual setting, we need to quantify
the strong convexity and smoothness parameters for dy in (23). This is done in
the following proposition.

Proposition 4 Suppose that Assumption 2 holds. Then dy € To(K) in (23) is

* |12
LAYE srmooth and %—stmngly convex, where 8 > 0 always exists and satisfies

Al = Ol l| for all € K.

Proof. We define d(u) := f*(—A*u), so di(p) = d(p) + (¢, ). We first note
that the linear term (c, ) does not affect the strong convexity or smoothness

* (12
parameters. So, we proceed by showing d is @—smooth and e—g—strongly
convex.

Since f is o-strongly convex, [1, Theorem 18.15] gives that f* is %—smooth

and that V f* is %—Lipschitz continuous. Therefore, Vd satisfies

V() = Vd(w)| = AV f*(=A"s) = AV [ (=A"D)|
A (e =)

A* 2
E v

IN

IN

since || A|| = ||.A*||. This is equivalent to that d is w

rem 18.15].

-smooth, see [1, Theo-



Next, we show the strong convexity result for d. Since f is S-smooth, f*

is L-strongly convex, and V f* is %—strongly monotone, see [1, Theorem 18.15].

Therefore, Vd satisfies

(Vd(p) = Vd(v), p —v) = (“AVf*(=A"p) = VI (=A"V)), p—v)
(VI (=A") = V(= A"v), A"+ A'v))
FIA* (= )2

2
Gllu— vl

v

v

This, by [1, Theorem 18.15], is equivalent to d being %—strongly convex. That
6 > 0 follows from [1, Fact 2.18 and Fact 2.19]. Specifically, [1, Fact 2.18] says
that kerA* = (ranA)*- = (), since A is surjective. Since ranA = K (again by
surjectivity), it is closed. Then [1, Fact 2.19] states that there exists 6§ > 0 such
that || A*u|| > @||p|| for all u € (kerA*)*t = (0)*+ = K.

(]

Combining this result with Theorem 1 implies that R4, is d-contractive
with

§ := max (;f;g, };33) (29)

~ * |12
where § = ”Ao_” and 6 = %. This gives the following immediate corollary to

Theorem 2 and Proposition 3.

Corollary 2 Suppose that Assumption 2 holds, that v € (0,00), and that o €

(0, %M) with § in (29). Then algorithm (24) (or equivalently ADMM applied to

solve (21)) converges at least with rate |1 — a| + ad, i.e.,
|24 = 2l < (11— al + ad) 1% - 2

where z € fix(Ryq, Rya,)-
Further, the algorithm parameters v and « that optimize the rate bound are

a=1andy = —— = 5% The optimized linear convergence rate bound
V= U T TATD P g
= A * (|12

factor is %:’ where k& = g = %'

Remark 6 Similarly to in the primal setting in Corollary 1, R-linear conver-
gence for the x* update in (25) can be shown. The proof is more elaborate than
the corresponding proof for primal Douglas-Rachford. This result is therefore
omitted due to space considerations.

4.2 Tightness of bounds

Also in this dual setting, the convergence rate estimates are tight. Consider
again the functions (16), (17), and (18). Further let ¢ = 0, B = —I, and
A= [§2] with ¢ > 6 > 0.



Since f*(v) = %(%uf + Lu32) for f in (16), we get

di(p) = f*(~ATp) = 3% + S pd).

Since d; is on the same form as f in Section 3.2, d; is & := %—strongly convex

and 3 := %—smooth, or equivalently 3 := M—smooth since ¢ = || A|| = [|AT].
Further da(p) = g*(=BTp) = g*(u) where either g = g, with g; in (17) or
g = g2 with go in (18). The functions g; and g in (17) and (18) are each other’s

conjugates, i.e., g = g2 and g5 = g1. Therefore, the dual problem
minimize di(u) + da(p)

(with dy = g1 or dy = go) is the same as the problem considered in Section 3.2

_ Ay
o

but with the smoothness parameter S in Section 3.2 replaced by B and

the strong convexity modulus ¢ in Section 3.2 replaced by ¢ = %. Therefore,
we can state the following immediate corollary to Theorem 3.

Corollary 3 The convergence rate bound in Corollary 2 for ADMM applied
to the primal or, equivalently, the Douglas-Rachford algorithm applied to the
dual (24), is tight for the class of problems that satisfy Assumption 2 for all

algorithm parameters specified in Corollary 2, namely for o € (0, ﬁ) with & in

(29) and v € (0,00). If instead a & (0, ﬁ), there exist a problem that satisfies
Assumption 2 that the algorithm does not solve.

Remark 7 As in the primal Douglas-Rachford case, tightness can be shown in
general real Hilbert spaces. This is obtained with the same f, g1, and g2 as in
Remark 5 and with B = —1d, ¢ =0, and

|#H|

Az = "vi(z, ¢:)i

i=1

where v; =60 > 0 if \; = B in Remark 5 and v; = > 0 if \; = o in Remark 5.

5 Related work

Recently, many works have appeared that show linear convergence rate bounds
for Douglas-Rachford splitting and ADMM under different sets of assumptions.
In this section, we will discuss and compare some of these linear convergence
rate bounds that hold with the assumptions stated in this paper. For simplicity,
we will compare the various optimal rates, i.e., rates obtained by using optimal
algorithm parameters.

Specifically, we will compare our results in Proposition 3 and Corollary 2
to the previously known linear convergence rate results in [14, 16, 22, 40, 36)
and the linear convergence rate [38] that appeared online during the submission
procedure of this paper.
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Figure 1: Comparison between linear convergence rate bounds for Douglas-
Rachford splitting/ ADMM provided in [14, 16, 22, 40, 38] and in Corollary 2.

Some of these results consider the Douglas-Rachford algorithm while others
consider ADMM. A Douglas-Rachford rate result becomes an ADMM rate re-
sult by replacing the strong convexity and smoothness parameters o and 8 with
the dual problem counterparts ¢ = % and B = w, see Proposition 4. All
rate bounds in this comparison that directly analyze ADMM also depend on
the dual problem strong convexity and smoothness parameters & and B . There-
fore, the comparison can be carried out in dual problem parameters ¢ and B .
Obviously, since our bounds are tight, none of the other bounds can be better.
This comparison is merely to show that we improve and/or generalize previous
results.

In [36, Proposition 4, Remark 10], the linear convergence rate for Douglas-
Rachford splitting with a = % when solving monotone inclusion problems with
one operator being g-strongly monotone and B—Lipschitz continuous is shown
to be , /1 — % Note that the setting considered in [36] is more general than
the setting in this paper. Recently, this bound was improved in [23] where tight
estimates are provided.

In [14, Theorem 6], dual Douglas-Rachford splitting with o = 1 is shown to
converge linearly at least with rate ,/1 — % For a = % they recover the bound
in [36]. In Figure 1, the former (better) of these rate bounds is plotted. We see
that it is more conservative than the one in Corollary 2.

The optimal convergence rate bound in [16, Corollary 3.6] is \/1/(1 +1/4/3/5)

and is analyzed directly in the ADMM setting. Figure 1 reveals that our rate
bound is tighter.

In [40], the authors show that if the v parameter is small enough and if f is
a quadratic function, then Douglas-Rachford splitting is equivalent to a gradi-
ent method applied to a smooth convex function named the Douglas-Rachford



envelope. Convergence rate estimates then follow from the gradient method
rate estimates. Also, accelerated variants of Douglas-Rachford splitting are
proposed, based on fast gradient methods. In Figure 1, we compare to the rate
bound of the fast Douglas-Rachford splitting in [40, Theorem 6] when applied to
the dual. This rate bound is better than the rate bound for standard Douglas-
Rachford splitting in [40, Theorem 4]. We note that Corollary 2 gives better
rate bounds.

The convergence rate bound provided in [22] coincides with the bound pro-
vided in Corollary 2. The rate bound in [22] holds for ADMM applied to Eu-
clidean quadratic problems with linear inequality constraints. We generalize
these results, using a different machinery, to arbitrary real Hilbert spaces (also
infinite dimensional), to both Douglas-Rachford splitting and ADMM, to gen-
eral smooth and strongly convex functions f, and, perhaps most importantly,
to any proper, closed, and convex function g.

Finally, we compare our rate bound to the rate bound in [38]. Figure 1
shows that our bound is tighter. As opposed to all the other rate bounds in this
comparison, the rate bound in [38] is not explicit. Rather, a sweep over different
rate bound factors is needed. For each guess, a small semi-definite program is
solved to assess whether the algorithm is guaranteed to converge with that rate.
The quantization level of this sweep is the cause of the steps in the rate curve
in Figure 1.

6 Metric selection

In this section, we consider problems of the form (21) in an Euclidean setting.
We assume f € T'o(Hur), g € To(Hg), A : Hy — Hg, B : Hy — Hg,
c € Hi and that:

Assumption 3

(i) f € To(Hp) is 1-strongly convex if defined on Hy (i.e., M = H) and
1-smooth if defined on Hy, (i.e., M = L).

(i) The bounded linear operator A : Hy — Hg is surjective.

We solve (21) by applying Douglas-Rachford splitting on the dual problem (22)
(or equivalently by applying ADMM directly on the primal (21)). This algorithm
behaves differently depending on which space Hy the problem is defined and the
algorithm is run. We will show how to select a space Hy on which the algorithm
rate bound is optimized. To aid in this selection, we show in the following
proposition how the strong convexity modulus and smoothness constant of d; €
I'y(Hg) depend on the space on which it is defined.

Proposition 5 Suppose that Assumption 3 holds, that A € R™*" satisfies
Az = Az for allz, and that K = ETE. Thend; € H in (23) is|[EAH AT ET||,-
smooth and Apin(EAL~YAT ET)-strongly conver, where Apin(EAL=*ATET) >

0.



Proof.  First, we note that dy(u) = d(p) + (¢, ) where d(p) = f*(—A*p)
and that a linear function does not change the strong convexity of smoothness
parameter of a problem. Therefore, we show the result for d.

First, we relate A* : Hg — Hys to A, M, and K. We have

<A‘/I;):LL>K = <A73,KM>2 = <$,ATK/,L>2 = <xaM_1ATKM>M
= <M71ATKMa z)m = (A p, ) mr

Thus, A*pu = M"*AT Ky for all u € Hg.

Next, we show that the space Hj; on which f and f* are defined does not
influence the shape of d. We denote by fg, fr, and f. the function f defined on
Hpy, Hyz, and R™ respectively and by A}, : Hig — Hpg, A} @ Hg — Hy, and
AT . R™ — R" the operator A* defined on the different spaces. Further, let
dy = fjyo—Aly, dr :== ff o—A%, and d, := f o —AT. With these definitions
both d;, and dgy are defined on Hy, while d, is defined on R™. Next we show
that dy, and dy are identical for any pu:

d () = fi (= App)
= sup {(= Ay, 2)r = fu ()}

= sup {(~HH AT Kpi )2 — £.(2)}

sup {(—LLilATKu, z)y — fe(2)}
= sup {(=App, v)r — fr(2)} = dr(p)
where A%, = MY AT Ky is used. This implies that we can show properties of

d € Hg by defining f on any space Hj;. Thus, Proposition 4 gives that 1-strong
convexity of f when defined on Hy implies ||.A*||*>-smoothness of d, where

A = sup (A"l |l < 1)

= sup ([ AT gl | lxc <1}

= sup {|[H~2ATET Epla | || Bl < 1}
)

= sup {|H2ATE vz | |lv]2 < 1}

_ ||H_1/2ATET||2.

Squaring this gives the smoothness claim. To show the strong-convexity claim,
we use that 1-smoothness of f when defined on Hj, implies §2-strong convexity
of d where 6 > 0 satisfies || A*u||L > 0||p|lx for all u € Hg, see Proposition 4.



We have

I pllE = L7 AT K plg
= [|IL~2ATET (Bw)|3

= ”ENHQEAL*ATET
> Amin(BAL™'ATET) || Eplf3
== )\min(EALilATET)”:uH%(a

i.e, 02 = Anin(FEAL=YATET). The smallest eigenvalue Apin(FAL=ATET) >0
since A is surjective, i.e. has full row rank, and £ and L are positive definite
matrices. This concludes the proof. O

This result shows how the smoothness constant and strong convexity mod-
ulus of d; € To(Hg) change with the space Hy on which it is defined. Com-
bining this with Proposition 3, we get that the bound on the convergence rate
for Douglas-Rachford splitting applied to the dual problem (22) (or equivalently
ADMM applied to the primal (21)) is optimized by choosing K = ET E where
FE is chosen to

Amax(EAH1ATET)
Amin(EAL-TATET)

minimize

(30)

1

V max(BAH-TATET) \nin (EAL—-TATET)
K usually gives prohibitively expensive prox-evaluations. Therefore, we propose
to select a diagonal K = ETE that minimizes (30). The reader is referred to
[26, Section 6] for different methods to achieve this exactly and approximately.

and by choosing v = . Using a non-diagonal

Remark 8 It can be shown (details are omitted for space considerations) that
solving the dual problem on space Hy using Douglas-Rachford splitting is equiv-
alent to solving the preconditioned problem

minimize  f(x)+ g(y) (31)
subject to E(Ax + By) = Ec.

using ADMM. Therefore, the metric selection presented here covers the precon-
ditioning suggestion in [22] as a special case.

Remark 9 Metric selection and preconditioning is not new for iterative meth-
ods. It can be used with the aim to reduce the computational burden within
each iteration [11, 43, 8, 7, 33/, and/or with the aim to reduce the total number
of iterations like in our analysis and in [22, 26, 4, 7, 33]. It is interesting to
note that in our paper (if we restrict ourselves to quadratic f with Hessian H)
and in [22, 26, 7, 33], different algorithms are analyzed with different methods,
but all analyses suggest to make AH ' AT well conditioned (by choosing a met-
ric or doing preconditioning). The analyzed algorithms are ADMM here and
in [22], (fast) dual forward-backward splitting in [26], and Uzawa’s method to



solve linear systems of the form [H AOT] (z,1) = (—q,b) in [7, 33]. This linear
system is the KK T-condition for the problem min,{f(x)+g(y) | Az = y} where
f(@) = 32" Ha + q"z and g(y) = 1y=s(y). The dual functions are dy(n) =
(g + ATW)THY (AT + q) with Hessian AH AT and da(p) = g*(p) = b7 p.
The functions dy in the dual problems in all these analyses are the same (if we
restrict ourselves to quadratic f with Hessian H in our setting), but the func-
tions dy are different. So all the different metric selections (preconditionings)

try to make dy, and its Hessian AH™*AT | well conditioned.

6.1 Heuristic metric selection

Many problems do not satisfy all assumptions in Assumption 2, but for many
interesting problems a couple of them are typically satisfied. Therefore, we will
here discuss metric and parameter selection heuristics for ADMM (Douglas-
Rachford applied to the dual (22)) when some of the assumptions are not met.
We focus on quadratic problems of the form

minimize %xTQx + gz + f(l”) +9(v)

f(z)
subject to Az + By =c¢

(32)

where @@ € R™*"™ is positive semi-definite, ¢ € R™, f € To(R™), g € To(R™),
AeRPX" B e RP*™ and ¢ € RP.

One set of assumptions that guarantee linear convergence for dual Douglas-
Rachford splitting is that @ is positive definite, that f is nonsmooth, and that
A has full row rank. By inverting these, we get a set of assumptions that if
anyone of these are satisfied, we cannot guarantee linear convergence:

(i) @ is not positive definite, but positive semi-definite.

(ii) f is nonsmooth, e.g., the indicator function of a convex constraint set or
a piece-wise affine function

(iii) A does not have full row rank.

In the first case, we loose strong convexity in f and smoothness in the dual d;.
In the second case, we loose smoothness in f and strong convexity d;. In the
third case, we loose strong convexity in the dual d;.

We directly tackle the case where the assumptions needed to get linear con-
vergence are violated by all points (i), (ii), and (iii). For the dual case we con-
sider, i.e., the ADMM case, we propose to select the metric as if f =0in (32).
To do this, we define the quadratic part of f in (32) to be fyc(z) := 327 Qu+q¢"
and introduce the function dp. := f7. o —AT. The conjugate function of f. is
given by

$y—a)"Q(y—q) if (y—q) € R(Q)
00 else

Fre(y) = sup {{y, @) = foe(2)} = {



where QT is the pseudo-inverse of @ and R denotes the range space. This gives

doo) = {;mw +0)7QN AT —q) i (ATu+q) € R(Q)
00 else

with Hessian AQTA” on its domain. We approximate the dual function d; (i) =
f*(=AT ) +cT p with dpe(p) +c? p. Then we propose to select a diagonal metric
K = ETE such that this approximation is well conditioned in directions where
it has curvature. That is, we propose to select a metric K = ET E such that the
pseudo condition number of AQTA” is minimized. This is achieved by finding
an F to

)\max(EAQTATET)
)\min>0 (EAQTATET)

minimize

where Apin>o denotes the smallest non-zero eigenvalue. (See [26, Section 6]
for methods to achieve this exactly and approximately.) This heuristic reduces
to the optimal metric choice in the case where linear convergence is achieved.
The v-parameter is also chosen in accordance with the above reasoning and

- 1
Corollary 2 as v = V Amax (BEAQTAT ET) A\ nins0(EAQTATET) |

If instead f in (32) is the indicator function of an affine subspace, i.e.,

f = tra—p and Q is strongly convex on the null-space of L. Then d; (n) =
-1
T AP AT i+ €T i+ x+cT o where £ € R", x € R, and [% LOT} = [%1 1;;; l.
Then we can choose metric by minimizing the pseudo condition number of
AP AT (which is the Hessian of d;) and select v as
1
v

- V Amax(BAP11 ATET ) Amins0(EAP1 ATET)

7 Numerical example

7.1 A problem with linear convergence

We consider a weighted Lasso minimization problem formulation with inspira-
tion from [10] of the form

minimize  %[|Az — b||3 + |[Wzl (33)

with z € R?%, the data matrix A € R300%290 j5 5 sparse with on average 10
nonzero entries per row, and b € R3%, Each nonzero element in A and b is
drawn from a Gaussian distribution with zero mean and unit variance. Further,
W € R200%200 ig a diagonal matrix with positive diagonal elements drawn from
a uniform distribution on the interval [0, 1].

We solve the problem using ADMM in the standard Euclidean setting and in
the optimal metric setting according to Section 6. We use the optimal o = 1 and
different parameters 4. The v parameter is varied in the range [10724*, 10%~*]
where «* is the theoretically optimal + in the respective settings (Euclidean and
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Figure 2: Theoretical bounds on and actual number of iterations to achieve
a prespecified relative accuracy of 107° when solving (33) using ADMM with
a = 1 for different v. We present results with and without preconditioning

(metric selection).

optimal metric). In Figure 2, the actual number of iterations needed to obtain
a specific accuracy (a relative tolerance of 107°) as well as the theoretical worst
case number of iterations are plotted, both for the Euclidean and optimal metric

setting.

Figure 2 reveals that, for this particular example, the actual numbers of

iterations are fairly consistent with the iteration bounds.

We also see that

there is a lot to gain by running the algorithm with an appropriately chosen
metric. Also the optimal parameters v* give close to optimal performance in

both settings.

7.2 A problem without linear convergence

Here, we evaluate the heuristic metric and parameter selection method by ap-
plying ADMM to the (small-scale) aircraft control problem from [35, 3]. As in
[3], the continuous time model from [35] is sampled using zero-order hold every
0.05 s. The system has four states © = (z1, z2, x5, 24), two outputs y = (y1, y2),
two inputs u = (u1,u2), and obeys the following dynamics

[ 0.999
—0.000
0.000
| 0.000

0 1 0
0 0 0

r(t+1) =

y(t) =

—3.008 —0.113 —1.608 —0.080
0.986 0.048 0.000 (1) + —0.029
2.083 1.009 —0.000 —0.868
0.053 0.050 1.000 —0.022
0

1 x(t).

—0.635
—0.014
—0.092
—0.002

u(t),

The system is unstable, the magnitude of the largest eigenvalue of the dynamics
matrix is 1.313. The outputs are the attack and pitch angles, while the inputs
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Figure 3: Average number of iterations for different «-values, different metrics,
and different relaxations a.

are the elevator and flaperon angles. The inputs are physically constrained to
satisty |u;| < 25°, ¢ = 1,2. The outputs are soft constrained and modeled using
the piece-wise linear cost function

0 fl<y<u
h’(yvlau78) = S(y—u) lfy >u
s(l—y) ify<l

Especially, the first output is penalized using h(y;, —0.5,0.5,10%) and the second
is penalized using h(y2, —100,100,10°). The states and inputs are penalized
using
Uz, u,8) = 2((z —2,)"Q(z — 2,) + u" Ru)

where z, is a reference, Q = diag(0,10%,0,102), and R = 10~2[. Further, the
terminal cost is ), and the control and prediction horizons are N = 10. The
numerical data in Figure 3 is obtained by following a reference trajectory on
the output. The objective is to change the pitch angle from 0° to 10° and
then back to 0° while the angle of attack satisfies the (soft) output constraints
—0.5° < y1 < 0.5°. The constraints on the angle of attack limit the rate on
how fast the pitch angle can be changed. By stacking vectors and forming
appropriate matrices, the full optimization problem can be written on the form

min  327Qz + 1 2+ Inampe, (2) + > h(Z, d;, di, 10°)
=1

g(z")

where x; and r; may change from one sampling instant to the next. This fits the
optimization problem formulation discussed in Section 6.1. For this problem all
items (i)—(iii) violate the assumptions that guarantee linear convergence.



Since the numerical example treated here is a model predictive control ap-
plication, we can spend much computational effort offline to compute a metric
that will be used in all samples in the online controller. We compute a diag-
onal metric K = ETE, where E minimizes the pseudci condition number of
ECP;;CTET and Py, is implicitly defined by {% LOT] = [g; 1122] (as sug-
gested in Section 6.1). This matrix K = ETE defines the space Hx on which
the algorithm is applied.

In Figure 3, the performance of ADMM when applied on H with relaxations
a= % and o = 0.99, and ADMM applied on R™ with a = % is shown. In this
particular example, improvements of about one order of magnitude are achieved
when applied on Hg compared to when applied on R™. Figure 3 also shows
that ADMM with over-relaxation performs better than standard ADMM. The
proposed y-parameter selection is denoted by v* in Figure 3 (E or C is scaled
to get v* =1 for all examples). Figure 3 shows that 4* does not coincide with
the empirically found best ~, but still gives a reasonable choice of v in all cases.

8 Conclusions

We have shown tight global linear convergence rate bounds for Douglas-Rachford
splitting and ADMM. Based on these results, we have presented methods to se-
lect metric and algorithm parameters for these methods. We have also provided
numerical examples to evaluate the proposed metric and parameter selection
methods for ADMM.
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A A lemma

We state the following lemma that is used in several of the proofs in this ap-
pendix.

Lemma 1 Let~y,3,0 € (0,00) and § > 0. Then

l—vo - < 1
1—yo ~B—1y _ ) T+~o if v < =
max({ s 1145) = {wﬂwl iy > v (34)
5 Y= Uk
l—vyo ~B-—1
Further max(1717, {55) € [0,1)
Proof.  Let ¢(x) = L‘L—i for > 0. This implies ¢’'(z) = ﬁ, ie., 9 is

(strictly) monotonically deceasing for > 0. So for x < 1/y and 2 > 0, we have

W(z) = 52 = Tt = -4 = ()

Similarly if > 1/y and « > 0, we have




So for & > 0, ¥(z) < —¢(y) if and only if z > 1/y. Therefore

max(522, 28=1) = max(v(10)), —(75))

B P(yo) 1f0<’y<f
a = (vB) 1f'72\//%

l1—vo : 1
_ 1+:yycr lf0<7§ﬁ 35
L BN (39)
i M7= U

Finally, since ¢(0) = 1 and ¢(1) = 0, and v is strictly monotonically decreasing,
¥(x) €10,1) for z € (0,1]. Also () = —1asx — oo, so ¢(z) € (—1,0] for z >
1 Therefore, since 8 > o, ¢(yo) € [0,1)if0 < v < L and —¢(v8) € [0,1) if y >
[3 S)lnce % < %, (35) implies that max(}lzg, Yﬁ;é) = max(¢(yo), —w('yﬁ))é
0,1

B Proof to Proposition 2

Proof. Since f is o-strongly convex and S-smooth and since v € (0,00), f, is
(1 + ~vo)-strongly convex and (1 4+ v3)-smooth. Therefore [1, Theorem 18.15]
and [1, Theorem 13.32] directly imply that £} is +1w -smooth and ﬁ—strongly
convex. From the smoothness definition in Definition 6, we get that

2 * 2 * 2
sl 12 = 5 = (s — sy ) | 12 = (5 = s - 13 (36)

is convex. Further, Definition 5 implies that [ is convex (since f

1 2
~ sl |
is ﬁ—s‘crongly convex), and therefore (36) is the definition of W 3 (1i~/ R

smoothness of f¥ — WH 1%

Now, let 3 = o, then f} — WH
applying [1, Theorem 18.15], V f> — led prox f -
Let 8 > o, then [1, Theorem 18.15] implies that

|? is 0-smooth, or equivalently by
Id is 0-Lipschitz.
3 —smoothness

1+ B
(1+w) 2(1+'yﬁ

of f 2(1+75) |- ]| is equivalent to %—cocoermwty of Vf* Id —
1+’YU 1+~
prox, s — 1+'yﬁ ———Id. This concludes the proof. 0

C Proof to Theorem 1

Proof. First assume that 8 > o. By Proposition 2, prox,; — 1+’y,81d is
—1—L——-cocoercive. Therefore, according to (4):
T+y0 " 1+98
1 _ 11 1
prOX'Yf_WId_g(l-‘r"/o' — 1+’Yﬁ)(Id+O) (37)




for some nonexpansive mapping C.
When § = o, Proposition 2 implies that prox,; = 173 +7 Id Therefore, also

in this case, it can be represented by (37) (since the right hand side is 0). We
get

Ry pz — Rypyl = [|(2prox, ; — Id)x — (2prox,, — Id)y||

— 1 1 2
=55 — 55 T 1355 ~ D@ —9)

+ (1155 — 155) (Ca — Cy)|

= (555 + 55 — V@ —y)

+ (ﬁ - ﬁ)(CI - Cy)|l
1 1 1
< (55 + 95 — U+ 55 — m759)lle — -
So R»Y.f is .Lipschitz continuous with constant |ﬁ + 1+7ﬂ -1+ 1+w ﬁ
The kink in the absolute value term is when
_ 1
0= 1555 + 1575 — 1
& 0=14+78+1+7y0—(L+70)(1+75)
& 0=1-~%p,

. _ 1 1 . . .
ie, .V\fhen v = 75 Fo%" ~v € (0, —m], the expression in the absolute value is
positive, and the Lipschitz constant is

1 + 1 _ 2 _ l—vo

+ 1+70 T 148 T 140 1= I+vo "

1
1+~0 1+7[3
For v € [\/%,oo), the expression in the absolute value is negative, and the

Lipschitz constant is

1— 1 _ 1 + 1 _ 1 —1— _ yB-1
1+~vo 1++8 1+vo 1+v8 1+v6 1+yB8°

Lemma 1 in Appendix A implies that the Lipschitz constant therefore can be
written as

l—vo ’7671)
I+y07 vB8+1

max(

and that max(i;jyg, 32:)

cludes the proof.

€ [0,1), i.e. that R,f is a contraction. This con-

O

D Proof to Theorem 2

Proof. Since 7 € (0,00), [1, Corollary 23.10] implies that R4 is nonexpansive

and by Theorem 1, R.f is § = max(hzg, jygﬁ

composition R,qR~¢ is also d-contractive since

)-contractive. Therefore the

| RygRyp21 — RygRyp2al| < [[Ryp21 — Rypaal < 621 — 22| (38)



for any 21,22 € H. Now, let T = (1 — )] + aR 4R+ be the Douglas-Rachford
operator in (9). Since Z is a fixed-point to R 4R, ¢ it is also a fixed-point to T,
i.e., Zz=TZz. Thus
24+ 2] = T2 — TP
= [|(1 = a)(z" = 2) + &Ry Ry 2" — RygRop2)|
<1 —al|lz* = 2| + a| Ryg Ry s 2" — Ry Ry 42|
< (11— al+ad) |~ — 2|

_ (\1 — o + amax(}22, ;g;)) 1% — 2]

where (38) is used in the second inequality. For any v € (0,00), Lemma 1 says
that § = max( i;j/g, :’Yg;}) € [0,1) and straightforward manipulations show that
the factor

1—al+ad<1

if and only if « € (0, %) This concludes the proof. O

E Proof of Corollary 1

Proof.  Since f is o-strongly convex, f, = vf + %H |12 is (1 4 vyo)-strongly

convex, and V£ is ﬁ-LipSChitZ continuous, see [1, Proposition 18.15].
Now, recall from Proposition 1 that Vf5(z) = prox. ;(z). Further, let z be

a fixed-point to R,y Ry, i.e., Z satisfies 2 = R,;R,;z and z* = prox, ;(2), see

(8). Therefore

[+ — 2*|| = [Iprox, ;(z"*1) — prox, (2|
< sl -
< 5 (11— al +da) || -7
< 15 (11— al + 6a)* |20 — 2.

where the second and third inequalities come from Theorem 2. This concludes
the proof. O

F  Proof of Theorem 3

Let 2% = (1,0) or 2 = (0,1). Then separability of R, (20) and R,, = Id
implies that the Douglas-Rachford algorithm (9) for minimizing f + g; is

2= (1= a)+aly) 2 (39)



with \; = B if 2% = (1,0) and \; = o if 2° = (0,1). The exact rate is

[1-a+afz. (40)
Similarly, when minimizing f + g2 we get (since R4, = —Id and R is linear)
PAaRE ((1 —a)— a}%ﬁyf\‘j) 2° (41)

with exact rate
‘1—a—a};;§§ . (42)

Let’s consider the following four cases

(1) CYS1,’76(0,%],9291,20:(0,1):>)\,L-:J

(11) azla’}/z%vg:glazo:(]wo) :>)\Z:5
(111) a < ]-,A/Z %79292; ZO:(]-,O) :>)\Z:5
(iv) a>1,v€ (0,%],9292,20:(0,1) =N=0
where A; refers to the \; in (39)-(42).

Using Lemma 1 in Appendix A, it is straightforward to verify that the exact
rate factors (40) for (i) and (ii) and (42) for (iii) and (iv) equals the upper bound
on the rate in Theorem 2 for a € (0, %5) with § in (14).

It is also straightforward to verify that for a & (0, %), the exact rate is
greater than or equal to one, so it does not converge.

We show this for the first case, and leave the three other very similar cases

for the reader to verify. For case (i) with « € (0, 1], Lemma 1 implies that the
rate (40) is

l1—~o "/ﬂfl)
1407 1+

1—vo 'y[ifl)
I+vy0 7 1+8

_ 1—vo
‘1 a—l—ozHW

=1-— o+ amax(

= |1 — a] + amax(
which is the optimal rate in Theorem 2. If instead a < 0, we get

=1+ |a|(1 - max(}522, 2=0)) > 1

_ l1—vyo
‘1 a—l—an

l—~vo ~B-—1
14+~0 1+98

since max( ) € [0,1) by Lemma 1. So it does not converge to the
solution.

Repeating similar arguments for the three other cases gives the result.



