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Abstract

Typical minimum distances and error exponents are analyzed on the 8-PSK Gaussian
channel for two capacity-achieving code ensembles with different algebraic structure. It
is proved that the ensemble of group codes over Zg achieves both the Gilbert-Varshamov
bound and the expurgated error exponent with probability one. On the other hand,
the ensemble of binary coset codes (under any labeling) is shown to be bounded away,
with probability one, both from the Gilbert-Varshamov bound (at any rate) and the
expurgated exponent (at low rates). The reason for this phenomenon is shown to rely on
the symmetry structure of the 8-PSK constellation, which is known to match Zg, but not
73.

The presented results indicate that designing group codes matching the symmetry
of the channel guarantees better typical-code performance than designing codes whose
algebraic structure does not match the channel. This stands in partial contrast with the
well-known fact that the average binary coset code achieves both the capacity and the
random-coding error exponent of any discrete memoryless channel.

Keywords: random codes, linear codes, group codes, coset codes, minimum distance, error
exponent, Gilbert-Varshamov bound, expurgated exponent.

1 Introduction

As low-complexity modern coding schemes are based on random constructions of linear codes
with sparse graphical representation [33], the analysis of random codes with algebraic struc-
ture has recently attracted renewed attention from the research community [2]. In fact, a
precise evaluation of the performance of random linear codes (with no constraints on their
density) is propaedeutic to the theory of low-density parity-check (LDPC) and turbo codes,
since it allows to quantify the loss in performance due to the sparsity constraint.

On the other hand, it has long been known that random constructions of algebraically
structured codes can outperform purely random code constructions. For instance, this is the
case in some problems in multi-terminal information theory, where random linear codes allow
to achieve larger capacity regions than purely random codes do (see [27], or the more recent
work [32] and references therein). Restricting attention to point-to-point communication,
which will be the framework of the present paper, random binary-linear codes are known to
outperform purely random codes on binary-input symmetric-output memoryless channels in
terms of typical minimum distances and error exponents (see [2]).
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The present paper is concerned with the performance analysis of code ensembles with
group or coset structure, when employed over non-binary discrete-input memoryless channels
(DMCs). In this case, while structured code ensembles are expected to outperform purely
random code constructions, it is not a priori clear which algebraic structure is the optimal
one: indeed, many non-isomorphic groups typically exist of order equal to some non-prime
number [26]. As it will be shown in this paper, it turns out that the choice of the algebraic
structure is critical for the typical code performance of the ensemble. Rather than presenting
a general theory, we shall focus on a specific case, the additive white Gaussian noise channel
(AWGNC) with input restricted to the 8-Phase Shift Keying (8-PSK) signal constellation:
our choice is motivated both by the applicative interest of this channel, and by the fact that
it presents most of the key characteristics of the general case. While the arguments of [2] can
be easily extended to show that the typical-code performance of the random coding ensemble
(RCE) is suboptimal, we shall provide precise results for the ensemble of group codes over
the cyclic group Zg (GCE), and the ensemble of binary-coset codes (BCE), respectively (see
Sect.2.3 for their formal definitions). These results will show that the typical group code has
both better minimum distance and better error exponent than the typical binary-coset code.

The Gilbert-Varshamov (GV) bound [23, 37] is one of the most famous lower bounds on
the achievable minimum Hamming distance of binary codes. Given a rate R in (0,1), and
defined y2(R) as the unique solution in (0,1/2) of the equation H(x) = 1— R !, it states that
for every n > 1 there exist codes of block-length n, rate R, and minimum distance at least
ny2(R). Its asymptotic tightness is considered one of longest-standing unproved conjectures
in coding theory. A closely related issue concerns the tightness of the expurgated exponent,
which is conjectured by many to coincide with the reliability function of the DMC, i.e. the
highest achievable error exponent (see [19, 30, 31, 5, 38]). Although both the classical GV
bound and expurgated bound are mere existence results, for binary symmetric memoryless
channels it is known that the binary-linear coding ensemble asymptotically achieves both the
GV bound and the expurgated exponent, with probability one (see [18, 2]). It is also known
that the same does not hold true [2] for the RCE, whose typical-code performance is bounded
away from the GV bound, as well as (at low rates) from the expurgated error exponent.

Generalizations of the above issues to non-binary DMCs are considered in the present
paper. Here, the GV distance and the expurgated bound are defined as solutions of simple
finite-dimensional convex optimization problems, having the form of distortion-rate functions
for the Bhattacharyya distance (see (12) and (22)). Analogously to the binary case, the RCE
can be easily shown to be bounded away with probability one from both the GV distance and
the expurgated error exponent of the 8-PSK AWGNC. The main results of the this paper
show that, with probability one, the GCE achieves the GV bound (Theorem 1), while the
BCE is bounded away from it (Theorem 2). Similarly, the GCE asymptotically achieves the
expurgated exponent (Theorem 3), while the BCE does not (Theorem 4), with probability
one.

As it will be clarified in the sequel, the reason for the outperformance of the GCE over the
BCE resides in the symmetry structure of the 8-PSK AWGNC. Such a channel is symmetric
with respect to the action of two groups of order 8, the cyclic group Zg and the non-Abelian
dihedral group D4, none of which supports Galois field structure. In contrast, the additive
group of the Galois field with 8 elements, which is isomorphic to Z3, does not match the 8-PSK
in the sense of [29]. Thus, the results of the present paper suggest that random group codes
matching the symmetry of the channel outperform random codes whose algebraic structure
does not match that symmetry.

"Here H(x) denotes the binary entropy.



It is well known that, despite not matching the symmetry of the channel, the BCE achieves
the capacity and the random-coding exponent of the 8-PSK AWGNC, likewise of any other
DMC [19, pagg.206-209]. Recent works [25, 3, 4], analyzing the performance of binary-coset
LDPC codes on non-binary input DMCs, find information-theoretical basis in the aforemen-
tioned fundamental results. In contrast, Theorem 2 and Theorem 4 imply that, when the
symmetry of the channel is not matched, the BCE is suboptimal in terms the typical minimum
distance and the typical error exponent.

On the other hand, group codes for symmetric channels have been widely investigated in
the channel coding literature. They allow to use more spectrally efficient signal constellations,
while inheriting many of the structural properties enjoyed by binary-linear codes: uniform
error property, invariant distance profiles, congruent Voronoi regions, minimal encoders, syn-
drome formers and trellis representations. The reader is referred to [34, 16, 29, 7, 15, 17]
and references therein. It is well known [14] that group codes over Abelian groups admitting
Galois field structure (i.e. isomorphic to Zy, for some prime p) allow to achieve the capac-
ity and the random coding exponent. More recently, information-theoretic limits of finite
Abelian group codes were investigated in [8], where it was shown that group codes over Z,,
allow to achieve capacity on the m-PSK AWGNC when m is the power of a prime (thus
including the case m = 8). Theorem 1 and Theorem 3 show that, at least on the 8-PSK
AWGNC, random group codes matching the symmetry of the channel are optimal in terms
of typical-code performance. They provide theoretical foundation for the analysis and de-
sign of bandwidth-efficient high-performance coding schemes based on LDPC or turbo codes
matched to geometrically uniform constellations [3, 35, 21, 9, 22]. It was empirically observed
in [35] that LDPC codes over Zg perform better than their binary counterparts on the 8-PSK
AWGNC: the results of the present paper point out to an analytical explanation for this
phenomenon.

Observe that, despite the cyclic group Zg matches the 8-PSK constellation, in [8] the
average error exponent of the GCE was shown to be strictly smaller than the random-coding
error exponent at low rates (more in general this is the case for group code ensembles over
finite Abelian groups not admitting Galois field structure, confirming an early conjecture of
[14]). Since, as already mentioned, the average error exponent of the BCE coincides instead
with the random-coding error exponent, it turns out that, at low rates, the BCE outperforms
the GCE in terms of average error exponent, while the latter outperforms the former in terms
of typical error exponent. While this phenomenon might appear paradoxical at a first glance,
it can be easily explained by the fact that the average error exponent only provides a lower
bound on the typical error exponent (by Markov’s inequality). This estimation fails to be
tight at rates not close to capacity, where the average error exponent is dragged down by an
asymptotically vanishing fraction of codes with poor performance.

The remainder of the paper is organized as follows. In Sect.2, after introducing all the
notation (Sect.2.1), analyzing the symmetry properties of the 8-PSK constellation (Sect.2.2),
and formally introducing the GCE and the BCE (Sect.2.3), the main results of the paper are
stated in Sect.2.4 and Sect.2.5. They are: Theorem 1, characterizing the typical asymptotic
minimum distance of the GCE; Theorem 2, providing upper and lower bounds to the typical
minimum distance of the BCE; Theorem 3, providing a lower bound to the typical error
exponent of the GCE; Theorem 4 providing an upper bound to the typical error exponent
of the BCE. In Sect.3 the most relevant part of Theorem 1, showing that the GCE achieves
the GV bound, is proved by an application of the first-moment method followed by some
considerations on the geometry of the 8-PSK constellation. Proving the tightness of this
result requires a second-moment method and is technically more involved: for the sake of
completeness, a proof is provided in Sect.B. Theorem 2 is proved in Sect.4 by applying the



second-moment method (Sect.4.1) and some convex optimization techniques (Sect.4.2). The
proof of Theorem 3is provided in Sect.5, while Theorem 4 is proved in Sect.6. Finally, Sect.7
presents some concluding remarks and points out to generalizations of the results to balanced
DMCs. Sect.A is of a technical nature and discusses some continuity issues. Sect.C contains
the proofs of some of the results of Sect.4.

Some of the material of this paper has been presented at ISIT 2007 [10].

2 Problem statement and main results

2.1 Notation

For two sets A C B, 14 : B — R will denote the indicator function of A in B, i.e. 14(z) =1
for zin A and 14(x) =0 for all z € B\ A.

For a non-empty finite set A, the inner product of two functions f,g : A — R will be
denoted by (f,g) := > ,c4 f(a)g(a), while supp(f) := {a € A : f(a) # 0} will denote the
support of f. We shall consider the set P(A) of probability measures over A, which can
be identified with the simplex of functions 8 : A — [0, +00) satisfying the linear constraint
Y acaB(a) = 1. In particular, for a € A, §; € P(A) will denote the delta distribution
concentrated in a, defined by d,(b) = 0 for b # a, d4(a) = 1. If 8 is in P(A) and B C A is
such that 8(B) := >, .5 0(b) > 0, the conditioned measure 8| € P(B) is defined by

0|p(b) :=60(B)"'6(b).

The entropy function H : P(4) — R is defined as ? 3

H(0):=— > 6(a)logb(a).

a€supp(0)

To any function 7 : A — B between two nonempty finite sets A and B we can associate
a map 7 : P(A) — P(B) sending the probability measure 8 in P(A) to its image measure
m40 € P(B) defined by [m40] (b) := 6 (f (b)) = > a:f(a)=b 0(a).The entropy of a measure 6
and that of its image measure 746 are related by the following equality

H(O)=H(m0)+ >  m00)H(0l,-1p) - (1)
besupp(my0)

A special case which will be considered in the paper is when A = B x B, and 7!, 7% : A — B,
are the projection operators, /(by,bs) := b;. In this case, the image measures 7Tﬁl0 and 7Tﬁ20
are simply the two marginals of the joint measure 8 € P(B x B).

The type or empirical frequency of a string a in A™ is the probability measure v4(a) in
P(A) defined by [va(a)](a) := 1 |{1 <i<nl|a(i)=a}| for all @ in A. For every positive
integer n, P,(A) will denote the set of the types of all length-n A-strings, i.e. P,(A) :=
vy (A™) C P(A). It is immediate to check that the set of all A-types Pn(A) := Up>1Pn(A)
is dense in P(A). Given a type 6 in P,(A), the set of all length-n A-strings of type 6
will be denoted by Ay := v;l(e) N A™. Its cardinality, equal to the multinomial () :=

n!/T,ea (nB(a))!, grows exponentially fast in n with exponent given by H(6). More precisely,

#With an abuse of notation for any x in [0, 1] we will sometimes denote by H(x) the entropy of the binary
measure @ in P ({0,1}) defined by 8(1) =z, 8(0) =1 — «.
3Throughout the paper the base of log and exp is understood to be the same arbitrarily chosen b > 1.
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Figure 1: The 8-PSK constellation with: (a) the isometric labeling p : Zg — X; (b) a binary
labeling 7 : Z3 — X. The latter is a so-called Gray labeling: neighbor signals are assigned
labels differing in one bit only.

given a sequence (6,,) C P(A) such that lim, 8,, = € and 6,, belongs to P, (A) for all n, it
holds
|45,

no,

_ (ngn> < exp(nH(8,)), 1131%10g< " ) —H(0). (2)

On the other hand, the number of types |P,(A)| = ("HA‘_l) grows polynomially fast with

|Al-1
n. We refer to [12] for proofs of these facts.

2.2 The 8&-PSK AWGNC and its symmetries

We shall consider transmission over a memoryless AWGNC with input constrained on the
8-PSK signal constellation X := {ei%ﬂ'ﬂ 0 < k < 8} and output space ) = R%. For z € X,
P(-|z) = #e—llr—\?/ 20% will denote the conditional probability density of the channel
output given that the input = has been transmitted. The Bhattacharyya distance function
associated to the 8-PSK AWGNC is 4

1
DiXxX R, Da,w) i= ooglle — aal. (3)
o
The symmetry group of X, i.e. the automorphism group of its distance function D °
Aut(D) :={mw € Sx | D (7w(x2),m(z1)) = D(x1,22), V1,29 € X'} (4)

is isomorphic to the dihedral group Dg with 16 elements [16, 29], generated by the rotation
around the origin by an angle of %” and the reflection through a straight line forming an
angle of %—g with the real axis. © The constellation X is said to be geometrically uniform [16],
meaning that for every z1,z; € X there exists 7 € Aut(D) such that m(x;) = xo.

Moreover, the cyclic group Zg is said to be a generating group of X [29], meaning that
Aut(D) has a subgroup G isomorphic to Zg such that for all 21,29 € X there exists a unique
m € Aut(D) such that m(z1) = z2. In particular, let

pils— X, p(z) =l

be the standard isometric labeling, and consider the function D, : Zg xZg — R, D, (21,22) =
D(u(z1 + 22), u(22)). Then, all the columns D,( -, z) coincide with the distance profile

d:Zg - R,  d(z):=D(u0),u(z)). ()

*Here and throughout the paper for a vector z in R, ||z|| = 1/32%, 2(i)? will denote its Lo-norm.

®Sx denotes the group of permutations of X.

5The reader is referred to the textbook [26] for standard notions of algebra, and in particular of group
actions on sets.



On the other hand, observe that Dg has no subgroup isomorphic to Zg’. 7 This implies
that, for any binary labeling  : Z3 — X, not all the columns of the induced distance function

D, : 73 x 73 — RT D, (21, 22) := D(n(z2),n(22 + 21)) , (6)

coincide, i.e.

dz1,29 € Z% : Dn(',zl) 75 Dn(‘,ZQ) . (7)

2.3 Two capacity-achieving code ensembles with different algebraic struc-
ture

We shall consider block-codes C € X™ of rate R(C) := + log|C|, whose minimum distance is

defined by "
duin(C) = min { D, (x, 2) | « £z € C}

where, for @,z € X", D, (x,z) := > | D(xi,z;). The error probability of C is given by

_lly—=)?

1 1
pl€) = 5 3 [ e o a,
©= 6 2 ], Grooy

where Ay := Uy szec {Y € Y" ¢ ||y — || > ||y — w][} is the error event conditioned on the
transmission of « € C.

The focus of this paper will be on block-codes with algebraic structure compatible with
Zg or 73, respectively. Specifically, a group code (over Zg) is the image of a subgroup K
of the direct group product Zg through the componentwise extension p,, : Z§ — X" of the
isometric labeling . As a consequence of the symmetry properties discussed in Sect.2.2, it
is easy to check that the minimum distance of a group code G := pu,(K) coincides with its
minimum weight, i.e.

dmin(G) = min{ Z d(z;)|lx#0€ K}.
1<j<n

Similarly, group codes are known to enjoy the uniform error property, i.e.
pe(g|m1) :pe(g|m2), Va2 €G.

A binary coset code is the image B of a coset J of the direct group product Z3" through

the componentwise extension 7, : Z3" — X™ of an arbitrary binary labeling 7 : Z3 — X.

As opposed to group codes, in general, neither binary coset codes enjoy the uniform error

property, nor their minimum distance coincide with their minimum weight. In the sequel, we

shall see as this reflects on the performance of random group and coset codes respectively.
For every design rate R in [0, log 8], set

R:=log8— R, l:= Rn , n €N.
log 8

and define the two following code ensembles:

Group coding ensemble (GCE) For n > 1, let £ be a random variable (r.v.) uniformly
distributed over Hom ( g Zlg), the set of all group homomorphisms from Zg to Zé. The
GCE of rate R is the sequence of random codes (g,{f), where g,{f is defined as the image
through i, of the kernel of ®F, i.e.

gf = Uy (ker CIDf) ;

"In fact, the only other generating group of X is the non-Abelian dihedral group D4. Notice that group
codes over non-Abelian groups are known to have poor minimum distance properties [28].




Binary coset ensemble (BCE) Let 7 : Z3 — X be an arbitrary labeling, and, for n > 1,
consider a r.v. \Ilf uniformly distributed over Hom (Z;’”, Z;’l ), the set of Zs-linear maps
from Zg’" to Z%l, and let Z,, be a r.v. uniformly distributed over Z%l, independent from
UE. The BCE of rate R is the sequence of random codes (Bff), where B is defined as
the image through 7, of the preimage of Z,, through ¥Z i.e.

Bl = (V) Za) - (8)

Notice that both, for a given n, the probability that W fails to be surjective is nonzero. In
particular, it is possible that Bf is empty. ® However, the following standard result shows
that this event almost surely occurs only for finitely many values of n, and, therefore, does
not affect the typical asymptotic performance of these ensembles.

Lemma 1 For all 0 < R < log8, with probability one there exists some ng > 0 such that W
is surjective for all n > ng.

Proof Let A, be the event ‘UZ is surjective’. We can identify W/ in the standard way with
a random binary matrix H uniformly distributed over Zg”X?’l, by defining H;; = (¥lle;);,
where {e; }1<i<3n is the canonical bases of Z%”. Then \Iff is surjective iff H is full-rank. Since
the rows of H are i.i.d. uniformly on Z3", we have that, for 1 < j < 3, the probability
that the j-th row of H is linear dependent on the other (3! — 1) rows is bounded from
above by 273723~ < exp(—nR). Then a standard union-bounding technique gives us that
P(A,) < nexp(—nR), so that the series > -, P(A,) is convergent and the Borel-Cantelli
lemma [6, pag.12] implies that, with probability one, A, fails to occur at most for finitely
many n € N. |

As immediate consequence of the symmetry properties discussed in Sect.2.2 is that the
optimal input distribution is the uniform one on X, both for the 8-PSK AWGNC Shannon
capacity Cg and for its random coding error exponent [19] Ef(R).

It is not hard to show BCE achieves capacity and

E [pe(B)] < exp(-nEL(R)),  lim— logE [pe(BJ)] = Fy(R). 9)

In fact, the standard random coding averaging arguments of [19, pagg.206-207] as well as the
tightness considerations of [20] apply, upon observing that the events A, := {\Ilfz = Zn},
for z € 73", have probability 87! each and are such that, A,,, A,, and A,, are mutually
independent for all three distinct n-tuples z1, 22, 23 € Z;’".

For the GCE (Qf) the situation is different due to the presence of zero-divisors in Zg. In
fact, the event By := {@,’fa: = O}, for € Zg, does not have probability 8! whenever x lies
in a proper subgroup of Zg. Nevertheless, it has been shown in [8] that the GCE achieves
capacity, and its average error probability can be upper-bounded by a term exponentially
decreasing in the block-length n

E [pe(9,)] < exp(—nE7 (R)). (10)
The exponent appearing in the righthand side of the above inequality is given by

B (R) = min {E§(R), E{(3R), E3(3R)} |

8In fact, the latter problem could be avoided by considering a r.v. V;, uniformly distributed over Z3" and
independent of U, Then, ker U +V,, and (\I/ff) -t Z,, can be shown to be identically distributed, conditioned
on UE being surjective.



with Ef(2R) and Ej(3R) respectively denoting the random coding error exponents of the
AWGNCs with input restricted over the 4-PSK and the 2-PSK constellation. As shown in
[8], the bound (10) is necessarily tight for the average error probability both at rates close to
C, where E (R) = E§(R), and at low rates, where instead E7_(R) := E3(fR) < E(R).

Thus, the average error exponent of the BCE coincides with the random coding exponent
E%(R), while the average error exponent of the GCE is strictly smaller than it for low rates.
In other words, even if algebraic constraints do not affect the capacity achievable by group
codes over the 8-PSK AWGNC, they do lower the average error exponent achievable by the
GCE. In fact, we argue that this claim can be somehow misleading. Indeed, it refers to the
performance of the average code rather than to the performance of the typical code sampled
from the two ensembles. The results stated in the two following subsections show that,
instead, the typical code sampled from the GCE outperforms the typical code sampled from
the BCE, thus reversing the hierarchies outlined by the average-code analysis.

2.4 Gilbert-Varshamov bound and typical minimum distances
Let Q := P(Zs) be the space of Zg-types, and, for 0 < R < log8, define
Q(R) = {w e H(w) > E} (11)
¥8(R) = min {(w,d)|w € Qg } , (12)

where d is the squared Euclidean weight function defined in (5). In Sect.A ~5(R) is proved to
be continuous and non-increasing as a function of the rate R. The GV bound for the 8-PSK
AWGNC states that for every design rate 0 < R <log8, and any n > 1,

3, C X" . R(C) >R,  dmin(Cp) > ns(R). (13)

While (13) above is an existence result, the question we want to address is whether vg(R)
is achieved by random codes. In fact, using arguments analogous to those in [2], it is not
difficult to see that the RCE does not achieve the GV bound with probability one: its typical
asymptotic normalized minimum distance can be shown to coincide with 75(2R). We shall
therefore concentrate on the performance of the GCE and BCE introduced in Sect.2.3. The
following result states that a typical code sequence sampled from the GCE asymptotically
meets the GV-bound.

Theorem 1 (Typical minimum distance of the GCE) For all 0 < R < log8, with
probability one

1
lim ~ dunin(G') = 78 (R) - (14)
Proof See Sect.3 and Sect.B. [ |

For the BCE instead, we will prove that a typical code sequence almost surely does not
meet the GV-bound. More precisely, let © := P(Z3 x Z3) be the set of joint Z3-types. For
0 < R <log8, define the sets

O ={0€0©: H@O) >2R, H(mj0) > R}, (15)
O :={0€0O: HO)-H(r0) >R, H(r}0) >R}, (16)
where we recall that [711110]( -)=>..0(-,z) is the marginal of 8. Define the functions
7, (R) = min {(6,D,)|6 € Oz } , (17)
WU(R) = min {<07D77>‘ 0 c @(R)} , (18)
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Figure 2: A comparison of v3(R) (purple line) and 7, (R) where 1) : Z3 — X is the Gray
labeling described in Fig.1. As a reference yg(2R) (which is the typical normalized minimum
distance of the RCE) is plotted in dotted red.

Theorem 2 (Typical minimum distance of the BCE) For every design rate 0 < R <
log 8, with probability one

tim nf i (B) > 7, (R). (19)
i sup i (B5) < 7, (R). (20)
Moreover, for all 0 < R < log8
7, (R) <7,(R) <8(R). (21)
Proof See Sect 4. |

As an immediate consequence of (20) and (21) we have that, with probability one, the
BCE is asymptotically bounded away from the GV-bound.

In Fig.2 the typical minimum distance of the GCE and of the BCE are plotted as a
function of the rate, together with that of the RCE. For the specific choice of the binary
labeling 7 : Z3 — X, and the chosen resolution, it seems that Fn(R) = ZW(R)'

2.5 Expurgated bound and typical error exponents
For every rate 0 < R < log8 the expurgated exponent of the 8-PSK AWGNC is
EZ(R) :=min {{w,d) + R — H(w)|w € Qg)} . (22)

The expurgated exponent E¥(R) and the GV distance vg(R) coincide at small rates. Indeed,
let w® := e~ 4/, e~4?) be the minimizer of (w,d) + R — H(w) over the whole type space
Q, R§ := H(w") > 0 be the minimum rate R for which w® € Qg), and RY :=log }_, %e‘d(z)
denote the so-called cut-off rate. We have that:

e for rates RE < R < R, the minimum in (22) is achieved by w®, and E%(R) = R — R;

e for rates 0 < R < R{, Lemma 11 implies that the minimum in (22) is achieved by some
type w such that H(w) = R, so that

EY(R) = s(R), VO<R<RE. (23)



The expurgated bound (see [19, pagg.153-157], and [11, pagg.185-186,192-195]) guaran-
tees, for all rates 0 < R < log 8, the existence of code sequences (C, C X™) with

1
R(C,) > R, lim inf - log pe(Cr) > ES(R) .

Similarly to the GV bound, the expurgated bound is a mere existence result, while we are
interested in whether the expurgated exponent Eg(R) is achieved by random codes. In fact,
arguments as in the binary case [2] show that the expurgated exponent is not achieved, at
low rates, by the RCE. Therefore, we shall be concerned with the typical error exponents of
the GCE and the BCE, respectively. The following result states that with probability one
the GCE asymptotically achieves the expurgated exponent.

Theorem 3 (Typical error exponent of the GCE) For every rate 0 < R < Rg, with
probability one

lim inf ! log pe(Cp) > ES(R) . (24)
n n

Proof See Sect.5. |

In contrast, the following result shows that, at sufficiently low rates, the BCE does not
achieve the expurgated exponent.

Theorem 4 (Typical error exponent of the BCE) There exists some Ry > 0 such that,

for every rate 0 < R < Ry, with probability one

1
lim sup - log p(BY) < E2(R).

Proof See Sect.6. [ |

3 The typical group code achieves the Gilbert-Varshamov bound

In this section we shall show that the sequence (% dmin (Q,If)) is asymptotically bounded
from below by 7g(R) with probability one. The tightness of this result will instead be proven
in Sect.B, completing the proof of Theorem 1. Throughout, the notation 2 = P(Zg), and
Q,, := Pp(Zg) will be adopted for the sets of Zg-types.
We shall apply the first-moment method [1] to the type-enumerator function
G-z, Gl

n

(w) = |(Zs)?, Nker D] .

It is not difficult to express the minimum distance of the GCE in terms of its type-enumerating
function. Indeed, we have

dmin (gf) = min {ZISan d(z;)| = € ker UZAAN {O}}
= nmin{(w,d)| weQ\{d} : GFw)>1}.
As a first step in our analysis, we evaluate the expected type-enumarating function
E[GE(w)]. For w € €, it is convenient to denote by ?

8

() = ged(supp(w)) 7

(25)

9Here ged denotes the great common divisor of a set of positive integers.
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the order of the smallest subgroup of Zg supporting w. Observe that the map ( : 2 — N takes
values only on the set of divisors of 8. Moreover it is lower semicontinuous as it jumps to
lower values when approaching Zg-types supported on smaller subgroups of Zg. The following
result motivates definition (25).

Lemma 2 For every design rate 0 < R < log8 and Zg-type w # &g in Pn(Zs), we have

B (686 = ()

Proof Let {e;},.,., be the canonical basis of Zg, and define h := %. Writing & =
Y 1<i<n Ti€i, we have that xz; belongs to hZg for every 1 < i < n, and there exists some
1 < i* < n such that ged(x+,8) = h. Since {WZ = @ﬁei}KKn
uniformly distributed over Z%, it follows that K« = x; VV:-;is uniformly distributed over
thS, and is independent from the r.v. K_;x = El#l x;W;, which in turn takes values in

is a collection of i.i.d. r.v.s

thS. Then, for every z in hZé we have

'u;GhZé3

= > C(i)lP(K—i* =w)
wehZ}

= (W),

which shows that ®Zx is uniformly distributed over %Zé. Then, from the linearity of the

expectation, we have

E[GHwW)] =E[ Y Lgreo)l= > P(®fz=0),

xe(Zg)n, xe(Z3)n

and the claim easily follows from (2). [ |

For 0 < R <log8, define the sets

O = {weQ:supp(w) C 2Zs, H(w) > 3R} , -
Q/(R) = {w € Q :supp(w) C 4Zs, H(w) > %R} '
and let ) |
V4 (gR) = min{{w,d)|w € Q/(/R)}7
v (§R) = min{(w,d)lw € Yy}

be the GV-distances associated to the subconstellations 4-PSK and 2-PSK, respectively.
The following almost sure lower bound on the asymptotic normalized minimum distance

of the GCE is proved by applying a first-moment method and Lemma 2.

Proposition 1 For every design rate 0 < R < log 8, and every 0 < ¢ < R

lim inf %dmin(gﬂ > min {5(R +¢),74(5 (R +¢)),72(5(R +¢))} (27)

with probability one.

11



Proof As a consequence of Lemma 2 and (2) we have that, for every w € Q,

E [GR(w)] < exp <n <H(w) - %R)) . (28)

Define the set Q := {w €Q:Hw) < %(R—e)}, and for n > 1, Q, := Q, N Q.

Consider the events Fj, o := U_cq {GE(w) > 1}, and F, := {F,.i.0.}. ' Then, using a
standard union bound, Markov’s inequality and (28), we have

P(Fre) < Yoen, E[GH(W)]
Zweﬁn exp (n (H(w) _ loigoé(é«-’) E))
< Q] exp(—ne).

A

IN

Since the number of Zs-types |Q,,| = ("J?r?) grows only polynomially fast with n, we have that

the series ), - P (Fyc) is convergent. Hence, the Borel-Cantelli lemma implies that P(F;) =
0. Then, the claim follows upon observing that 2\ Q C Q(Rte) U Q’(’R+E) U Q’(R+€) .o

Observe that the proofs of Lemma 2 and Proposition 1 only depend on the algebraic
structure of Zg. Instead, the following result relies on the geometric structure of X'. In fact,

counterexamples can be constructed as in [8] showing that Lemma 3 fails to hold true for
other DMCs with the same symmetry structure of the 8-PSK AWGNC.

Lemma 3 For every design rate 0 < R < log 8
72(3R) = 1(3R) > 1(R), (29)

Proof For R = log8, trivially 72(%R) = 74(§R) =g(R) = 0.

For R < log8, since the entropy function is concave and the unique minimum of the
linear map w — (w,d) on  is achieved in w = §y, we can apply Lemma 11 and claim that
a minimizer w € Q gy in the definition (12) of ys(R) necessarily satisfies H(w) = R. Then,
using Lagrangian multipliers, we obtain

ZIEGZs d(x)e—Asd(r)
erzg e—sd(@)

efkgd
—Agd(x
Zx e gd(x)

(R) =

where A\g > 0 solves the equation H ( ) = R. Similarly, we have -, (%R) =d(4)a,

where

L da) —A2d(4)
o= e , Zo(Ag) :=1+e "2 ,
7200 2(A2)

and Ay > 0 solves H (Zg(/\2)_1e_>‘2d(4)) = %F, while

Z{EE2ZS 6_)\4d(x)d(33)
Zy(M\g)

1 (3R) =

where Z4(\y) := Zm@ZS e~ @) and Ay > 0 is the solution of H (Z4()\4)_1€_>‘4d]1228) = %E.
Elementary geometrical considerations based on Pythagoras’ theorems allow to show that

d(4) = 2d(2) = 2d(6) (30)

OFor a sequence of events (A4,), the event {A, 1. 0.} := Nk>0Up>k Ax denotes the event ‘A, occurs infinitely
often’.
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d(1) =d(7), d(3)=d(5), d(1)=d4)—d3)< id(él). (31)

It follows from (30) that Zy(2s) = (1+ e_Sd(4))2 = Zy(s)?, for all s > 0.Then, it follows
from (30) that

e—2>\2d(0) 1 e—2>\2d(2) e—2>\2d(6) 6—2)\2d(4)

= =(1-a)? = =a(l —« — =’
i) Ao LT oy Tz U g

A2dl4azg

—2Xod|
Therefore, H (8 o 2ZS> =2H(a) =2H <W>, so that 2X\o = \4. Hence,

Ziu)
A
d(4)e_74d(4)
Z3(M\a/2)

thus showing the equality in (29). It remains to show the inequality in (29). In order to do
that, we introduce the Zg-type @ defined by

SO, =a(l-a)?,
o) =a®,  &(6) = 02(1-a),

It is straightforward to verify that H(w) = 3H (a) = R. Moreover, it follows from (30) and
(31) that

(w.,d) = ZzEZs d(l’)(f)(l’)
o’d(4 ) +20%(1 — a) (d(4) — d(1)) + a(l — @)2d(4) + 2a(1 — @)?d(1)
= ad( )3 (—20% +3a+1) + ad(1)2 (1 + 20% — 3a)

d§4; + ad(4) (2d(1) — 3d(4)) (20% — 3a + 1)

last inequality following from (31) and the fact that 2% — 3 +1 > 0 for every o > 0. It
follows that

<€_)‘4d]lgzs, d>

= a? ol — o =« =
T~ 0t + 20(1 - )d(2) = ad()

1 (3R) = =72 (3R)

&(0)

—~

@(2) = w(7)

(3 (32)

& ] ||

~—

(5) :

VAN

18(R) < (@,d) < ad(4) =2 (3R) ,
thus concluding the proof. |

Remark: From the proof of Lemma 3 it is evident that the rightmost inequality in (29)
is strict for all 0 < R < log 8.

As immediate consequence of Proposition 1 and Lemma 3, we have that, for every rate
0 < R<log8 and every 0 < ¢ < R,

1
P <liminf - dimin (gf) > vs(R+ 5)) =1.
Then, it follows from the monotonicity and continuity properties of v5(R) that
| R _ | R 1
P (hmnmf 5 dmin (G) > ’Ys(R)) = P (Uk21 {hmnmf + dmin (GF) > (R + E)}>
= 1imP (liminf £ dyiy (GF) = 2s(R+ })) (33)
= 1 ,

i.e. almost surely the asymptotic normalized minimum distance of the GCE is not smaller
than the GV-distance 7g(R). In order to complete the proof of Theorem 1, it remains to
prove that almost surely 1 dpin(GX) is asymptotically upper-bounded by ~s(R). This will be
the object of Sect.B.
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4 The typical binary-coset code does not achieve the GV
bound

In the present section, we shall prove that the normalized minimum distance of the BCE is
asymptotically bounded away from the GV distance. We shall proceed in two steps. First,
in Sect.4.1, we shall use a second-moment method [1] in order to prove the upper bound
(20). Then, in Sect.4.2, we shall prove the rightmost inequality in (21): this will involve some
convex optimization arguments. Throughout, we shall assume to have fixed an arbitrary
labeling
n:73— X,

and use the notation © = P(Z3 x Z3) and O,, := P,,(Z3 x Z3) for the spaces of joint Z3-types,
and T := P(Z3) and Y, := P, (Z3) for the spaces of Z3-types.

4.1 Bounds on the typical minimum distance of the BCE

A first observation is that, since binary-coset codes are not GU, their minimum distance
does not in general coincide with their minimum weight, as it is the case for Zg-group codes.
Rather, it is necessary to look at all pairs of codewords of a binary coset code in order
to evaluate its minimum distance. It is therefore convenient to introduce the joint-type-
enumerating functions U* : © — Z,

Uy (0) == [{(z,y) € (Z3)§ : V}jw = 0,V}ly = Zy, }| ,

n

counting the number of pairs (x,y) of different joint types such that both y and x + y
belong to coset of Z3" given by the counter-image of Z,, through UR We also introduce the
enumerating function

VEY —Zy, VW)= |[{ze(Z))y: Uiz =0}

n

counting the number of n-tuples in the kernel of W% of different types. It is straightforward
to check that the minimum normalized distance of the random code BE can be rewritten as

%dmin (BY) =inf{(8,D,)| 0 € ©: 7}0 +# &, U(0) > 1} ,

where [77&9]( ) =2>,0(-,z) € T is the marginal of @ on the first component.

The average value of the enumerating functions U (0) and V,%(w) is easily evaluated as
shown in the following result.

Lemma 4 For every 8 € ©,, and v € Y, such that
™0 # 0, v # 0,

it holds
1 1

E [UF(9)] = <n”9>@, E [VE(v)] = (ni))g.

Proof For every = and y in Z3" such that  # 0 we have that UEx and Uiy — Z,, are
independent and both uniformly distributed over Z3'. It follows that

E[URKO)] = E|T(ay Lute—oliwy-z.)]

T
= (7?0)@’
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where the summations above are extended to all pairs (x,y) of joint type 8. E[VF(v)] is
computed analogously. |

A first-moment method based on Lemma 4 allows to prove the following lower bound on

the typical asymptotic minimum distance of the BCE.

Proposition 2 For every design rate 0 < R < log8 and 0 < € < R, with probability one
o1 R
lim inf ;dmin (By) = ZU(R +e).

Proof See Sect.C.1. [ |

From the continuity of ZW(R) as a function of the design rate R (see Sect.A), (19) of

Theorem 2 follows by an argument analogous to the one used in (33).

We now want to obtain an upper bound on the typical asymptotic normalized minimum
distance of the BCE using a second-order method [1]. Toward this end, we need to estimate
the variance of the joint-type-enumerating functions U*().

Lemma 5 For alln > 1, and every joint type 0 € O, such that 7130 = 0o,

2 -1
R (" n 16 n n 1 ny 8
Var [U;(9)] < <n0> <n7ré0> g\ g nmy0) 8% T\ne) 5 (34)

Proof See Sect.C.2. [ |

A second-order method based on Lemma 4 and Lemma 5 allows one to show that, given
a sequence of joint types (8,,) converging to some 6 lying in the interior of the set ﬁ( R)» With
probability one U(8) > 1 for all but finitely many n. This idea is exploited in the proof
of the following upper bound on the typical asymptotic normalized minimum distance of the
BCE.

Proposition 3 For every design rate 0 < R < log8 and every 0 < £ < R,

1
P <limsup - dmin(BE) < (R — €)> =1.

n

Proof Let 6. in Qp_. be such that 3, (R—e) = (6, D,). Consider a sequence of joint types
(0,,) converging to 0., with 6,, in ©,, for every n > 1. Define the event A,, := {U} (0,,) = 0}.
We can apply Chebyshev inequality and use Lemma 4 and Lemma 5 obtaining

Var [Uf(@n)] n n\! . n -1 1 n \ ! 21
< Lt VR o )
P(A,) < EURO] 16 (mrﬁl@) <n0n> 8" + (nﬂ§0n> 8 +8<non> 8

It follows that

lim sup 1 log P (U (6,) = 0) < max { R+H(w}6.)—H(6.), R—H(n}6.),2R—2H(6,)} < —¢.

n n

so that the series »_ ;P (Ay) is convergent, so that P’(A,i.0.) = 0 by the Borel-Cantelli
lemma, and the claim easily follows. |

Observe now that Proposition 3 and the monotonicity and continuity properties of 7,7(1%)
(see Sect.A) imply the second claim (20) of Theorem 2.
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4.2 Comparing 7, (R), ln(R) and 5(R)

We now want to compare the distance bounds ln(R)’ ¥y(R), and v5(R) defined in (17), (18)
and (12) respectively. First, observe that any joint type 8 € @( ) trivially satisfies H(6) > 2R,
so that ©(r) € O p). From this, it immediately follows that ¥, (R) > ln(R). Notice also that
the inequality above holds as an equality whenever ZU(R) = (0, D, for some joint type 6

belonging to @( r)- It can be shown that this is the case for every binary labeling 7 : 73— X
for large enough values of R, so that often 7, (R) and ZU(R) do coincide. However, we will
now concentrate on comparing 7, (R) with the GV-distance vs(R), in particular showing that
the former is strictly below the latter.

In order to do that, we start by considering the Zs-type w(g) in gy giving the GV-
distance, i.e. such that 1g(R) = (w(g),d). Since the entropy function is concave and the map
w — (w,d) is linear and it achieves its global minimum in dy, Lemma 11 can be applied to
guarantee that H(w( R) = R. Hence, using Lagrangian multipliers we get

wip () = e—Ad(z) 200 = Z _ad(x) (35)
Uﬂ z AZ(A) ’ : € ’

TEZg

where A € (0, +00) is the unique solution of the equation H (Z()\)_le_)‘d) =R.
From wg) € © we define a joint type 6(g) in © as follows. For every z in 73, consider
the bijection

0. Ly —TLs, ou(x)=p" (nz+2)—p ((2)) .
1 Now define )
0(3)(%,2) = éw(R) (O’z(ﬂf)) > T,z € Z%, (36)

and let v(g) = 77&0( g) in T be its marginal measure. A few simple properties of 6y and
v(R) are gathered in the following result.

Lemma 6 For all0 < R < log8

0(3)(%,2’) >0, ’U(R)(I') >O7 VI‘, ZEZ%, (37)

(0(r) Dy) = 78(R). (38)

H(O(R)) =log8+R. (39)

H(U(R)) >R. (40)

Proof See Sect. C.3. |

We are now ready to prove the rightmost inequality in (21).

Proposition 4 For every labeling 1 : Z3 — Zs and every rate 0 < R < log 8,

Tn(R) < 8(R).

1 Observe that, in the expression above, the + sign refers to addition in Zg, while the — refers to difference
in Z3.
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Proof For z € Z3, define m, := min{D,(z,2)|z € Z3}, M, := {z € Z3 : D,(z,2) = my.}.
Observe that, since D, (0,z) = 0 for every binary labeling n and any z € Z3, we have that
mo = 0 and |My| = 8. However, since no binary labeling 7 is isometric, we have that

Jz,2 € Z3: my < Dy(z,2). (41)

For v € T, consider the set O, := {0 € O : 7rﬁl0 = v} of joint measures with marginal v,
and define f: ¥ — R, f(v) := min {(0, D,))| 6 € ©, : H(§) — H(v) > R} . As an immediate
consequence of (40), we have that 7, (R) < f(v(g)), so that, in order to prove the claim, it
is sufficient to show that f(v(g)) < 1s(R).

First, suppose that Zx'u R)( r)logn, > R. Then, it is easy to check that flog) =
> 2 V(r)(x)m,. Hence, it follows from, (37), (41) and (38) that

f(U(R)) = E mgv (x)

= . Z (UZ(x))m:c

< X.X.w (R)(Uz(ﬂf))Dn(%Z)
/78(R)7

thus proving the claim. B
Now, assume that »_ v(g)(x)logn, < R. For any z # 0 in 73, we have

—Ad(oz(x))

1
= 29(R>(072)=m>§3 =2 O V() () -

z€73 z€Z3

Hence, v(g) is not the uniform measure over Z3 and, as a consequence H (’U(R)) < log8.
Therefore, from (39) and (40), H(6(g)) = log8+ R > H(v(g)) + R. Then, thanks to the con-
cavity of the entropy function, we can apply Lemma 11, obtaining that f(v(gy) < (8(r), Dy) =
~vs(R) , the last equality following from (38). [ |

5 The typical group code achieves the expurgated exponent

In this section, we shall show that with probability one the GCE achieves the expurgated
error exponent £ (R), thus proving Theorem 3. We shall use the union-Bhattacharyya bound
[38], in order to estimate of the error probability of the GCE in terms of its type-enumerating
functions:
< ) GRw)exp(—n{w,d)). (42)
weNy,
The reader is referred to [36, 8, 24] for tighter bounds on the error probability of group codes
based on their type-enumerating functions.
We start by introducing the expurgated exponents of the 4-PSK and 2-PSK AWGNC,
respectively given by

B{(3R) = min{(w,d)~H(w) + 3Rlwe Wy},
B§(4R) = min{(w,d) ~H(w) + §Rlw e Yy }

where Q’( Ry and Q/(,R) have been defined in (26).
The following result can be proved using the first-moment method based on Lemma 2

and (42).
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Proposition 5 For every 0 < R < log8 and every 0 < € < R, with probability one
timinf — logp.(GF) > min { E§ (R + &), B{ (3(R + )), E§ (4(R + <)}
Proof For any € > 0, consider the events
Ane = {Uuen, GE(@) = exp (n [Hw) - (R - o))} =1,

and define A, := {A, . i.0.}. From Markov’s inequality, Lemma 2 and (2), we have

Pl £ 3 B [0 exp (-0 (Hew) - -9 25D ) <, joxp (<n5)

wEQn 10g 8

so that the series ), - P(Ay ) is convergent, and the Borel-Cantelli lemma implies P(A;) =

0. Hence, with probability one there exists ng such that, for all n > ng, GE(w) = 0 for
w € Q (where Q is defined as in the proof of Proposition 1), and GF(w) < exp(n H(w) — (R —

e)logC(w)) for all w € Q,,. It follows from (42) that, for n > ny,

log 8
PGR) € Y eann CRw) exp(—nlw,d))
< Q] exp <—n min {(w, d) — H(w) + (R — s)blgﬁg(;; w e\ Q})
< Q] exp (—n min {Eéc(R +e), EZ(%(R +e)), E ( (R+ 6))}) ,
and the claim follows since |{2,,| grows polynomially fast in n. |

The following result constitutes an analogous of Lemma 3, showing that the proper sub-
groups of Zg cause no algebraic obstruction to the error exponent achievable by the typical
group code over Zg.

Lemma 7 For all 0 < R <log8,
E§(R) < Eo(3R) < Ex(3R).

Proof In order to prove the rightmost inequality, let w’ be a minimizer of (w, d) —H(w)+ %E
in Q’(R), and define w” € Q by w”’(z) := 0 for all z ¢ 2Zs, W"(2) = W’ (6) := W' (4)w'(0),
W"(4) = w'(4)%, W"(0) := W' (0). As in the proof of Lemma 3, it is immediate to show that
(W' d) = (W', d), while H(w") = 2H(w’). It follows that w” € Q(R) so that

Ef(3R) = min{(w.d) - H(w) + $Rlw € Oy }
< (W'.d)—Hw")+ 2R
= (W, d) —2(H(W') - §R)
< (W,d)-Hw')+ iR
= E3(iR)
e—d(4)

Let us now consider E¢(R) and Ef(2R). Define o := and w € N asin (32).

ZZEZZB emdz)
Moreover, define @” € Q by &”(z) = 0 for z ¢ 2Zs, @"(4) = o?, @(2) = @(6) = a(l — a),
while @(0) = (1 — a)?. Then, as in the proof of Lemma 3, it is not hard to see that
H(a) = H(@") = $ H(@), while (©,d) = (&",d). Moreover &" is a global minimizer of
(w,d) — H(w) + %E in Q" :={w € Q:supp(w) C 2Zg}.
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Let R} = H(w) be the minimum rate R for which w € Q’(’R). By Lemma 3, for 0 < R <
3R%, it holds
E§(R) <3(R) <wu(3R) = E{(3R).
Finally, for R > R}, we have

Ef(R) = min{(w,d) —H(w)+ Rlw € Qp) }
< <w d) H(w)+R
= (&d)  § (H@") _3F)
< < ) —H(@") + 3R
= (%R)
which completes the proof. |

Now, from Proposition 5, Lemma 3 and the continuity of the expurgated exponent E5(R)
as a function of the rate R (see Sect.A), Theorem 3 follows by an argument analogous to
(33).

6 The typical binary-coset code does not achieve the expur-

gated exponent

In this section we shall prove Theorem 4 by showing that the BCE does not achieve the
expurgated bound, with probability one. First, we obtain the following upper bound on the
typical error exponent which is valid at any rate R.

Proposition 6 For all 0 < R < log8,
1
lim sup —~ log pe(BY) <7,(R) + R
n

Proof First, observe that

R
xzeBE
lly—=||2
1 1 _
B ‘a:#%lgngzz fyn _27“,—2)”6 202 l{H'—wII<H~—wH}(Z‘/)dy

s (/e duin(B))

e~*/2m* ¢ Tt is a standard result [13, pag.2] that hm —Llog(an) =

where ¢(t f

27rU
«

10 e Combined with Proposition 3, this immediately implies that, with probability one,

timsup - log s (cuin (BF)) < lim sup ~ s (B5) <7, (R).

Then, since Lemma 1 implies that lim sup%log \Bﬁ,\ < R with probability one, the claim
n
follows. u

Consider now the optimization problem
EZ(R) := min {(0,D,) — H(6) + R +10g 8|0 € Op)} , (43)

where © g has been defined in (16). The following result relates E_%(R) and %, (R) for small
rates R.
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Lemma 8 There exists R_g > 0 such that, for all0 < R < R_g,

EF(R) 2 7,(R)+ R,

and, if 0 € @( R) 1S a minimizer in the variational definition (43), then necessarily
H(#) — H (7;6) = R. (44)

Proof First, we shall show that there exists R’ > 0 such that, forall 0 < R < R, if @ @( R)

is minimizer in the definition (43) of E_;’;’(R), then (44) holds. For a fixed v € T, consider the
set Oy := {0 € O : wé@ = v}. The strictly convex function 6 — (0, D,) — H(@) admits a
unique minimizer in ©,,, given by

e~ Dn(z,2)

9:;(33, Z) = ’U(I’)W .

Consider the uniform measure u over Z3. Then 6, does not coincide with the uniform
measure over Zj x Z3, so that in particular H(6,) — H(u) < 2log 8 — log 8 = log 8. Since the
map v — 0} is continuous on T, while the of the entropy function is convex and continuous,
Lemma 10 guarantees that the map

R+ —R + min {H(0%) — H(v)| H(v) > R}

is continuous on the interval [0, log 8]. In particuer, it follows that there exists some R >0
such that, if 0 < R < R’, then H(0},) — H(v) < R for all v € Q with H(v) > R. Therefore,
by Lemma 11, a minimizer @ € O,, for the constrained optimization problem

min {(8, D,) — H(6)| 6 € O, : H() > H(v) + R}

necessarily satisfies H(8) = H(v) + R for all v € T such that H(v) > R > R’. Hence, equality
(44) follows for R < R’, since

EZ(R) = R+log 8+min {min {(#, D,)) — H(0)|6 € ©,,: H(9) > H(v) + R} |v: H(v) > R} .

For any family 9 = {9, € T}mezg of probability distributions over Z3, define a,h € T
by ag(z) =3, 9.(2)Dy(z, 2) and hg(x) := H(Y;), respectively. The minimum of strictly
convex function gg(v) := (v,a) — H(v) + R, over the set Tor = {veY: (v,hgz) =R}
(which is an affine subspace of T) is achieved by

i e—a,g(z)—)\hg(z)
U(E,R) (Z) = Zw e—ag(UJ)—AhE(w) )

zeZ%,

where A > 0 solves the equation Y, e~ %@ e@ho(1) = RY" e 9@ ),

Observe that (by the implicit function theorem) the map (¥, R) + ’UE% R is continuous

on YZ% x [0,log 8]. Moreover, the map

r:0—71%,  T1(0):= {9\{x}xzz}

meZg

(associating to the joint type € the vector of its conditioned probability distributions) is well
defined and continuous on a neighborhood A of the uniform measure u®w on Z3 x Z3. Then,
the composition map (0, R) — H('Ul*“(o) r) — R is continuous on NV x [0, log 8]. It follows that,
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since H is concave on © and H(0) = 0 iff 8 = u ® u, we can apply Lemma 10 in order to
guarantee continuity of the map

f(R) := —R + min {H(U;F((,%R)n H(9) > 2?}

in a nonempty interval [0, R). B
Notice that, for R = 0 and ¢ = uw := {9, = u} € TZ5 constantly equal to the uniform
distribution w on Z3, hy(2) = log 8 for all z, while 0 = a(0) < ag(x) for all z # 0. It follows

that 'Uzkﬁ,o) = u, so that in particular H <’U2kﬁ,0)> < log 8. Therefore, by the continuity of f(R),
there exists R” € (0, R) such that, H(v{pg) ry) < R for all @ € O such that H(0) > 2R > 2R".

Hence, for all @ and R such that H(@) > 2R > 2R”, Lemma 11 implies that a minimizer
v € T(p(g),r) for the constrained optimization problem

min {gr(g)(v) — R|v € Tir(p) r) : H(v) > R} (45)

necessarily satisfies H(v) = R. Then, for all 0 < R < RZ := min{R', R"}, we have

—
le

FI(R) min {<9, D,) —H(0) + R+ log86 € ©: H(r}6) > R, H(6) — H(r}0) = R}

R + min {gr(g) (wé}o) e ACACE H(Wﬁle) >R, <7Tjj107hf‘(0)> = E}

—~
=
=

—~
o
~

R+ min{min {gp(g) (’U) — E‘ v E T(F(O),R) : H(’U) > R} ‘ 0 c @(R)}

—
2 |V

R+ min{min {gp(g) (’U) - E‘ v E T(F(O),R) : H(’U) = R} | 0 c @(R)}
R+ min{g5(v) — B9 € 1%, v € T: Hw) = F, (v, hz) = R}
R+min{(6,D,)|0 € © : H(x}6) = T, H(0) — H(r}0) =}

—
Ve

—
=

—~
Ve

R+7%,(R),

where: (a) follows from the definition (43) of E_%(R) end (44); (b) from the definitions of g,
hz and I'(0), respectively; (c) since 7Tﬁl0 € Y(r(g),r) for all @ € Opy; (d) from the previous
considerations on the properties of the maximizers of the problem (45); (e) from the fact that
r (@( r) C ng; (f) by considering the surjective map

p: YT x TZ5 , [o(v,9)](x, 2) :=v(x)(2), x,z€ Zg’;

(9) from the definition (18) of 7, (R). [ |

Now, fix some rate 0 < R < RE, and consider the joint type 0(r) € © defined by (36). It
follows from Lemma 6 that H(6p)) = log8 + R, H(7Tﬁl0) = R, and (8(), D;)) = w(R). In
particular gy € @(R) and H(0) — H(wé@) > R. Then, by Lemma 8,

EZ(R) < (8(r), Dy) —H(6(r)) + R+ log8 = s(R).

Therefore, again from Lemma 8, and using the fact that at low rates the expurgated exponent
EZ(R) coincides with the GV-distance ys(R) (see (23)), we have

7,(R) + R < EZ(R) < 78(R) = E§(R), (46)

for every 0 < R < R} := min{R§, RZ}. Hence, by combining (46) with Proposition 6, we
have finally proved Theorem 4.
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7 Conclusion

In this paper we have analyzed the typical minimum distances and error exponents of two
code-ensembles for the 8-PSK AWGNC with different algebraic structure. We have shown
that the ensemble of group codes over Zg achieves the GV bound as well as the expurgated
exponent with probability one, whereas the ensemble of binary coset codes, under any pos-
sible labeling, is bounded away from the GV bound and, at low rates, from the expurgated
exponent. While the paper has been focused on the specific case of the 8-PSK AWGNC, a
closer look at the derivations shows that generalizations are possible to much larger classes
of DMCs.

On the one hand, it is possible to consider DMCs which are symmetric with respect to the
action of an arbitrary finite Abelian group G, and to characterize the typical asymptotic min-
imum distance achievable by the ensemble of group codes over G. This idea has been pursued
in [10], where it was shown that on every Z,-symmetric channel, the normalized minimum
distance (respectively the error exponent) of the typical group code over Z,, asymptotically
achieves the minimum of the GV distances (the expurgated exponents) associated to all the
nontrivial subgroups of Z,,. Then, one is left to verify whether results analogous to Lemma
1 and Lemma 7 hold true, showing that proper subgroups cause no loss in the performance
of the typical group code.

On the other hand, it is interesting to see how the impossibility results of Sect.4 can
be generalized. Consider a DMC with input X of cardinality |X| = p” (where p is a prime
number and r a positive integer), output ), and transition probabilities P(y|z). Define the
Battacharyya distance function

D(a1,22) == —log /y VPl Pylea)dy

Assume that the DMC has has zero-error capacity equal to zero, so that D(x1,x2) is finite
for every x1,z9 € X, and further that it is balanced (see [31]), i.e. that, for all z,z € X,

{D(z,2)|z € X} ={D(z,2)|z € X} = {d(z)|z € X},
for some d : X — R. Then, the GV distance and the expurgated exponent are respectively
given by (see [11, pag.185])
W(R) = min {<w7d>}7 EI(R) ‘= min {<w7d> - H(w) + R}v

wEQ(R) wEQ(R)

where, for 0 < R <log |X|,

R:=log|X| - R, Q) :={w € P(X) : H(w) > R}.

Now consider the automorphism group Aut(D) defined as in (4). Assume that Aut(D) does
not have any subgroup isomorphic to Zj, so that, for any binary labeling n : Z; — X,
(7) holds, with D,, defined as in (6). Then, it follows that both Theorem 2 and Theorem 4
continue to hold for the ensemble of coset codes over Z,, which turns out to be bounded away
from the GV distance at any rate, and from the expurgated exponent at low rates. Observe
that, if instead Aut(D) does contain a subgroup isomorphic to Zy, then the arguments of [2]
can be used to show that the ensemble of coset codes over Z, (and in fact the ensemble of
linear codes over Zj,), achieve the GV-bound and the expurgated exponent with probability
one. In other words, we have that, for balanced DMCs, having a Bhattacharyya distance
function symmetric with respect to the action of the group Zj is a necessary and sufficient
condition for the typical coset codes over Z, to achieve the GV-bound and the expurgated
exponent.
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A Some lemmas on continuity

This section is devoted to the proof of the continuity of the some functions which have been
defined in the paper as solutions of finite-dimensional convex optimization problems, such
as the GV-distance ~g(R) and the expurgated error exponent E¢(R), as well as the bounds
¥p(R) and v, (R). We shall obtain these results as a consequence of the general lemmas
presented below.

For some fixed d € N, let = C R be a compact and convex set. It is a standard fact that
any lower semicontinuous (l.s.c.) function achieves its minimum on every closed nonempty
subset C' C =. Consider two functions g : = — Rand h:Z — R and define

frR=R,  fly)=inf{g(€)|E€E:n() <y} . (47)

It is immediate to verify that f(y) is nonincreasing in y. The following simple result was
proved in [9, Lemma 8.1].

Lemma 9 If g and h are both l.s.c., then f defined in (47) is l.s.c.

Notice that, even if g and h are both continuous, h fails in general to be continuous; in fact
it is simple to provide counterexamples in this sense, when h has local minima which are
not global minima. By ensuring that this cannot happen (for instance requiring that A is
convex), it is possible to strengthen the previous result and prove continuity of h.

Lemma 10 If g : & — R is continuous and h : = — R is l.s.c. and such that every local
minimum is necessarily a global minimum, then f defined in (47) is continuous on [h*,400)
where h* := min {h(§) | € Z}.

Proof Since f is nonincreasing and l.s.c. by Lemma 9, it remains to show that
lim f(yn) < f(y) (48)

for every increasing sequence (y,) C [h*,+00) converging to some y > h*. Notice that the
existence of the limit in the lefthand side of (48) is guaranteed by the monotonicity of f.
From the semicontinuity of g and h, there exists some ¢ in Z such that f(y) = ¢(§) and
h(€) <wy. If h(§) < y, then h(§) < y, for sufficiently large n, so that f(y,) < g(&) = f(y)
definitively in n and (48) follows. Thus we can assume that h({) = y. Since y > h* the point
& is not a global minimum for h. Hence, it is not even a local minimum for h, by assumption.
It follows that every neighborhood of ¢ in = contains some ¢ such that h(¢) < h(z). It is
then possible to construct a sequence (&,) in = converging to £ and such that h(&,) < y for
every n. From (§,) we can extract a subsequence (&,,) such that h(&,,) < y; for every k.
Therefore we have f(yi) < g(&,,) and so

lim f(yn) < limksupg(é’nk) <9 = fly),

thus concluding the proof. |
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By considering = = Q, h(w) = —H(w) and g(w) = (w,d) (respectively g(w) = (w,d) +
R — H(w)), Lemma 10 implies the continuity of ~s(R) (EZ(R)). Indeed, observe that
—H(-) is convex and therefore does not admit local minima which are not global min-
ima. Similarly, the continuity of ~,(R) follows by taking = = ©, ¢(0) = (0,D,), and
h(0) = max{—1 H(0), — H(?Tﬁle)}, which is convex, as it is the maximum of two convex func-
tions.

Finally, the continuity of 7, (R) follows from Lemma 10 again with = = ©, g(0) = (6, D),
and h(0) = max{—H(0) + H(wé@), - H(wt}e)}. In this last case, the absence of strictly local
minima of h can be verified directly as follows. If 8 € © is a local minimum for h(0) =
—H(0) + H(ﬂéo) = —zx[ﬂée](x) H(6|(5}xz3), then, for every x € supp(wé@), necessarily
01 (}xz3 1s the uniform distribution over Z3; it follows that h(@) = —log8, and therefore 0
is a global minimum.

We end this section with the following result, giving sufficient conditions for the minimizer
of a convex optimization problem to satisfy the constraint with equality.

Lemma 11 Let g,h : 2 — R be convexr functions. Let g* := mingez g(§) be the global
minimum of g, and consider the set &% := {£ : g(§) = g*} where such minimum is achieved.
Then, for all y < h* := gm_n h(€), any minimizer &, for the convex optimization problem

e=*

= min
Ut h(§)<y

necessarily satisfies g(&y) = y.

Proof Let £ € E be such that h(§) <y, and g(§) = f(y). Since h(§) <y < h*, necessarily
g(&) > g*. Consider some &* € Z* such that h* = h(£*), and, for 0 < A < 1, define
Ex:= A+ (1 = N)E*. Then, by the convexity of h, we have

h(€x) < AR(E) + (1 = MA(ET) < Ay + (1 = A)R7,

so that, since y < h*, there exists 0 < A* < 1 such that h({x«) < h(¢) < y. From the
convexity of g, it follows that

9(Ex) < Xg(€) + (1 = A)g(€7) = A"g(§) + (1 = A)g™ < g(§) .

Then, f(y) = h](rrg)igyg(&) < g(&n+) < g(&), so that £ cannot be a minimizer. [ |

B An upper bound on the typical asymptotic minimum dis-
tance of the GCE

In this section we shall show that the bound (33) is tight, i.e. that the asymptotic normalized
minimum distance of the GCE does not exceed the GV distance g(R), thus completing the
proof of Theorem 13. Our arguments are will involve an application of the second moment
method [1, pagg.43-63|, and the key point consists in estimating the variance of the type-
enumerating function GZ(w).

We start with some preliminary considerations about the structure of the product set
(Zg)., x (Zsg).,, w € Q, being some Zg-type. Let m = ((w) be the order of the smallest
subgroup of Zg supporting w, and consider two non necessarily distinct n-tuples & and z of
type w. Let < @ >, < 2z > and < x,z > be the subgroups of Zg respectively generated by
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x, by z, and by  and z. It is easy to realize that both < > and < z > are isomorphic to
%Zg. Moreover, define: the isomorphism

P 8 ; e
i< x> 73, i(ax) == a;
the standard injections
j1i< T >—=<x,z >, Jjilax) = ax,

Jo: 27 — 275 @ 2, j2(k) = (k,0);
the surjective homomorphism

8
((w)

Zg@iZgg <X,z >, fla,b) = ax + bz.

f: t@)

Then, we have that
Ji=[foj201.

In other words, the following diagram commutes

<z> & <z 2>
li I
2

%Zg — %Zg ) %Zg
It follows that < «,z > contains a subgroup isomorphic to %Zg and is itself isomorphic to
a subgroup of £Zg & %Zg. An immediate consequence is that < x,z > is isomorphic to a
group of type —~Zg @ %Zg for some h dividing m (possibly A = 1 when x = w). It is then
possible to partition the set of ordered pairs of n-tuples of type w as follows:?

(Zg)., x (Zg)g, = U Anpwh s (49)
h|¢(w)

n

with A, ., denoting the set of all pairs (z,z) in (Zs),, x (Zs),, such that the subgroup
< x,z > generated by x and z is isomorphic to %Zg & %Zg. The following lemma provides
an estimation of the cardinality of A, ., with h ranging over the set of divisors of {(w).

Lemma 12 For every n, w in P,(Zg), and h dividing {(w), we have

neri(2) T ()

-8
1<i<8/h: i+52s
w(i+27s)>0

where n; 1= nw (z + %Zg) is the number of entries from the coset i + %Zg mn any n-tuple of
type w.

Proof Let « and z be in (Zg),,. A necessary condition for the subgroup < x,z > to be
isomorphic to %Zg P %Zg is the existence of some « in the set Z3 of invertible elements of
Zg, such that

—hax +hz =0. (51)

2For two integers a and b a | b means that a divides b.
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For (51) to hold, necessarily z has to belong to the coset aax + %Zg. Thus, whenever (51)
holds, the set of positions of the entries of & belonging to any coset i + %Zg and the set of
positions of the entries of z belonging to the coset ai + %Zg need to coincide, i.e.

o (i487g) = 27" (i + 3Zs),  VieZg. (52)
Notice that since both @ and z are assumed to be of type w, (52) in particular implies
w(i+2%s) =w(ai+8Zs), VieLs. (53)

For those a for which (53) is not satisfied there exists no pair (x, z) satisfying (51). Thus,
with no loss of generality we can restrict ourselves to considering values of « such that (53)
is satisfied (as it is the case always for a = 1).

Notice that a necessary and sufficient condition for & and z both to belong to (Zsg),, is
the existence of an index permutation o € S, such that ox := & 0 0~! = 2. Equation (52)
can be read as a constraint on the structure of o, which has necessarily to be of the form

0'20'100'20...00'8/h05'a,a:7 (54)
where

® 0,z is the index permutation mapping, for every coset i+ %Zg, the smallest element of
x! (a‘li + %Zg) in the smallest element of ! (z + %Zg), the second smallest element
x ! (oz_lz' + %Zg) in the second smallest element of 2z~ (z + %Zg), and so on;

e for every coset i + %Zg instead, o' € S, is any permutation such that
i/ . . . 1. 8
o()=j, Vie{l.np\a ! (i+52s). (55)

Thus, for a given x in (Zg),, and « in Z§ such that (53) is satisfied, we have that the
number of z in (Zg),, satisfying (52) equals the cardinality of the orbit of &4 z& under the
action of the group of index permutations

G® .={o=0'oo’0...00%" . (55)V1<i < 31

Clearly the order of this group is ‘G ‘ Hf/ 1 n;!, while the cardinality of the stabilizer of
Oa,2T in G®) ig ‘Stab (O’a 2, G®) )! = [I;=; (nw())!, so that the orbit of G4z in G®) has
cardinality
8/h .
= ! i
‘O( aaww>‘ Hn,/H (nw( H<n2w| . >,.
i=1 i+ Zs
This allows us to estimate the cardinality of A, ., as follows
n 8/h "
Anw <|Zg ‘ ( (m)7~o¢ >‘:4 ’ )
Annl <IZE >, |0 (G 500w nw H nw;, sy
we(Zs)" i=1 ity 28
hence proving the claim. [ |
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Lemma 13 For every n € N and w in Pp(Zs)

18/h

varlete <4() (o) P (i) 11 <nw,”+z> 7 (56)
h<((w)

for n; defined as in Lemma 12.

Proof Assume that x,z € A, 5, for some h | ((w). Notice that, for every 1 < j <, the
image of the evaluation homomorphism

Aj:hom(Z§,Zs) — Z3,  Aj(®) = ((D=);, (D2);)

coincides with the subgroup < (z;,2;) >1<i<n of Z% generated by {(zi,zi)h<i<n. Hence,
(see [8, Lemma 9] for instance) each pair ((®fz);, (®%z2);) is uniformly distributed over
< (x4, 2i) >1<i<n< Zg ® Zg, which is isomorphic to < x,z >. As < x,z > is in turn is

isomorphic to a group of type %Zg <) %Zg, it follows that

P ((®fx);, (22); = 0) = (h¢(0)) ™", V1<j<I,

and, since the r.v.s ((®fx);, (2z);) are mutually independent,

1<l
P (dfx = 0,82 = 0) = (h¢(w) ™. (57)
It follows from (49), (50) and (57) that
Var [GH(w)] = X Cov []l{q>g§a::o}]1{c1>,13z:o}]
z,we(Zsg),,

= > > P(@fr=0,0z=0)-P(¢fr=0)P (052 =0)
h‘C(w) (wvz)eAn,w,h

= ¥ |Anenl (meer — cwo7)
P (e — )

and the claim follows immediately from Lemma 12. [ |
For every h dividing 8, consider the projection 7" of Zg onto the quotient group Zg / %Zg,

defined by
Th(ﬂj‘):y—l—%Zg & xEy—l—%Zg,

and, for every w in 2 denote by Tﬁhw in P (Zg / %Zg) the image measure under 7. As an
immediate consequence of Lemma 2 and Lemma 13 we have

X Var[GE(w) . n\—1 w ! 8/h n;
hmnsup % log <W> < hmnsup % log [(nw) h|§w) (%) Hzil (niw|i+228)]
h<¢(w)
log ((w)/h 5 L i 8
= ¢ SRR H(w) £ Y wli + 32 1 (w\H%ZS)
h<({(w)
_ log{(w)/h h
= }H}?jﬁ) { Tog 8 R H (Tﬁ (w))} .
h<((w)

(58)

We are now ready to state the following result, whose proof relies on relies on an appli-

cation of the second moment method and the key point consists in showing that the Zg-type

w minimizing the righthand side of (12) can be approximated by Zg-types w. such that
H (Tﬁhwg) > %E for all h =1,2,4.
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Proposition 7 For every 0 < R <log8, and 0 < ¢ < R,

1
P <limsup ﬁdmin (GF) > (R — 5)) =1.

n

Proof Let w = w(r_.) € Q be the Zs-type achieving the GV distance, defined as in (35).
Observe that (30) and (31) imply that w has the following ordering

w(0) > w(l) =w(7) >w(2) =w(6) >w(3) =w() >w). (59)

Define A4y := {0,1,7,2}, By := {0,1,6,3},Cy := {0,5,6,7}, and let A;, By and C; be the
complements in Zg respectively of Ay, By and Cy. It follows from (59) that

w(Ap) > w(2Zs), w(Ap) > w(2Zsg + 1),
w(By) > w(2Zs) , w(By) > w(2Zs + 1), (60)
w(Co) > w(2Zs), w(Co) > w(2Zs + 1)

Moreover, it is easy to check that |A, N B, N C,| = 1, for every choice of (a,b,c) in {0,1}>.
Thus, f : Zg — {0,1}3, where f(x) = (a,b, ¢) if and only if z is in A, N B, NC,, is a bijection.
Then, from (1) and (60), it thus follows that

H(w) = H(fpw) > H(w(A)) +H (w(Bo)) + H(w(Cy)) = 3H (w(2Zs)) = 3H (rfw) . (61)

Let us now introduce the sets D := {0,2} and F := {1,7}. We have from (59) that

w(D) > w(4Zsg), w(D) > w(4Zs + 2),
w(E) > w(dZs+ 1), w(FE) > w(4Zs + 3) .
It thus follows that
H (Tgw) - H ( Thw ) +w(2Zg) H (Tgwms) +w(2Zs + ) H (Tglwbzgﬂ) )

> H(w(2Zs)) + w(2Zs) H (wlaz (D)) + w(2Zg + 1) H (wlaz 41 (E)) -

Observe that

wl2z5 (D) = w75 (428 )w|az5(0) + w274 (4Zs + 2)w |47 +2(2)

so that, by the concavity of the entropy function, we get

H (wlaz4 (D)) > wlazs(4Zs) H (w|az4(0)) + wlozg (4Zs + 2) H (w]aze+2(2)) -

An analogous reasoning leads to

H (wl|2z5+1(F)) > wlozg+1(4Zs + 1) H (wlazg+1(1)) + wlozs+1(4Zs + 3) H (w]az543(3)) -

Upon substituting the two inequalities above in (62), we get

H(rfw) > H(rfw)+ Y0 w(4Zs + i) H(wlazg (i)
— H(rw) + H(w) - H(rw)
> FH(w) - H(rfw),
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last inequality following from (61). Then

H (tfw) > - H(w). (63)

[SSRIN )

Now let (wy,) ba a sequence of Zg-types converging to w, with w,, € Q,, for every n. By
successively applying Chabyshev inequality, (58), (61) and (63), we get

Var[Gﬁ(wn)]

1imsup%10gP(G§(wn):0) < hmsup logm
< max{%ﬁ < w), 2R - H( w), R - ()}
< max{%( ) ( ) }
S _%67

Thus the series ), P(S,(wy,) = 0) is convergent, and the Borel-Cantelli lemma implies the
claim. -

Finally, observe that, from Proposition 7 and the continuity of vs(R), it follows that
lim sup % dmin(GE) < 78(R) with probability one, thus completing the proof of Theorem 1.

C Proofs for Section 4

C.1 Proof of Proposition 2

Proposition 2 For every design rate 0 < R < log8 and 0 < € < R, with probability one

|
lim inf Edmin (Bf) > ln(R +e).

n

Proof For 6 € O, consider the events Kg ) := {Uf(é’) > 1} and Hg, = {VnR(wﬁlO) > 1}.
Observe that Kg,, implies the existence of a pair (x,y) such that Uiy =0, so that

KO,n - HO,n . (64)

From Lemma 4, using (2), we have that, for every joint type 6 in 0, :=0, \ @(E_a), at least
one of the two following inequalities holds true:

E[UF0)] = (:0) 8121 < exp (n (H(0) — 2R)) < exp(—2ne), (65)
E [VnR (7%10)] = <n77:10> ! < exp ( (H (Wé@) - F)) < exp(—ne). (66)

Using a union bound estimation for the event K, := Ueeén Ko and applying (64) and
Markov’s inequality, we have

P(Ky)

IN

P (Ueeén Ko N Bo,,L)

> 0co, P (Kon N Boy)

z&eén min{P (Kg,) , P(Begn)}

zeeén min {E [Un(0)] , E [VnR(o)] }

|y, | exp(—ne) .

Thus the series >, P(Kp) < > [Qn|exp(—ne) is convergent, and, by Borel-Cantelli

lemma, P (K, i.0.) =0, which, in turn, implies the claim. [ |

ININ AN IA
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C.2 Proof of Lemma 5
Lemma 5 For alln > 1, and every joint type 8 € ©,, such that 7Tﬁl0 £ 0o,

2 -1
var [UR@)] < (" )( " )L (7 PR T L N
" — \n@ mré@ 83l né mrﬁle 83l n@ ) 82

Proof We have
Var [Uf(e)] = Var [Z(az,y) ]l{\llﬁmZO}]l{\Ilgy:Zn}}

= Z C(m17m27y17y2) ’
(@1,91),(22,Y2)

where the summations are extended to all pairs (x,y), (z1,y1) and (x2,y2) in (Z3 x Z%’)z,
and

c(@1, 2, y1,2) := Cov [H{Mmlzoﬂ{wyl:zn}v ]l{wgmg:oﬂ{w:zyz:zn}} '

We are now going to estimate the covariance terms c(wl, T2, Y1, yg), separately considering
four possible different linear dependency structures among x1, @2, y1, and ys. Observe that,
since ﬂé@ # 0o, 1 and @2 need to be nonzero in order for the pairs (x1,y;) and (x2,ys2) to
have type 6.

Suppose first that (x1,y1), (x2,y2) in (Z% X Z%)Z are such that x1,x9,y; and yo are
linear independent. Then, the r.v.s \I/ffwl, \Iffwg, \Ilffyl and \Ilfyg are independent, so that

C($1,$2,y1,y2) =0.

Second, consider the case when @ and x5 are linear independent but @1, xs,y; and yo
are not linear independent. In this case we have that the random variables U2z, UEz, and
URy, — Z, are independent, so that

1

C(m17m27y17y2) <P (\Ilﬁml = 0,\11713$2 = 07\P713y2 = Zn) = @ .

Since there are at most 16(7?9) (m:;l 9) possible choices of such pairs (1, y1), (€2, y2) in (Z% X Z%)Z,

they contribute to the first addend in the righthand side of (34).

As a third case, consider pairs (1, Y1), (®2,y2), such that 1 = x5, and x1, y; and yo
are linear independent. In this situation the random variables Wz, Wiy, and U2y, are
independent so that

1

C($17$2ay17y2) S P (\Ilylfa:l = O, \Ilfyl = Zn7\:[/§y2 = Zn) = @ .

Since there are at most (71"9)2 (m:;le)_l possible choices of such pairs (z1,y1), (T2, y2) in (Z3 x

Z3)%, they contribute to the second addend in the righthand side of (34).

Finally, it remains to be considered the case when x; = x2, and x;, y; and y- are
linear dependent. There are at most (7?0)8 possible choices of pairs (x1,y1) and (x2,ys2) in
(23 x Z%)z satisfying these requirements and for each of them

1
c(w17$27y17y2) S P (\Ilfa:l = 07 \I/gyl = Zn) - @ .
Therefore, they contribute to the third addend in the righthand side of (34). [
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C.3 Proof of Lemma 6
Lemma 6 For all0 < R < log8

O(ry(z,2) >0, vr)(z) >0, V:E,zGZg, (67)
(O(r), D) = 13(R). (68)

H(0(R) =log8+R. (69)

H(v(g)) > R. (70)

Proof (67) follows immediately from (35).
It is easy to verify that

Dy(x,z) = D(n(z),n(z + 2))

Then (68) follows, since

Oy, Dn) = > Or)(z,2)Dy(z,2)

LzEZ%

= > %W(R) (0:(z)) d(0.(z))

zeZg
= <“«R)7d>
= s(R).

From (36) we have ) 0(p)(7,2) = 3. wry(o:(z)) = %, so that the marginal ﬂﬂ20(3) is
the uniform measure over Z3. Again from (36) we have that the conditioned measures satisfy
O(Rr)|z3x (-} = w(r) © 0 for every z in Z3. Then, by applying (1) we have

H(Or) = H <7T§9(R)) + 2 Oy (Z3x {a})H (9(R)\ng{m})
er%

= log8+ H(wr))
= log8+ R,
showing (69).
Finally, observe that vy = wﬁlo( R = % Yo w(R) © 0 is a convex combination of permu-

tations of the vector wgy. As argued in Sect.2.2, for every labeling 7 : Z3 — X there exists
at least a pair of nonequal columns of the matrix D,, say Dy(-,21) # Dy(-, 22). As a conse-
quence, we have d o o, # d o 0., which, together with (35), implies w(g) 0 0, # W(R) © T,.
Hence, from the strict concavity and the permutation invariance of the entropy function H it
follows that

H (L5 e wim 0 o)
§ 2vezg H (wim) 0 04)
H(wr))

R,

showing (70). |

H(v(r))

V
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