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Problem formulation

Continuous time plant

ẋ(t) = Ax(t) + Bu(t − τ)

Discrete time controller

Minimize the loss function

J =

∫

Nh

0

(

xT (t) uT (t)
)

Qc

(

x(t)
u(t)

)

dt + xT (Nh)Q0cx(Nh)



Sampling a time delay system

Sample the continuous-time system

x(kh + h) =eAhx(kh) +

∫

kh+h

kh+τ

eA(kh+h−s)dsBu(kh)

+

∫

kh+τ

kh

eA(kh+h−s)dsBu(kh − h)

=Φx(kh) + Γ0u(kh) + Γ1u(kh − h)

Extended state space model:

(

x(kh + h)
u(kh)

)

=

(

Φ Γ1

0 0

)(

x(kh)
u(kh − h)

)

+

(

Γ0

I

)

u(kh)



Sampling the loss function

Discrete time loss function

J =
N−1
∑

k=0

(

xT (kh) uT (kh)
)

Q

(

x(kh)
u(kh)

)

+ xT (Nh)Q0cx(Nh)

where

Q1 =

∫

kh+h

kh

ΦT (s, kh)Q1cΦ(s, kh)ds

Q12 =

∫

kh+h

kh

ΦT (s, kh)(Q1cΓ(s, kh) + Q12c)ds

Q2 =

∫

kh+h

kh

(ΓT (s, kh)Q1cΓ(s, kh) + 2ΓT (s, kh)Q12c + Q2c)ds
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Optimal controller design

The cost from the last step to the first step:

J∗

N (xN ) =xT
NQ0cxN

J∗

N−1(xN−1, uN−1) = min
uN−1

(xT
N−1Q1cxN−1 + 2xT

N−1Q12uN−1

+ uT
N−1Q2uN−1 + xT

NQ0cxN )

... =...

In order to get the optimal value, we have

∂J∗

N−1

∂uN−1
= 0

∂2J∗

N−1

∂u2
N−1

> 0



Optimal controller design

From the previous conditions,

u∗

N−1 = −(Q2+ΓT Q0cΓ)−1(2QT
12+ΓT Q0cΦ)xN−1 = −LN−1xN−1

Q2 + ΓT Q0cΓ > 0

The cost function can be written

J∗

N−1(xN−1) =xT
N−1(Q1 + 2Q12LN−1 + LT

N−1Q2LN−1

+ (Φ − ΓLN−1)T Q0c(Φ − ΓLN−1))xN−1

=xT
N−1PN−1xN−1



Calculation procedure

PN =Q0c

Lk =(Q2 + ΓT Q0cΓ)−1(2QT
12 + ΓT Q0cΦ)

Pk =Q1 + 2Q12LN−1 + LT
N−1Q2LN−1

+ (Φ − ΓLN−1)T Q0c(Φ − ΓLN−1)

Eliminate Lk:

Pk =Q1 + ΦT Pk+1Φ

− (ΦT Pk+1Γ + Q12)(ΓT Pk+1Γ + Q2)−1(ΓT Pk+1Φ + QT
12)

Let Pk = Pk+1 to get discrete time algebraic Riccati equation

Q1 + ΦT PkΦ − (ΦT PkΓ + Q12)(ΓT PkΓ + Q2)−1(ΓT PkΦ + QT
12)

−Pk = 0
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Jitterbug

A MATLAB-based toolbox that allows the computation of a quadratic

performance criterion for a linear control system under various timing

conditions

Figure: Signal model

Figure: Timing model



Jitterbug command



An example



Thank you.
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