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Abstract

Group codes matched to geometrically uniform signal sets allow to transmit at higher
spectral efficiency while inheriting many of the structural properties enjoyed by binary
linear codes. In this thesis the information-theoretical limits of Abelian group codes are
analyzed.

The capacity achievable by Abelian group codes over symmetric channels is char-
acterized. For many important examples, like the Gaussian channel with the m-PSK
modulation as input, Abelian group codes are shown to achieve Shannon capacity, as it
is well-known to be the case for binary-linear codes over binary-symmetric channels. A
counterexample is presented, based on a three dimensional signal set, for which instead,
despite its group symmetry, the use of Abelian group codes leads to a loss in capacity.

The problem of characterizing the minimum Bhattacharyya distance of the typical
Abelian group code is addressed. For the Gaussian channel with 8-PSK as input it is
shown that the typical cyclic group code asymptotically meets the Gilbert-Varshamov
bound, while the typical random code does not. This generalizes a result known for
binary linear codes. It is also shown that a random binary affine code is bounded away
from the Gilbert-Varshamov bound of this channel with probability one. Similar results
can be inferred for the typical error exponent. This shows that not only group codes
matching the symmetry of the channel cause no loss in capacity, but they can guarantee
better performance.

Structural properties of low-density parity-check (LDPC) codes over finite Abelian
groups are studied. Two ensembles of regular LDPC codes over the cyclic group Z,, are
analyzed. In the first one the non-zero entries of the parity matrix are all equal to 1;
in the second one they are randomly chosen, independently and uniformly, from the set
of units of Z,,. Precise combinatorial results are established for the exponential growth
rate of their type-enumerating functions with respect to the code-length. Minimum
Bhattacharyya distance properties are analyzed when such codes are employed over a
Z-symmetric transmission channel. In particular, in both cases minimum distances are
shown to grow linearly in the code-length with probability one, and lower bounds are
provided for the typical normalized minimum distance. Numerical results are presented
indicating that the second ensemble definitely outperforms the first. Generalizations to
LDPC codes over finite Abelian groups are also discussed.

The main topics left for future research consist in extending the theory to non-
Abelian group codes and analyzing the performance of LDPC codes over Abelian groups
with message-passing decoding.
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Chapter 1

Introduction

This dissertation deals with the analysis and design of transmission codes with Abelian
group structure. The motivation comes from communication engineering, specifically the
problem of reliable transmission of digital data over a bandwidth-limited noisy channel.

This is a classic problem of information theory dating back to Shannon’s seminal
work [60]. Shannon proved that for every transmission channel there exists a threshold
C, called the capacity of the channel, such that arbitrarily reliable communication is
possible at any rate below C, and conversely reliable transmission is not possible at
rates above C. However, for almost fifty years Shannon’s theoretical limits remained
practically unreachable because of the unaffordable complexity of capacity-achieving
coding schemes.

A major breakthrough in the discipline came in the ’90s with the introduction of
turbo codes [8] and the rediscovery of Gallager’s low-density parity-check (LDPC) codes
[30], which for the first time made it possible to achieve Shannon’s theoretical limits in
practice. Both these high-performance schemes are based on binary linear codes (i.e.
linear subspaces over the binary field Zy) admitting a sparse graphical representation
which allows them to be decoded using a low-complexity message-passing algorithm,
known as belief propagation [52]. In particular LDPC codes are obtained as kernels of
sparse binary matrices, i.e. binary matrices containing a limited amount of non-zero
entries both in each row and in each column. To any LDPC matrix a sparse factor
graph is associated, over which the message-passing decoding algorithm is implemented.

In this thesis, extensions of the theory of LDPC codes to the framework of group
codes will be considered. Group codes are codes that have a group property under a
componentwise group operation. They allow to use non-binary, highly spectral-efficient,
geometrically uniform modulations, while inheriting many of the nice structural proper-
ties enjoyed by binary linear codes. The first part of the thesis is devoted to a fundamen-
tal investigation of the information-theoretical limits of Abelian group codes, with no



constraints on the density of their kernel (syndrome) representation. In the second part,
structural properties of LDPC codes over arbitrary Abelian groups are investigated.
Studying information-theoretical limits of Abelian group codes is propaedeutic to the
analysis of LDPC codes over Abelian group. Indeed, this approach makes it possible to
distinguish between the possible limitation in performance due to the group structure
and the one due to the sparseness of their graphical representation.

1.1 Ensembles of codes over Abelian groups

Group codes were first introduced by Slepian [64] as extensions of binary linear codes
[63]. A prototypical example comes from the m-PSK Gaussian channel. This is a channel
accepting as possible input any element in the set m-PSK, consisting of all the m-ary
complex roots of the unity; the received output is obtained by adding a homogeneous,
zero-mean, two-dimensional Gaussian variable. By considering the natural labeling A :
L, — m-PSK, with \(I) = 6#27”', any subgroup C < ZY yields, through A, a code over
m-PSK. Such a code (as well as the associated subgroup) is called a Z,,-code.

All this construction can be generalized to a broader family of memoryless trans-
mission channels which are symmetric with respect to the action of a finite, possibly
non-Abelian, group G. In this case a group code over G, briefly GG-code, is any subgroup
of the direct group product GV. Group codes have complete symmetry, and as a con-
sequence they have congruent Voronoi regions and invariant distance profiles, and they
enjoy the uniform error property, i.e. independence of the error probability on the trans-
mitted codeword. Structural properties of group codes have been extensively studied
during the ’80s and the ’90s using the theory of behavioral group systems: minimality
of state representation, existence of feedback-free encoders and syndrome formers -see
[29] and references therein. In particular it is known that Abelian group codes admit
both homomorphic encoders and syndrome-formers.

Recently, group codes have made their appearance also in the context of turbo codes
[33, 20, 21, 22] and of LDPC codes [6, 66]. LDPC codes over a finite Abelian group G,
briefly LDPC G-codes are subgroups of GV admitting sparse syndrome representation.
In the cyclic case G ~ Z,, this means that we are considering codes

C={xecZl|dx =0},

where ® in ZN*! is a matrix containing only a linear (in N) amount of non-zero entries.
LDPC codes over non-binary alphabets were first introduced in Gallager’s seminal work
[30, Sect.5], then more recently studied in [14, 6, 66, 7, 19]. However, almost all the
results available in the literature are limited to LDPC codes over finite fields, while
in this thesis a theory for LDPC codes over arbitrary finite Abelian groups will be
developed.



A fundamental issue characterizing information theory since its beginning is the use
of the probabilistic method [1]. In order to prove the existence of a coding scheme
with certain properties, a probability space is constructed (code ensemble) and then it
is shown that a randomly chosen code from this space satisfies the desired properties
with positive probability. The probabilistic method was first used by Erdds [18] in graph
theory. It was Shannon who introduced it in information theory in order to prove coding
theorems [60]. He introduced the random coding ensemble, essentially consisting in the
set of all codes of a given rate equipped with the unform probability, and showed that
whenever the design rate is below capacity the average error probability vanishes in the
limit of large block-lengths.

Rather than being an existence proof technique only (often misrepresented as ‘non-
constructive’), in modern coding theory [57] the probabilistic method is exploited as a
fundamental design tool as well. When a code ensemble can be shown to attain some
desired performance (asymptotically) almost surely, then a way to construct a coding
scheme simply consists in randomly generating it accordingly to the code ensemble dis-
tribution. Different code ensembles can be compared in terms of their average or almost-
sure performance, and design criteria can be optimized. In particular low-complexity
code constructions are obtained randomly generating their sparse graphical representa-
tions. Most of the results of this thesis concern the performance of code ensembles with
Abelian group structure.

1.2 Summary of the thesis

Chapter 2

In this chapter, all notation is introduced and Shannon classical coding theory for mem-
oryless channel is summarized. The class of symmetric memoryless channels is intro-
duced, the main example consisting in the AWGN channel with input constrained on
a geometrically uniform constellation. The Gilbert-Varshamov bound for the minimum
Bhattacharyya distance on symmetric memoryless channels is presented. Finally, group
codes are introduced, as well as type-enumerating functions.

Chapter 3

In this chapter the theory of linear codes over binary symmetric channels is extended
to group codes over non-binary symmetric channels. When a finite group G does admit
Galois field structure (i.e. when it is isomorphic to Zj, for some prime p and positive
integer r), it is a well known result of classical information theory [17, 31] that G-codes
(and in fact linear codes over the Galois field ;) allow to achieve Shannon capacity and
average error exponent of a symmetric memoryless channel. We address the question



whether the same holds true in the more general context of group codes: a result in this
sense was conjectured by Loeliger in [44].

We solve this problem for a generic finite Abelian group G, showing that classical
information-theoretic results generalize in a nontrivial way. A new concept of capacity
is introduced, which we called G-capacity: it conveys information about Shannon ca-
pacities of subchannels associated to subgroups of GG, and it is shown to be exactly the
information theoretical limit achievable by G-codes. Examples are presented showing
that in some cases G-capacity and Shannon capacity coincide while in other cases the
former is strictly less than the latter. In particular, for the m-PSK Gaussian channel
the Z,,-capacity coincides with the Shannon capacity: therefore, in this case Z,,-codes
allow to achieve capacity. Average error exponents are obtained as well; it is shown
that even when the use of Abelian group codes does not cause a loss in the achievable
capacity it does lower the average error exponent at low rates. Extension of the theory
to non-Abelian group codes has been left for future research: however, some results
available in the literature for non-Abelian group codes [27, 49, 39] seem to indicate that
the group product structure might not be the optimal choice for non-Abelian groups.

The material presented in this chapter is partially based on the following papers:

e G. Como, F. Fagnani, “Ensembles of Codes over Abelian Groups”, in Proceedings
of ISIT 2005 (Adelaide, SA, Australia), pp. 1788-1792, 5-9 Sept. 2005;

e G. Como F. Fagnani, “The capacity of Abelian group codes over symmetric chan-
nels”, submitted to IEEE Trans. Inform. Theory, 2005, av. at
http://calvino.polito.it /ricerca/2005/pdf/33_2005/art-33-2005.pdf.

Chapter 4

Beyond the capacity achievability problem, a fundamental question arising is whether,
given a memoryless transmission channel exhibiting certain symmetries, designing codes
matching these symmetries guarantees a gain with respect to designing codes without
taking these symmetries into account. This question has been addressed in the informa-
tion theory literature only for binary-input channels. In this case it is known that not
only are binary linear codes appealing because of their nice algebraic structure and sym-
metries, but they also outperform nonlinear codes over binary symmetric channels. In
fact random binary linear codes are known to meet with probability one the celebrated
Gilbert-Varshamov (GV) [30] lower bound on the minimum distance and the so-called
expurgated error exponent [4] . On the contrary, a binary codes sequence generated
randomly with no linearity constraints can be shown not to achieve the GV bound
with probability one. How this phenomenon generalizes to non-binary-input symmetric
channels and group codes?



We focus on a special case, the 8-PSK AWGN channel, containing most of the key
ingredients of the general situation. We analyze three different code ensembles all of
which are capacity achieving: the random coding ensemble, i.e. the set of all possible
codes (with no algebraic structure requirement), the Zg-code ensemble consisting in
the set of all subgroups of Zév , and the binary affine code ensemble consisting in the
set of all codes which are affine subspaces of Z;’N . While, analogously to the binary
case, the random coding ensemble does not asymptotically achieve the GV bound with
probability one, we prove that almost surely a random Zg-group code sequence achieves
the GV bound. We also show that almost surely a sequence of binary affine codes has
minimum distance asymptotically bounded away from the GV distance. Similar results
can be obtained for the error exponent which (at low rates) is larger for a typical Zg-
code sequence than it is for a typical binary affine code sequence or for a typical code
sequence sampled from the random coding ensemble. This stands in contrast with the
results obtained for the average error exponent, which is larger for the random coding
ensemble and for the binary affine ensemble than it is for the Zg-group code ensemble:
hierarchies are reversed! The paradox can be explained by the fact that the average case
analysis only gives a one side estimation of the performance of a typical code (thanks to
Markov inequality). Ensemble performance may fail to concentrate around its expected
value, and in this case the average case analysis ends up to be too conservative in
estimating the error exponent.

The material presented in this chapter is partially based on the following papers:

e G. Como, F. Fagnani, “On the Gilbert-Varshamov distance of Abelian group
codes”, in Proceedings of ISIT 2007 (Nice, France), pp., 26-30 June 2007;

e G. Como, F. Fagnani, “The outperformance of group codes over non-binary sym-
metric channels: minimum distances”, in preparation, 2008.

Chapter 5

The standard way to construct LDPC codes over a finite Abelian group G consists in
generating a random regular hypergraph with N nodes of a given degree c and L = N¢/d
hyperedges of degree d, and to associate to each hyperedge a homomorphism from
G?% to G. Sparseness is then enforced by considering the limit properties as N and
L tend to infinity while ¢ and d are kept constant. While the optimization of the
degrees ¢ and d has been widely studied in the literature of binary LDPC codes (more
in general degree profiles for irregular ensembles are considered), the way to associate
local homomorphisms to the hyperedges is a peculiar design parameter of non-binary
LDPC codes.

We analyze structural properties of ensembles of regular LDPC codes over an Abelian
group G. The non-zero entries of the parity matrix are randomly chosen, independently



and uniformly, from an arbitrary label group F' of automorphisms of G. The two ex-
treme cases are F' = {1} -called the unlabelled ensemble-, and F = Aut(G) -called
the uniformly labeled ensemble. We study in full detail average type-spectra and min-
imum Bhattacharyya distances of the LDPC ensembles introduced above. We show
that minimum distances grow linearly in N with probability one, and we obtain almost
sure lower bounds on the asymptotic normalized minimum distance of the two LDPC
ensembles. Finally, we present some numerical results for the average distance-spectra
clearly indicating that the distance properties of the uniformly labelled ensemble are
much better than those of the unlabelled ensembles. The material presented in this
chapter is partially based on the following papers:

e G. Como, F. Fagnani, “Ensembles of Codes over Abelian Groups”, in Proceedings
of ISIT 2005 (Adelaide, SA, Australia), pp. 1788-1792, 5-9 Sept. 2005;

e G. Como, F. Fagnani, “Average spectra and minimum distances of low-density
parity-check codes over cyclic groups”, submitted to SIAM Journal on Discrete
Mathematics, 2007;



Chapter 2

Memoryless symmetric channels
and group codes

In this chapter, all notation is introduced. Shannon classical coding theory for mem-
oryless channel is summarized in Sect.2.2. In Sect. 2.3 the class of symmetric memo-
ryless channels is introduced, the main example consisting in the AWGN channel with
input constrained on a geometrically uniform constellation. In Sect. 2.4 the Gilbert-
Varshamov bound for the minimum Bhattacharyya distance on symmetric memoryless
channels is presented. Finally, in Sect.2.5 group codes are introduced, as well as type-
enumerating functions.

2.1 Notation

Throughout this dissertation N, Z, Q, R, C will denote the usual number sets. With
RT :=[0,+00) and R, := (0, +00) we will indicate the sets respectively of nonnegative
and positive reals. If z is in C, z* is its conjugate. The functions log and exp are to
be considered with respect to a fixed, arbitrarily chosen positive base, unless explicit
mention to the contrary. Conventionally, exp(—o0) = 0, exp(+00) = +o0, inf(0)) = +oo,
sup(()) = —oo. For any subset B C A, B := A\ B will denote the complementary of B in
A, while 15 : A — {0,1} will denote the indicator function of B, defined by 1p(a) =1
if a belongs to B, 1(a) = 0 otherwise.

Let A = (A, B,v) be a o-finite measure space [58]. As usual L!(A) will denote the
space of (equivalence classes of)) absolutely integrable functions f : A — R, and P(A) C
L(A) the subset of probability densities, namely real valued functions f € L'(A) such
that f(a) > 0 v-almost everywhere, and such that [, f(a) dv(a) = 1.

In the applications we have in mind there will basically be two possible situations.
One case is when A is finite, the o-algebra B consists of all the subsets of A and v is the



counting measure on A. In this case L'(A) = R4, the space of all the possible functions

from A to R and
/A f(a)du(a) = 3" f(a).

a€A

P(A) thus consists of the usual probability distributions over the finite set A, namely
functions f : A — R such that ) ., f(a) = 1. With slight abuse of notation we will
also write in this case, P(A) for P(A).

The other case we will consider is when A is the n-dimensional Euclidean space R",
B is the Borel o-algebra and v is the Lebesgue measure. In this case P(.A) consists of the
usual probability densities on R™. The readers preferring concrete formalism may think
of these two examples. We prefer to keep the abstract formalism in our derivations: in
this way we will be able to cover discrete and continuous examples at once in a rigorous
way.

Given f € P(A) we define the entropy of f as

H(f) = - / f(a)log f(a) dv(a), (2.1)
{f>0}

provided that the righthand side of (2.1) is well defined in [—o00,400]. Notice that
the definition of entropy is thus dependent on the specific chosen measure space and
in particular the integral in the righthand side of (2.1) is carried on with respect to
the specific measure v. In the finite case (2.1) reduces to the usual discrete entropy
H(f) = =3 4. f(@)>0 f(a)log f(a) taking values in [0,log |A[]. In the continuous case
instead, it coincides with the so called differential entropy, effectively taking values in
[—00, +00] (see [3]). With a slight abuse of notation for any x in [0, 1] we will sometimes
denote by H(x) the entropy of the binary probability density f in P ({0,1}) defined by
f() ==z, f(0) =1 —=a. A few properties of the discrete entropy function are recalled
in the Appendix.

For two C-valued functions f, g over a finite set A, we will use the notation (f, g) :=
> uea f(@)g(a)* for their scalar product, while f - g € C* will denote their pointwise
product. We shall indicate by supp(f) := {a € A| fla) # 0} the support of f, while for
R*-valued f and C-valued g we define f9 in C as f9 := HGESupp(f) f(a)9®),

2.2 Shannon theory for memoryless channels

In this section some notation and basic results from Shannon classical theory of memo-
ryless channels is introduced.
A memoryless channel (MC) is described by

e a finite input set X,



e an output set consisting of a o-finite measure space Y = (Y, B,v),

e a family of transition probability densities P(-|x) € P()) indexed by the elements
reX.

Such a channel will be identified by the triple (X, Y, P).

From a MC as above we can define the N-th extension having input set XV and
output set YN = (YN BN VN ) where BY is the product o-algebra and v is the product
measure. The corresponding transition probability densities are given by Py(y|x) =
H;V:l P(y;j]z;) and this motivates the name memoryless, the various transmissions being
probabilistically independent once the input signals have been fixed.

A block encoder for the MC (X, Y, P) consists of a finite set & and of a map ¢ :
U — XN. N is said to be the blocklength and

1

R::N

log ||
the transmission rate. The image of a block encoder
C:=oU) C &N

is a block code.

A decoder is any measurable mapping 1/ : Y — U. A coding scheme consists of a
pair of an encoder and a decoder. Once a coding scheme has been fixed, its word error
probability can be defined as follows. Assume U is a r.v. uniformly distributed on U
and let X = ¢(U). Let moreover Y be the r.v. on Y~ whose probabilistic description
is given by the conditional density Py(y|x) and whose marginal density is thus given
by

Py (y) = ﬁ 3" Pulylo(w))

ueU

(in doing thi§ we are automatically enforcing independence between U and the channel).
Finally, let U = ¢ (Y") be the decoder’s estimate of the transmitted message. The error
probability is the probability of the event {U # U} and will be denoted by

Pe(6,0) = == 5" po(®, ] w)
’U‘ ueU
where

Pe(®, ] u) := /yN Liy—1@ngupy(¥)dvn (y)

is the error probability conditioned to the transmission of the information word u.



It is well known that, given an encoder, the decoding scheme minimizing the error
probability is the so called maximum likelihood (ML) decoding

YuL(y) = argmax Py (y|p(u)),
ueld

From now on we will always assume that ML decoding is used and will use the simpler

notation p.(¢) and p(¢| u) for pe(o, ¥mr) and pe(d, YmL| w).
We recall a few simple consequences of ML decoding that will be used in the chapter.

We assume we have fixed an MC (X, ), P), an encoder ¢ : U — XN and an element
ueU.

(1) Let o : U" — U be a bijection; then,
pe(¢] u) = pe(¢p 00| 07" (u)) (2.2)

(2) Consider a partition U \ {u} =l U... Ul and define ¢; = dyy,uqy}- Then

max pe(¢i u) < Plelp,u) <Y pe(dil v) (2-3)
- i=1
(3) If |9~ (¢(u))] > 1, then .
MCEES S (2.4)

—~

It follows from (2.2) that, if ¢ is injective, p.(¢) only depends on the encoder ¢
through its image, the code C = ¢(U). For this reason, we can speak of the error proba-
bility of a code C, denoted by p.(C). The reason for considering (possibly non-injective)
encoders, instead of codes only, is that sometimes they admit simpler parameterizations
which are suitable for probabilistic averaging arguments.

A further step in Shannon construction consists in considering, for given R € [0, log | X|]
and N € N, a r.v. ® uniformly distributed over all possible maps from U to XV, where
lU| = [exp(RN)]. Pt will denote the average error probability with respect to such
probability distribution over the set of all possible encoders having rate equal to R.

In order to state the classical Shannon result we are only left with defining capacity
and error exponents. The capacity of the MC (X, ), P) is defined as

= Inax x x) lo ﬂ v
C:= pep(x);(p( )y/P(y! )log <Zzp(z)P(y|z)>d (y). (2.5)

10



Its random coding exponent is instead defined as follows. We put, for any p € [0, 1] and
p € P(X),

1+p
Eo(p,p) := —log /(Zp(x)P(y\x)lif) dv(y) (2.6)
Yy

zeX

and we define

E(R) := qpax, max Eo(p,p) — pR, R€0,log|X]]. (2.7)

A well known fact (see [31], [71]) is that

E(R)>0 & R<C. (2.8)

Moreover E(R) is continuous, monotonically decreasing and convex in the interval [0, C'),

while the dependence of both C' and E(R) from the transition probabilities of the channel

is continuous (with respect to the L'()) norm). Also notice that, if (X,),P) and

(X', )', P') are equivalent MCs, then their capacities and error exponents do coincide.
We can now state Shannon classical result:

Theorem 1 Assume we have fired a MC (X,Y,P) having capacity C and random
coding exponent E(R). It holds

(a)
P < exp(—~NE(R)).

In particular this implies that the average error probability tends to O exponentially
fast for N — +oo, provided that the rate of the encoders is kept below C'.

(b) For every R > C there exists a constant Ar > 0 independent of N such that for any
coding scheme (¢,1) having rate not smaller than R, we have that pe(p, 1) > ARg.

2.3 Symmetric channels and geometrically uniform con-
stellations

In this thesis we will focus on channels exhibiting symmetries. Here we present funda-
mental definitions and examples.

We recall the concept of a group action. Given a finite group G with identity 1 and
a (finite) set A, we say that G acts on A if, for every g € G, it is defined a map from A to
A denoted by a — ga, such that 1ga = a, Va € A; h(ga) = (hg)a, Yh,g € G, Ya € A.
The action of G over A is said to be (simply) transitive if for every a,b € A there exists
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(just) one element g of G such that ga = b. If the action is simply transitive, G and A
are clearly in bijection: g — gag where ag is some fixed reference element in A.

Given a o-finite measure space ) = (Y, B,v) we say that the group G acts isometri-
cally on Y if it is defined an action of G on Y consisting of measurable bijections such
that

v(gA) =v(A) YAeB,VgedG. (2.9)

Notice that in the case when Y is a finite set, (2.9) is trivially always verified so that
in this case all actions are isometric. Instead in the case when ¥ = R", (2.9) is a real
restriction and is verified if the maps y — gy are isometries of R".

Definition 2 A MC (X,Y, P) is said to be G-symmetric if
(a) There exists a simply transitive action of G on X,

(b) There exists an isometric action of G on ),

(¢) P(y|lx) = P(gylgx) for everyge G, x € X,y € ).

It follows from (a) that X and G are in bijection: often we will tend to identify them.

A first important property of G-symmetric channels is that, for both their Shan-
non capacity C' and their random coding exponent E(R), the maximizing probability
distribution p € P(X) in the variational definitions (2.5) and (2.7) respectively can be
chosen to be the uniform distribution over the input set X'. This easily follows from the
convexity of the righthand side of (2.5), and the log-convexity of the righthand side of
(2.6), as functions of the input distribution p, and their invariance with respect to the
transitive action of G.

We now present a couple of simple examples.

Example 1 (Binary-input output-symmetric channels) Consider the case when
G = Zso. Zo-symmetric channels are known in the coding literature as binary-input
output-symmetric (BIOS) channels. Typical examples are the binary symmetric channel
(BSC), where X = Y = {0,1} and P(1|0) = P(0|1), and the binary erasure channel
(BEC), where X = {0,1}, Y ={0,1,2}, P(1|0) = P(0|]1) = 0 and P(2]0) = P(2|1).

Example 2 (m-ary symmetric channel) Consider a finite set X of cardinality m >
2 and some ¢ € [0,1]. The m-ary symmetric channel is described by the triple (X, X, P),
where P(y|lz) =1—¢ if y =x and P(y|z) = ¢/(m — 1) otherwise. This channel returns
the transmitted input symbol x as output with probability 1 — e, while with probability €
a wrong symbol is received, uniformly distributed over the set X \ {x}. The special case
m = 2 s the well-known binary symmetric channel.

The m-ary symmetric channel has the highest possible level of symmetry. Indeed,
it is G-symmetric for every group G of order |G| = m. To see this, it is sufficient
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to observe that every group acts simply and transitively on itself. Amnother family of
channels enjoying the same property is given by the additive Gaussian channel admitting
m orthogonal equal-energy signals as input. In fact these were the channels considered
by Gallager in [30, Sect.5]. Notice that whenever m = p” for some prime p and positive
integer r, the group G can be chosen to be Z;, which is compatible with the structure of
the Galois field Fr.

A rich and important family of symmetric channels is provided by additive channels
having geometrically uniform constellations as input. Consider the n-dimensional Eu-
clidean space R™. An n-dimensional constellation is a finite subset S C R™ spanning
R"™, i.e. such that every x € R" can be written as x = zses ags with ag € R. We will
restrict ourselves to the study of constellations S C R™ with barycenter 0, i.e. such that
> scg s = 0: they are the ones minimizing the average per symbol energy over the class
of those constellations obtained one from the other by applying isometries.

We denote by Iso(5) its symmetry group, namely the set of all isometric permutations
of S with the group structure endowed by the composition operation. Clearly Iso(S)
acts on S. S is said to be geometrically uniform (GU) if this action is transitive; a
subgroup G < I'(S) is a generating group for S if for every s,r € S a unique g € G
exists such that gs = r, namely if G acts simply transitively on S. It is well known that
not every GU constellation admits a generating group (see [65] for a counterexample).
However in what follows we will always assume that the constellations we are dealing
with, do admit generating groups, and, actually, Abelian ones.

Let S be an n-dimensional GU constellation equipped with a generating group G.
Define the S-AWGN channel as the n-dimensional unquantized AWGN channel with
input set .S, output R™ with the usual measure structure, and transition probability
densities given by P(y|z) = N(y—z), where N () = (2r02)~"/2¢~|I1#I17/20% ig the density
of an n-dimensional diagonal Gaussian random variable.

Now let S’ be another GU constellation such that S C S’ and G is isomorphic to a
subgroup of Iso(S”). Let us introduce the quantization map over the Voronoi regions of
S/

qg:R"— 9, q(x) = argmin ||z — s|],
ses
resolving non uniqueness cases by assigning to ¢(z) a value arbitrarily chosen from the
set of minima. We define the (S, S’)-AWGN channel as the MC obtained by applying
q to the output of the S-AWGN channel. Note that the special case S = S’ coincides
with the so called hard decoding rule.

Proposition 3 The S-AWGN channel and the (S,S")-AWGN channel are both G-
symmetric.
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Notice that the above construction of G-symmetric channels with a GU constellation
as input can be extended to a much wider class of channels than the AWGN case.
Indeed, let S an n-dimensional GU constellation admitting generating group G. Let
f € P(R™) be any probability density over R™ depending only on the Euclidean norm of
the argument, i.e. such that there exists f : Rt — R* such that f(z) = f(||z||). An S
additive isotropic noise (S-AIN) channel is a memoryless channel (S, R™, W) such that
a function f € P(R™) as above exists with W (y|z) = f(y — z) for all y € R", x € S.

Example 3 The unquantized isotropic Laplacian channel with input constrained on S
is a S-AIN channel. Here Y = R™ with the Lebesque measure v, while transition laws
are given by

_ A"T(n/2)

= 2 A2 o Ala—yll
27"/2T (n)

W(ylz)
where A > 0 is a fized parameter and I'(t) := f0+°° r'~te=%dx is the well known Euler’s
Gamma function. O

Now let S" be another GU constellation such that S C S" and G < I'(S’). We define
an (S,S")-AIN channel as the MC obtained by applying a quantization over Voronoi
regions of S’ to the output of an S-AIN channel. It is easy to see that the following
generalization of Proposition 3 holds true.

Proposition 4 Any S-AIN channel and any (S, S")-AIN channel are both G-symmetric.

In the following we present some examples of GU constellations admitting Abelian
generating group.

Example 4 The simplest, one-dimensional, GU constellation is the 2-PAM, defined by
Ky :={1,-1}.

It is trivial to see that I'(Kq) ~ Zg is a generating group for Ko. It is also possible to
show that Ko is the only one-dimensional GU constellation.

Example 5 For any integer m > 2, define &, := et . Define the m-PSK constellation
as
Kﬁ:{%$zunwm—QCC:R?

Clearly S is two-dimensional for m > 3. It can be shown that T'(K,,) ~ D,,, where
D,,, is the dihedral group with 2m elements. K,, admits Z,, i.e. the Abelian group of
integers modulo m, as generating group. When m is even there is another generating
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.

Figure 2.2: Zg-labelled Kg and Zg-labelled Kgxz

group (see [26], [44]): the dihedral group D, s, which is moncommutative for m >
6. Now, let m'=am be an arbitrary multiple of m and define the quantization map
over Voronoi regions of the m'-PSK constellation. The m-PSK-AWGN channel and
the (m-PSK,m'-PSK)-AWGN channel are both Zy,-symmetric and (for even m) D,y -

symmetric. Constellation Kg with the two possible labelings Zg and Dy is reported in
Fig.2.1.

Next example shows how higher dimensional GU constellations can be obtained as
Cartesian product of lower dimensional ones.

Example 6 For any integerm > 2 consider the family of 3D GU constellations parametrized
by B € (0,400)

1 32
8 . k ! — — ~ R3
Kmx2 o { ( mgm, W(_l) ), k - 07 1727 l - 071} C (C >< R —R .

Fig.5.1 shows the special case m = 3. It’s easy to show that Zp, X Zo is a generating
group for ng; notice that, for odd m, Z, X Zo ~ Zoy,. Thus, for odd m, unquantized
and quantized AWGN channels with input m-PSKx 2-PAM are Zopy,-symmetric. O
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Finally we provide an example of an ’effectively’ three-dimensional constellation.

Example 7 For even m > 2 we introduce the family of 3-dimensional GU constella-
tions, parametrized by 3 € (0,+00)

8 _ L Ty _ w3
(e ) tn ) e

An example with m = 8 is shown in Fig.5.1. It can be shown that, similarly to the
constellations K,,, the the constellations KB have two different generating groups, Zmy,
and Dy, j2; s0, in the standard way, we obtain channels that are both Zy,-symmetric and
Dy, j2-symmetric. ]

2.4 Bhattacharyya distance and the Gilbert-Varshamov
bound for symmetric channels

The Gilbert-Varshamov (GV) bound is one of the most famous lower bounds on the
achievable minimum Hamming distance of binary codes. Given a rate R in (0,log 2)
and defined 6V (R) as the unique solution in (0,1/2) of the equation H(z) = log2 — R,
it states that there exist codes of length N and minimum distance at least N6%V (R),
for every N.

The GV bound was introduced in early ’50s [34, 70] and since then it has attracted
a huge amount of attention from researchers. In particular the asymptotic tightness of
the GV bound is one of the most important unproved conjectures in coding theory. This
problem is closely related to the tightness of the expurgated error exponent at low rates
[71]. A well known fact is that the Gilbert-Varshamov bound is asymptotically achieved
with probability one by the binary linear coding ensemble [30], while this is not the case
for the random coding ensemble. An analogous result holds for the expurgated error
exponent on the BSC [4].

In this section we will present an extension of the GV bound to the non-binary case.
There are many different notions of distance for non binary alphabets; the Hamming
distance and the Lee distance for instance have been widely studied. However these dis-
tances have no direct application to the error exponents of channels usually considered.
Here we will follow the approach of [9] considering the notion of Bhattacharyya distance
of a memoryless channel and dealing with the corresponding Gilbert-Varshamov bound.
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2.4.1 Bhattacharyya distance and weight

Consider a MC (X, ), P) and two input elements x, 2’ € X', we can consider the quantity

Jy VP(ylz)P(yla')dv(y). Schwartz inequality gives
0 < f, VPGRPGAA) < J Plule)dv(y) f, Pll!)du(y) = 1.

Moreover, the first inequality above is an equality iff the set { P(-|z) > 0}n{P(-|z') > 0}
has measure zero. Instead, the second inequality is equality iff P(-|z) = P(-|2’) v-almost
everywhere, which means that actually  and 2’ have indistinguishable outputs. In this

paper we will assume that, for every x # 2/, 0 < [}, \/P(y|z)P(y|2")dv(y) < 1. While
there is no loss of generality in the latter part of this assumption, the former excludes

from our analysis the class of channels whose 0-error capacity is strictly positive.
To any memoryless channel we can associate a function A : X x X — R* defined by

Az, ') = —log/y\/P(y\x)P(y\x’)dl/(y)

This function is usually called the Bhattacharyya distance (or simply A-distance) of the
channel and satisfies

Az, 2"y = Az, z), Vz,2' €X; Az, 2')=0 & z=12".

If the MC (X,Y, P) is G-symmetric, it is easy to verify that the Bhattacharyya
distance function A satisfies

A(gzr,g2') = Az, 2) Ve, 2’ e X, g€ G.
Identifying X with G as usual we can introduce the so-called Bhattacharyya weight:
d:G — [0,+00), 0(x) = Az, 1a), reG.
Notice that A(z,2') = §(z~12').

Bhattacharyya distance and weight can be extended to direct products in a natural
way. Given @, 2’ in XN, we put (x) = SN 8(z;) and Az, ') =N | A(z;, 2}). The
minimum A-distance of a code C C XY is defined as

dmin(C) := min{A(z,2') | z,2' €C, z £ x'}.

In the case of a BIOS channel, we have that

Alx, ) =N 8 —2) =) [{1<i<N:az#2l}, Ve cixV,
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i.e. the A-distance is proportional to the Hamming distance (the number of different
entries of two strings). For the m-ary symmetric channel of Example 2 we obtain,

A(z,x') = —log <Ez—:% + \/%> H1<i< N :m#al}, Ve, x' € XV,
so that once again the A-distance is proportional to the Hamming distance. For the
S-AWGN channel instead, we obtain

1
63::—10/ -
(=) anv27ra2

9

1
(w2 @XM/ Gy || (2) — X, (16)|* g

loge loge
Az, o) =8z —2') =N, |[As(zi — ) — M(16)|Pg2y = [1As(@) - As(gcf)||2W :

i.e. the Bhattacharyya distance is proportional to the squared Euclidean distance.

2.4.2 The Gilbert-Varshamov bound for symmetric channels

Suppose a G-symmetric MC is given, with G an arbitrary finite group, and let & the
corresponding Bhattacharyya weight function. The Gilbert-Varshamov bound is a lower
bound on the largest normalized minimum distance achievable by codes over G with rate
greater than or equal to some value R. The result can be summarized as follows. For
every R in [0,log |G|], define

59V (R) := inf {(6,6)| 0 € P(G) : H(0) > log|G| — R} .
The following version of the GV bound, can be deduced from [9].

Theorem 5 For every R in (0,1og |G|) there exists a sequence of codes (Cn'), with Cxy C
XN such that

R(CN) = R, dmin(Cn) > NSV (R), VN eN.
The proof of Theorem 5 is constructive and based on the following greedy algorithm:
e initialize A = XN, Cy = 0;

e select an arbitrary point @ from A; add z to Cy and erase from A the discrete
A-ball of radius 7 := N6V (R) centered in x

B,(z):={z € N Az x) < N(SGV(R)} ;
e iterate the previous point until A = (.
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Clearly the algorithm described above constructs a code Cy € XY whose minimum
distance satisfies dpyin(Cy) > N6V (R). That it halts with a code whose rate R(Cy)
is not smaller than R follows from the following estimate on the volume of discrete
A-spheres B,.(z) := {z € XV : ||z — z|| < r} (see [44] for the Euclidean space case):

|Br(x)| < exp (Nmax {H(9) |9 € P(G) : (9,6) <r/N}).

While Theorem 5 above guarantees the existence of a sequence of codes with rate
not smaller than R and asymptotic normalized minimum distance above §¢V(R), it is
clear that the greedy algorithm its proof is based on does not guarantee that such a
code sequence satisfies additional symmetry properties with respect to any algebraic
structure.

2.5 Group codes and type-enumerating functions

When the MC is symmetric according to Definition 2, a natural class of codes to be
considered is that of group codes. A group code over G, briefly G-code, of length N is any
subgroup of the direct group product GY. Group codes were first introduced by Slepian
[65] as an extension of binary linear codes (the latter correspond to the case G ~ Zs), and
then studied by [44, 26]. In fact, G-codes enjoy many of the properties of binary-linear
codes. In particular G-codes have complete symmetry, and as a consequence, when used
on G-symmetric MC they enjoy the uniform error property, i.e. independence of the
error probability on the transmitted codeword:

pe(c) :pe(c|m) , Veel.

Structural properties of group codes have been extensively studied during the '80s and
the ’90s using the theory of behavioral group systems: see e.g. [29] and references
therein.

For every G-code C of length N we now introduce some combinatorial quantities
characterizing its performance. The type-enumerating function of a G-code C is defined
as

We : P(G) — 7T , Wc(a) = Zm : 0 (x)=06 ]lc(w) Vo e P(G) .

Notice that since C is a subgroup of GV, 14w is always a codeword so that We(d1,) = 1.

Assume we have fixed a G-symmetric MC channel (X,), P) and let § be its associ-
ated Bhattacharyya weight. The minimum A-distance of a G-code C of length N is a
function of its type-enumerating function:

dmin(C) = min{d(x) |z € C\ {0}}

!
— Ninf{(5.6)|6 € P(G)\ {60} : We(8) > 0} . (2.10)
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Type-enumerating functions and the Bhattacharyya distance play an important role
in the estimation of the maximum-likelihood decoding error probability of G-codes over
memoryless G-symmetric channels. For instance, the so called union-Bhattacharyya
bound, for the error probability of a G-code C of length IV, can be written in the form

pe(C) < > We(0)exp(—N(4,0)) . (2.11)
0cP(G)

In fact, in Section 3.3.1 we will present a stronger result for the error probability of
group codes.

We observe that (2.10) and (2.11) do not generally hold when a G-code is employed
on MC which is not G-symmetric. While this is not an issue for the highly symmetric
channels considered in Example 2, it does matter for the by far more common (and
bandwidth efficient) AWGN chennel with a GU constellation as input. As a concrete
example, one can think of the 8-PSK Gaussian channel. In this case, while both (2.10)
and (2.11) are true for Zg-codes, for a Zg’-code C, and consequently for a Fg-linear code,
neither (2.10) nor (2.11) hold. In fact, the type-enumerating function of a Z3-code is
not sufficient for characterizing its performance on the 8-PSK Gaussian channel.
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Chapter 3

The capacity of Abelian group
codes over symmetric channels

3.1 Introduction

In this chapter we address the problem of characterizing the capacity achievable by
group codes over symmetric channels. It is a well-known fact that binary linear codes
suffice to achieve capacity on binary input symmetric channels [31, 71]. The same is
true for Z;-codes whenever p is a prime number; in fact in this case linear codes over
the Galois field F),r have be shown capable to achieve the capacity of any Z;-symmetric
channel [31]. Moreover, by averaging over the ensemble of linear codes, the same error
exponent F(R) is achieved as by averaging over random coding ensemble.

Here we investigate whether the same holds true for G-codes employed over G-
symmetric channels. As a concrete example one might think of Z,,-codes for the (m-
PSK)-AWGN channel. In [44] it was conjectured that group codes should suffice in this
case to achieve capacity exactly as in the binary case and, up to our knowledge, there has
not been any progress towards this direction. On the other hand, interest in group codes
has not decreased in these years: indeed they give the possibility to use more spectral
efficient modulations while keeping many good qualities of the binary linear codes like
the uniform error property and nice structure for the corresponding minimal encoders
and minimal trellis representations. See [64, 38, 68, 28, 5, 45, 12, 46, 23, 41, 24, 25, 29]
and references therein for an overview of the many research lines on group codes which
have been developing during last years.

Our work focuses on the case when the group G is Abelian and consists of two parts.
In the first part we determine a single-letter characterization for the capacity achievable
using G-codes over this channel: this capacity is called the G-capacity. The result is
contained in Theorem 6 which is a sort of inverse Shannon theorem and in Theorem 13
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which exhibits an average result working in the ensemble of group encoders. Also the
average error exponent is determined.

In the second part we prove that for an important class of examples including the
AWGN channel with m-PSK modulation as input (and m the power of a prime), the Z,,-
symmetric capacity and the classical Shannon capacity do coincide so that Abelian group
codes allow to achieve capacity in this case. This answers Loeliger’s conjecture. Finally,
we present a three dimensional AWGN example where instead the two capacities differ
from each other. It remains an open problem if using possibly non-Abelian generating
groups we can always achieve the Shannon capacity.

The chapter is organized as follows. In Section 3.2 we prove an inverse coding
theorem for Abelian group codes, defining the G-capacity of a symmetric channel and
showing that no reliable transmission is possible with G-codes at rates beyond this
threshold value. The theorem is proved first for cyclic group codes, and the result is then
extended to arbitrary Abelian groups. Section 3.3 contains the main result consisting in
a channel coding theorem for Abelian group codes over symmetric channels, stating that
reliable transmission is possible at any rate below the G-capacity. The result is obtained
by using a probabilistic method: we introduce an ensemble of random group encoders
and prove that its average word error probability goes to 0 as the blocklength is increased.
More precisely we show that the average error probability goes to 0 exponentially fast
in the blocklength and that the exponential rate of convergence is at least equal to a
certain function Eg(R) which we call the G-random coding exponent. Although we
have no complete tightness result for Eg(R) we show that even when there is no loss
of capacity there is a loss in the error exponent at low rates. We also state a similar
result holding for a different ensemble of group codes using the kernel representation
instead of the encoder image one. Section 3.4 is devoted to the proof that for the AWGN
channel with m-PSK constellation as input (and m the power of a prime) Z,,-capacity
and Shannon one do coincide, implying thus that Z,,-codes employed over this channel
achieve capacity. Finally, in Section 3.5 we provide an explicit counterexample consisting
in a three-dimensional geometrically uniform constellation admitting Z,, as generating
group: the AWGN channel with input restricted over this constellation the Z,,-capacity
is strictly less than Shannon capacity, implying thus that there is an algebraic obstruction
to the use of Z,,-codes in this case. It seems to be possible, but remains a completely
open question, whether using non-Abelian group codes it allows to achieve capacity on
this channel.
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3.2 The converse to the channel coding theorem for Abelian
G-encoders on G-symmetric channels

In this section we define a new concept of capacity for G-symmetric channels when G
is an arbitrary Abelian group and then we exhibit a sort of inverse Shannon theorem.
We will prove that the error probability of any G-code having rate above this capacity
is bounded away from 0, independently of its blocklength.

Let (X,),P), Y = (Y,B,u), be a G-symmetric channel. Since the input X can be
identified with the group G itself, block encoders for such channels are (possibly non-
injective) maps ¢ : U — G, where N is the block length and U a finite set. We will
focus our attention on the class of G-encoders: namely we assume that I/ is a group
with identity 1;; and ¢ a group homomorphism.

Whenever dealing with Abelian groups, we will use the additive notation to denote
group operation, while 0 will always denote the identity element. We will use the symbol
@ to denote both external direct sum of groups, as well internal sum of subgroups when
their intersection reduce to {0}. We will use the symbol + and ) instead to denote
general summation of subgroups. Some facts about the theory of Abelian groups will
be recalled when needed, while we refer to [37] for further details.

3.2.1 The cyclic case

We start our analysis with the special case when G' = Zj,- for some prime p and positive
integer r. Note that Z,~ also has ring structure with the product induced by that of Z.

Suppose one wants to communicate over a Z,--symmetric MC (X,Y, P), using
Zyr-encoders. Our aim is to find out the range of rates at which reliable communi-
cation is possible under these conditions.

From now on we will identify X with Z,-. For [ = 1,...,r, consider the channel
obtained by restricting the input set from Z,- to its subgroup p’"_lZpr: call it the [-th
subchannel and denote its capacity by C;. The [-subchannel is easily seen to be pr_lZpr-
symmetric, so that C; can be obtained, in the variational definition (2.5), with uniform
distribution over the input set pr_lZpr. As we will see soon, subchannels will play a
fundamental role in our analysis. Let U be a finite Abelian group and ¢ : U — ZIJX a
homomorphic encoder. It is not restrictive to assume that

U=T]SL3®.. ®Ly . (3.1)

for suitable positive integers ki,..., k.. Indeed, in next subsection it will be shown
that if ¢ has not such a structure, than ¢ is surely noninjective so that pe(¢) > % by
property (2.4) of ML decoding. As a consequence of (3.1), there exist homomorphisms

@ ij — Zé\l such that, if we consider u = (uy,...,u,) with u; € Z];jf for every j, we

have that ¢(u) = Z§:1 ¢’ (u;).
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@’s rate is given by
Cloglu] 1
R = N = N;:ljk‘jlogp-

For every [ = 1,...,r, consider

Uy =2 & @ Ly @pLyt), & @p" Iz .
Note that
oUy) <p '

Define ¢; as the restriction of ¢ to ;) and denote by RW its rate.
The converse to the channel coding theorem (item (b) of Theorem 1) states that
necessary condition for p.(¢;) to be made arbitrarily small is that

RO <. (3.2)
Notice that,
1 _ loglUpl
RO — N(l)
l r
= 101;571” gk +1 > k;])
Jj=1 j=l+1
> s (1 5 ) 9
j=1 j=l+1
l
lo,
= ¥ <Z k‘j)
j=1
= %R 7
with equality if and only if k; = 0 for j=1,...,r—1, i.e. if and only if i/ = Z{ﬁn with
_ _RN
" rlogp”
By the property (2.3) of ML decoding,
p€(¢l) Spe(¢)7 l= 17”’7T . (34)

From (3.2), (3.3) and (3.4) it follows that necessary condition for p.(¢) to be made
arbitrarily small is that

R< l min zCl , (3.5)

and that the only way to eventually achieve this bound is by using encoders whose
domain is a free Z, module, i.e. ¢ : Z{fr — ZI]X.

In the rest of this chapter we will generalize these considerations to generic Abelian
groups GG. In Section 4 we will then prove the converse result which, for the particular

cyclic case, will amount to say that at any rate below l min 7C; we can reliably transmit
=1,..57

using Z,r-encoders.
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3.2.2 Arbitrary Abelian group

In order to generalize our considerations to arbitrary Abelian groups, we need to set
down some more notation and recall some basic facts about finite Abelian groups.
Let M be a finite Abelian group. Given u € N define the following subgroups of M:

pM ={px|xe M}, M,y ={reM|pxr=0}.
It is immediate to verify that uM = {0} if and only if M,) = M. Let then
py = min{p € N[ My = M} =min{p € N | uM = {0}}.

Notice that pys is well defined and jups < |M], since, as it is easy to see, Mys) = M or
equivalently |M|M = {0}.

Decompose ppr = pit---phe where p1 < py < --- < p, are distinct primes and
ri,...,Ts are non-negative integers, existence and uniqueness of such a decomposition
being guaranteed by the fundamental theorem of algebra. It is a standard fact that M
admits the direct sum decomposition

M:M(p;"1)@"'@M(pg'S). (3.6)

Each M 50 isaZ n—module and, up to isomorphisms, can be further decomposed, in a
unique way, as a dlrect sum of cyclic groups

ks, ki, ki 'rl
Mriy = Zp, '® Zp?2 SRR Z . (3.7)
The sequence oM = (p1,...,ps) will be called the spectrum of M, the sequence rM =
(7‘{‘/1 N ) the multiplicity and, finally, the double indexed sequence

rh

KM = (kijli=1,....s;5=1,...,rM),

will be called the type of M. It will be convenient often to use the following extension:
ki ; =0 for j > TZM. Given a sequence of primes o = (p1,...,ps), we will say that M
is o-adapted if o™ is a subsequence of . Notice that, once the sequence of primes o
has been fixed, all o-adapted Abelian groups are completely determined by their type
(which includes the multiplicities 7 with the agreement that some of them could be
equal to 0). We will denote by My the finite Abelian group having type k.

Notice that if M is a finite Abelian group with type k and N € N, the Abelian group
MY has the same spectrum and multiplicity of M and type Nk.

If M and L are finite Abelian groups and ¢ € Hom(M, L), then ¢(M,)) € L,
and ¢(uM) C uL for every pu € N. It follows that ¢ is surely non-injective if M is not
ol-adapted or if any of the multiplicities in M is strictly larger than the corresponding
in L.
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Suppose now we have fixed, once for all, a finite Abelian group G having spectrum
G G

c% = (p1,...,ps), multiplicity r¢ = (r{,...,r%) and type k¢. We will consider G-
encoders ¢ € Hom(U, G") with domain consisting of a finite Abelian group & which
is JG-adapted and is such that, M < G (in the sense that rif’ < riG for each ). In
fact if U does not fulfil these requirements then ¢ is surely noninjective for our previous
considerations, and thus its ML woed error probability is bounded from below by the
constant 1/2. The group U admits a decomposition as illustrated above in (3.6) and
(3.7). Let us fix now a matrix

1=l €eZ" |i=1,....s,j=1,...,7%)

)

G

such that I; ; < j for every ¢ and j. We will say that 1is an r*-compatible matrix.

Define

s

ul) =Pu o 1). (3.8)
i=1 (pil )
o
U o L)=EPp zk 3.9
o) 3@1 P (39

An immediate consequence of previous considerations is that
N

sum < (@S r 6,

i=1 j=1

These inclusions automatically give information theoretic constraints to the possibility
of reliable transmission using this type of encoders. Denote by R) the rate of ¢,y and
by C) the capacity of the subchannel having as input alphabet the subgroup G; of G
defined by:

G
s T
Q=P r Gy
i=1 j=1
Then,
Ry < € for every r — compatible 1 (3.10)

is a necessary condition for reliable transmission. This does not give explicit constrints
yet to the rates R at which reliable transmission is possible using G-encoders. For this
we need some extra work using the structure of the Abelian groups U(1). Notice that

i
R] = % Z Z li,jki,j lngi .

i=1 j=1
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It is useful introduce the following probability distribution on the pairs (i, 5):

o, . — Jkijlogpi
Y log U]
From the above definition, and recalling that log |[U/| = RN, we can represent
_ BNai,

Y jlogp

Hence,

ré N
R] = RZZZZ—CMZ’J.

7]
=1 =1 J

Consequently, (3.10) can be equivalently expressed as

< i _ .
R < GI&I%] e , (3.11)
r& —comp. Z Z %al’]
i=1j=1

where 1 # 0 means that [; ; # 0 for some 7, j.

Denote now by P(r%) the set of probability distributions «;; ; on the set of pairs (i, j)
such that ¢+ = 1,...;sand 5 = 1,... ,rZ-G. We define the G-capacity of a G-symmetric
channel as

. C
Cg= max  min G—l (3.12)
a€P(x) 170 s

r& —comp. i, .
2 2 iy

i=1j=1

Since P(r%) is compact and
G

fra— min

rG
S i
rcfcomp. ll,J
DY Qg
i=14=1

is a continuous map from P(r%) to R*, definition (3.12) is well posed in the sense that
f has a maximum point in P(r®). Such a maximum point could be not unique in
principle: nevertheless we will call G-optimal splitting and denote by ag any element
of P(r%) such that

. G
min e = CG . (313)
!‘Gii:nlp i ri lij OéG
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It clearly follows from our previous considerations that C¢g is a un upper bound to
reliable transmission using G-encoders. Precisely, we have the following result which is
an immediate consequence of the inverse Shannon coding theorem (item (b) of Theorem

1).

Theorem 6 Consider a G-symmetric channel and let Cq be its G-capacity. Then, for
every R > Cq there exists Ar > 0 depending on R but not on N, such that, for every
G-encoder ¢ of rate R and length N, with any decoding rule, the corresponding word
error probability satisfies

pe(¢) > AR .

In the next three examples we present some explicit computations of Cg for groups
G with particular algebraic structure. First we examine the field case, showing as in
this case the G-capacity Cg does coincide with the Shannon capacity C, as follows from
classical linear coding theory.

Example 8 Suppose the group G admits Galois field structure. In this case we neces-
sarily have G ~ Z’; for some prime p and positive integer k. Thus

Consequently, the only v@-compatible 1 is given by 1 = 1 and therefore we have that in
this case Cqg = C.

However, GU constellations admitting a generating group which is isomorphic to
a Galois field are affected by a constraint on their bandwidth efficiency. In fact, if S
is an n-dimensional GU constellation admitting Z’; as generating group, then standard
arguments using group representation theory allow to conclude that

k, ifp=2;
"2{2h ifp>2. (3.14)

0

In next example we would like to show that in the special case when G = Zp»
condition (3.11) coincides with condition (3.5) obtained in the previous subsection.

Example 9 Let G = Z,. We want to show that

r
Cg= min -Cj.
¢ I=1,..,r 1 !
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Notice first that in this case 0 = (p) and v = r. A wector 1 = (I1,...,1,) is r¥-
compatible if and only if l; < j for every j =1,...,r. Notice now that

G = ij_le(pj) - ij_ljpr_jzpr = Zpr_ljzpr =" Ly,
o =1

j=1

where
I* = max L.
7j=1
Hence, Cy = Cp«.
Notice now that P(x®) simply consists of the probability distributions o = (o, ..., ay).
Suppose we have fized o € P(r%). We have that

: G " 1
min ——— =min c, - .
rcfcomp. Z _Ja] max Z _J ]
j=1 J 1#0 rffcomp j=1 J

I*=p

Now,

T

L.
max g —],aj > d
140 rG —comp. 4 Vi T
*=p Jj=1

and equality holds true if and only if o, =1 and o; = 0 for every j # r.
Hence, in this case we have rediscovered what we had already found out in the previous
subsection, i.e.
Copr =min -C,, % =(0,...,0,1).
P p—1 P P ) )
O

Example 10 Now consider the K§X3 constellation introduced in Example 6. Consider a

K§X3—A WGN channel. It is easy to show that the independence of orthogonal components
of the Gaussian noise imply that the capacity Cg(3) of such a channel is equal to the
sum of the capacities of its two subchannels, Co(B) and Cs(B). This fact allows us to
explicitly write down the optimal splitting, i.e. the o € P(r%) solution of the variational
problem (3.12) defining Cz,, as a function of the parameter 3.

Since Zg ~ Zo x Ls, we have that s =2, p; = 2, po = 3, and r& = (r?,r?) =(1,1).
(3.12) reduces to

Czs(B) = A

)min{02(6)7 03(5),06(5)} _

a2 as
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F S T )

Figure 3.1: The optimal splitting for Kgx 3 as a function of 3

We claim that, for every 8 € (0,+00), Cz,(8) = Cs(B) and the optimal splitting is given
by

o () = (a5°(8), 05 (8)) = ez (Ca(8), Ca(8))
Indeed we have that

Co(B) = Cz(B)
_ . C2(8) C3(8)
- aeg(%{gzs})mm{oﬁ(ﬁ ) e e }
. C2(8) Cs(B)
> min {06(ﬁ)7 ag(g)v aSG(ﬁ)}
= Cs(0).

In Figure 3.1 a%ﬁ (B) is plotted: notice how the optimal splitting follows the geometry
of the constellation as as () is monotonically increasing in (3 with éin%) o’ (3) = (0,1) (

as 3 goes to 0 Kax3(B) collapses onto constellation K3) and ﬁlim o’ () = (1,0) (as
— 400
B goes to +0o Kax3(8) collapses onto constellation 2-PAM). O

As we shall see later in Section 5, there are important cases other than the field one
when Cg = C. In Section 6 we will also exhibit examples where C'¢ < C' and the more
general problem of evaluating Cg will be discussed.

Of course up to now it is not at all clear if the G-capacity Cg can actually be achieved
by means of G-encoders. In principle there could be other algebraic constraints coming
into the picture which we have overlooked in our analysis. In Section 4 we will see that
this is not the case: the conditions R < Cg will be proved to be sufficient for reliable
transmission using G-encoders over a G-symmetric channel.
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3.3 Classical ensembles of (G-codes

We now present a result which completes Theorem 6 by stating that at every rate
R < Cg reliable transmission over a G-symmetric channel is possible using G-encoders.

Following the classical technique originally proposed by Shannon we will use a prob-
abilistic method, introducing ensembles of G-encoders and analyzing their average per-
formances. This will then allow us to obtain our result. This technique had already been
used to study performances of linear codes in [31]: this covers the case when G ~ Z’; for
some prime p. For general Abelian group however the derivation is more complicate.

We consider G-code ensembles, defined as sequences of Abelian groups Uy and of
independent uniformly distributed random variables ®x € Hom(Uy,GY). We will see
later that different choices of ensembles are possible and give similar results.

The above ensemble is completely determined by the sequence Uy. We now describe
the construction of specific examples. Given a design rate R € [0,log |G|[, and a splitting
distribution o € P(r%), for each block length N € N define ky by

RN« ;
kn)ii = \‘7 ’]J .
w)id = | Tlogp
Let Uy, be the corresponding Abelian group having type ky. The corresponding en-

semble will be denoted by Eg(R, ). Note that, for each N, ®y’s rate is a determin-
istic constant Ry (i.e. it is the same for each realization of ®y) with Ry < R, and

(3.15)

Let pe (P N)(R’a) denote the word error probability averaged over the ensemble £(R, o).

Our goal is to estimate this average. To do this we will need to establish a number of
preliminary results extending the classical Gallager bound.

3.3.1 Gallager Bound for codes over groups

In this subsection we state a convenient version of the Gallager bound (see [31]) for the
special case of G-symmetric channels; it is based on the techniques presented in [62].
We start by recalling the classical Gallager bound.

Lemma 7 (Gallager bound) Given a MC (X,Y, P), suppose we have a block encoder
o U — XN,
and ML decoding is used. Then, for any fired w € U and p € [0,+00) the conditioned
word error probability satisfies
p

pelolw) < [ Pulyio() ™ | 3 Pulrio) ™ | a9
v#EYU
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We now want to rewrite the Gallager bound in the special case when the channel
is G-symmetric for an Abelian group G. It is not restrictive to assume that X = G.
Recall that, for any x in GV,0c(x) in P(G) denotes the type or empirical frequency of
x. The subset of P(G) containing all types of vectors x € G is denoted by Py (G). For
0 € Pn(G) we define Gév as the subset of GV containing all vectors of type 0. Clearly
GN = UgepN(G)GJGV. We introduce type-spectra of an encoder ¢ : U — G. For each
uw € U and 8 € Py(G) we define Wy (6| u) as the cardinality of the subset of U \ {u}
consisting of those v such that the difference ¢(v) — ¢(u) has type 0, i.e.

W0l w) = Y lgy ($(v) — d(w)) . (3.17)

veld\{u}
Lemma 8 Given a G-symmetric MC (G,), P), suppose we have a block encoder
U — GV,

and ML decoding is used. For every u € U the conditioned error probability satisfies the
following inequality:

p
1 1 W,(0 1
Pl S g [ oot | 3 FEEE S vt ) an'
2EGNyN 0cPN(G) \NO/  xeg)
(3.18)

Proof: We generate the following random encoder from ¢:
¢ =G + Qoll
where:

e Il is a random variable uniformly distributed over the group of permutations of
the set U leaving u fixed;

e () is a random variable uniformly distributed over Sy, the group of permutations
of {1,..., N}, independent from II (we intend w € Sy acting on x € GV by
permuting its components, i.e. (Wx); := (X)wi);

e G is a random variable uniformly distributed over G%, independent from IT and

A.

Throughout the proof we will denote by E[-] the average operator with respect to such a
probabilistic structure. The crucial point here is that the average word error probability
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of the random encoder ® is equal to the word error probability of ¢. In fact for any
realization 7 of 11

pe((bﬂ" u) = pe((bﬂ" u) = pe((b‘ u) :

For every w € Sy realization of 2 we have that, due to the memoryless property of the
channel, ML decision regions Ay(v) satisfy A,e(v) = wAg(v), thus

pelwd|u) = 1-— / Py (ylwéu)du™ (y)

Aug(u)

= 1- / Py (ylwgu)dp™ (y)
whg(u)

- 1o / Py (wylwgu)du® (y)
Ay (u)

-1 / P (yléu)du™ (y)
Ay (u)

= pe(¢]u) .

Moreover, due to the G-symmetry of the channel, for any g € GV realization of G, we
have that ML decision regions satisfy Ag,4(v) =g + Ag(v), so implying

Pe(g + ¢ u) = pe(d| u) .

Thus we have
Elpe(®] u)] = pe(] u).
Now fix an arbitrary x € G; we have that
P(®(u)=x) = P(G+ Q¢(Ilu) = x)
Y P(G =x - 2|Q¢(ITu) = 2) P(Q4(Tu) = z)

zeGN
= Y P(G=x—12z)P(Q¢(Ilu) = z) (3.19)
zeGN
1 1
- ZGZG;N WP(Qqs(nu) —z)= renk

hence ®(u) has uniform distribution over G¥. We now want to find out for any fixed
v €U \ {u} the conditional distribution of ®(v) given ®(u). We start by noticing that

PO(I) =) = g 30 Lpg(6(w) (3.20)

weld\{u}
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From the independence of ©, IT and G and the uniform distribution of G in G¥, it
follows that Q, IT and G + Q¢(u) are independent, and so

P(®@(v) =z+x|®(u) =2z) = P(2(v)— 2(u) =x|P(u) = )
= P(Qo(Iv) + G Qop(1lu) — G = x|G + Qo(u) = z)
= P(Q¢(Ilv) — Qo(u) = x|G + Q¢(u) = z)
= P(Qo(Ilv) — Qo(u) = x) .

(3.21)
For every x € GV we denote by Stab(x) the stabilizer of x in Sy, i.e. the subgroup of
Sn containing all permutations leaving x fixed; the cardinality of Stab(x) is

(NO(x))! == J[ (WO, (x))! . (3.22)

geG

By successively applying (3.21), (3.22), (3.20) and (3.17) we get

P(®(v) =z+x[®(u) =2) = P(Qo(Ilv) - ¢(u)) = x)

= & Y > Pv) =¢(u) +y)

N
yeGG( ) weStab(y)

1
= (Ne(x))-|u|_1 > Liguyy (¢(0)
YEGY veld\{u}
- 1
= (o) X T D L6 - o)
yeay, vell\{u}
= (o) T 2 Ly (6(0) = 6(w)
=)/ ()
veld\{u}

- \ul (Ne(x))_ W (0(x)| u) .
(3.23)
We now apply the Gallager bound to each realization of the random encoder ®. We
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get

Pe(dl u) = Elpe(®]u)]

_ N
[ ( 5 (B8y*) i

o veld\{u}

IN
&=

veld\{u}

<
Z

= Z / N (ylz) HPE[( > (PN(y@(v)))“lp)
YN

€GN vel\{u}

P
- E PN<y<I><u>>1+%( 3 <PN<y<I><v>>>1+%) i (y)

®(u) = Z] dpM(y)

(3.24)

last equality following from (3.19). The conditional expectation in the last term of (3.24)

can be upperbounded by the Jensen inequality, yielding

E [( 3 <PN<y<I><v>>>lip)

veld\{u}

O(u) = z]

p
<E { > (Pulylew) ™| o) ])
veld\{u}
p
=[ > > P@@)=2+x®w)=2) (Px(ylz+x) 77 (3.25)
x€GN veld\{u}
p
N \! 1
= Do D wye (Py(ylz +x)) T+
N0( )
0PN (G) xeGy
p
_ o[ V) .
= D2 We@lw) ) Do (Pylylz+x)T7
0cPn (G) xeGYY
where the second equality follows from (3.23) and from GY = |J  GJ. Substituting
0P (G)
(3.25) into (3.24) yields (3.18). [ |

We would like to emphasize the fact that both Definition 3.17 and Lemma 8 do not
need ¢ to be a G-encoder; in what follows we will make use of this generality. When ¢
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is a G-encoder it is easy to show that Wy (6| u) does not depend on u, so in this case
we will use the notation Wy (8). Generalizations of both Definition 3.17 and Lemma 8
to non Abelian groups are straightforward: the only difference is that one has to define
left and right distance spectra (the two notions coincide for group encoders but they
generally do not for arbitrary encoders).

3.3.2 Averaged estimations

The idea is to average estimation (3.18) on our ensembles. In the field case this would
lead us to the classical direct Shannon theorem for linear codes. However, in this context,
we need to be more careful since averaging distance spectra becomes more delicate. For
this we first develop some further considerations on random variables taking values over
Abelian groups.

Let M and L be finite Abelian groups and let ® be a r.v. uniformly distributed on
the Abelian group Hom(M, L). Given m € M, we want to investigate the probability
distribution of the r.v’s ®(m). In the case when both M and N are vector space over a
finite field Fpr, it is a standard fact that, if m # 0, ®(m) is a r.v. uniformly distributed
over L. In the general case however the analysis is a bit more complicate due to algebraic
constraints which show up in the problem. We start with a simple preliminary result.

Suppose we have a finite Abelian group G and a r.v. X uniformly distributed over
G. Let H be another Abelian group and 6 : G — H a surjective homomorphism.

Lemma 9 0o X is a r.v. uniformly distributed over H.

Proof: Let y € H. Notice that since @ is surjective, |0~ (y)| = |G|/|H| for every y. We
now clearly have

w1

PloX =y)=P(X €0 (y)) @ =T

Let us go back to our setting with the Abelian groups M and L. Given any m € M
we can consider the valuation homomorphism s 1, : Hom(M,L) — L given by
YarLm(@) = ¢(m). Using Lemma 9 we thus obtain that the r.v. ®(m) is uniformly dis-
tributed on Im(¢pz,1,m). The problem is therefore to characterize the image of ¥, 1, m:
this depends on the choice of the element m.

We gather a few simple properties of the valuation homomorphism:

Lemma 10 vy 1 satisfies the following properties:

(1) If M = Zyr and m € M is invertible, we have that Im(yar,L.m) = Lpry-
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(2) Assume that M = My @ My and let m = (mq,mg) € M. Then, Im(Yar,1,m) =
Im(Yary, Lmy) + I (Ysy,Lms)-

Assume that M has the structure given by (3.6) and (3.7). Each m € M can be
decomposed accordingly

m=(miy,...,mg), mj = (Mi1,...,Mjyp,).

Forany i =1,...,sand j =1,...r;, let [; ; € Z* be such that
e P i+1—1; 5 ki i
mij €p; L\ p; 'z

p; p;
We will use the notation I; j(m) (and 1(m) in a more compact form) to emphasize
the dependence on the chosen m. Clearly, 1(m) is r-compatible. Finally, given an

r-compatible 1, define
={meM|l(m)=1}. (3.26)

Clearly, the various Hj are pairwise disjoint and form a partition of M.

Proposition 11 Let m € Hy. Then,

m(Yar,L,m) ZZZ ”L

=1 j=1

Proof Immediate consequence of Lemma 10. |

Corollary 12 Let m € Hy. Then, the r.v. ®(m) is uniformly distributed over the set

)R

=1 j=1

Notice that the first summation above is direct while the second is not in general.
There are relations among the various pg _li’jL(pg) as j varies keeping the index i fixed.
Indeed it holds

PLr) € Lipr—1) € Lpry -

Let us apply these considerations to our context. Recall that we have fixed a G-
symmetric MC (G, Y, P) where G is a finitely generated Abelian group having spectrum
0% = (p1,...,ps), multiplicity r¥ = (r{*,...,r%) and type k. Recall moreover that the
ensemble £;(R, a) consists of the sequence of independent random variables ®y with
@ uniformly distributed over Hom (U, , GN ), where ky is defined by
%J . (3.27)

kn)ij=|—=
(k)i L?logpi
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(R,e)

For a random variable X will denote by X
such a probabilistic structure.
We are now ready to prove our first fundamental result:

the average operator with respect to

Theorem 13 Let (G,), P) be a G-symmetric MC. For every R € [0,log|G|[, a €
P(xr%), the following estimation holds true:

p@n) <Y e (-NE(R)), (3.28)
1£0

rG —compatible

where Ey is the error exponent of the subchannel obtained by restricting the input set to

Gh, and
BBy 3 e

=1 j=1

Proof Let Hyy 1 be the set defined by (3.26) for the group Uy, . We can thus decompose

ukN = U HkN,l . (329)

G _comp.
It follows from Corollary 12 that, if u € Hyy 1, ®n(u) is a r.v. uniformly distributed
over G{V .
We now notice that, because of the uniform error property, all estimations of the
word error probability can be done assuming that the all-zero information word u = 0
has been transmitted, i.e.

pe(¢) = pe(¢7 0)

for every ¢ € Hom(Uy,,,GN).

For any r%-compatible 1, we define the encoder ¢; as the restriction of ¢ to the set
{0} U Hx, 1. Note that the encoders ¢; are not G-encoders since their domain is not a
group, so that the UEP does not necessarily hold true for them but for ¢ only. Since

{O}UHkNl C@@ A ”ZkN

=1 j=1

¢1’s rate satisfies

lo + |H,
g (1 | kv 1l) Zz—logpz ij (kn)ij < B
i=1 j=1
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A union bound yields

Pe($,0) < D pe(é1,0) = > pe(61,0) ,
1 1£0

rG—comp. r& —comp.

(the equality follows from the fact that Hy, ¢ = {0} and thus p.(¢o,0) = 0).

Consider the r.v. ®x obtained by restricting ®x to the subset Hy 1. Now, given
an r@-compatible 1, apply the bound of Lemma, 8 (which, as we already remarked, does
not need the encoder to be an homomorphism) to each realization of p.(®x1,0), and
then average with respect to ®y. For any p € [0, 1] we obtain

Pe(®n,1,0) <
. (Ra)
1 1 Wa, (0] 0) 1
<G Pyylz)te | Y —— > (Pulylz+x)T0 | duN(y)
zEGNyN 0cPn(G) (NH) x€GY
——————(R,@) P
1 o We,,(0]0) o
<@ Py(ylz)™e [ ) = > (Pulylz+x)T | duM(y) ,
zEGNyN 0cPn(G) (NO xeGY

(3.30)
where the last inequality follows from Jensen inequality.
It remains to calculate the average distance spectra of ®y ;. Using the fact (see
Corollary 12) that for any u € Hy,, | we have that ®x(u) is uniformly distributed over
GV, we obtain

— (Ra) (R.ax) S
Wo,,(6]0) = Z Loy (®pu) = Z Loy (Pu)

uEHkN’l uEHkN,l

(R,e)

. (3.31)
(NO) ]IPN(GI)(G)
|Gh| ™

= Z P (@N’l(u) S GJQV) = ’HkNJ’

uEHkN,l

GIY

Now fix a set O C GV of coset representatives, i.e. a set of cardinality 1Gh[™ containing
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exactly one element for each coset of G{. By substituting (3.31) into (3.30) we obtain

pe(@ny,0)
1 BN 1 N
ZEGNyN 0PN (G) 1 xeGg
p
o X [ Py e 3 (Prlyla 0 | an
| | zeGN | 1| cGN
YN x€G]
:|HkN,1|P/ > EL > |Gl|—NPN(Y|v—|—W)1+p G > (Py(ylv +x))T7
yN VEDR weay xeGN
N 14+p
= |H, !”Z’Gll ! Z(P(\Jr))ﬁ 4 (y)
= ky,l ‘G‘N ’G ‘N NY|VTX i (y) .
e 1 N
v YN xeGy

(3.32)
By the G-symmetry of the channel and the memoryless property, we have that, for each
v € Q,

1+p
/ @ S (Pulylv+x)T | AN (y)
YN xeGN
1+p
:/ ﬁ S Pr((—vy) | AN ()
YN xeGN
14y (3.33)
_ / (GiN > <PN<yx>>1+1p) di™(y)
YN xEGW
14p N
| [ & S et ) aut)
v zeGy

where (—v)y denotes the action of each component of —v on the corresponding compo-

nent of y (recall that by definition of G-symmetric channel, G isometrically acts on )).
Therefore,

1+p N

— (R, 1 _1
pen0) " < el | [ G 2 (el | auy
Yy zeGy
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Recalling that the random coding exponent Ej(R) is obtained with uniform distribution
over the input set G}, and since the choice of p € [0, 1] is arbitrary, we can rewrite the
last inequality as

- (R
2e(@1,0) 7 < exp(-NE(RY)) .

Now (3.28) follows because Fj is a non increasing function. |

Define now two important figures. The G-random coding exponent is

Ec(R) = max min By R;;—aw : (3.34)
r~ —comp.

while the G-optimal splitting rate function is defined by letting, for every R € [0log |G]],
a%(R) be one of the elements of P(r%) for which the maximum in (3.34) is achieved,
ie.

min i RZZ Lij oS Zaé?;?i‘c;) min  Fy RZZ—a” (3.35)

rG —comp. =1 j=1 rG —comp. =1 j=1

Since P(r%) is compact and fr(a) = n;ln Ey RZ Z —a, . | is continuous from
rG —comp. i=1 j=1
P(r%) to R for every R € [0,log |G|], the above definition of a“(R) is coherent since fr
has at least (but not necessarily only) one maximum point in P(r%).
We can now state the following result which is an easy consequence of Theorem 13.

Corollary 14 Consider a G-symmetric memoryless channel of G-capacity Cq, G-random
coding exponent Eq(R), G-optimal splitting rate function a®(R). Then, Eg(R) > 0 if
and only if R < Cg and

(R.a%(R))

Pe(Pn) < Agexp(—NEg(R)), (3.36)
where s o
G . i (ri +3)
Ag = |{1#0,7% — compatible}| = ; — 1. (3.37)
Proof

Notice that, if 1 # 0 and « is any splitting, we have that

B RZZ_O‘ZJ >0@RZZ—O¢ZJ <O & R< %

s 'y
i=1 j=1 i=1 j=1 Z lij
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Hence,

- i C
mln Ey RZZ—@H >0 R< II;III

rcfcomp i=1 j=1 rG —comp. Z E lJOfZJ
i=1j=

(3.38)

By choosing a = o (the G-optimal splitting for which Cg is achieved), we thus obtain

), G
min  Fy RZZ a8 >0e R<Cg. (3.39)

chomp i=1 j=1

This clearly implies that if R < Cg then Eg(R) > 0. Actually, Theorem 6 immediately
implies that
E¢(R)>0< R< Cqg. (3.40)

Using now Theorem 13 we obtain the result.
|

Remark: It follows from the proof of Corollary 14 that using input groups correspond-
ing to the G-optimal splitting a®, we can reach Cg-capacity. However, in order to
obtain best mean rate of convergence one has to use input groups corresponding to the
splitting a(R) which in general is a function of the rate R. Straightforward conti-
nuity arguments allow to show that a®(R) can always be chosen in such a way that
a%(Cg) = a%. Notice that in the cyclic example G = Z,» (s = 1) it was already proven
that a“(R), = 1 and a®(R); = 0 if j < r. This corresponds to take U = ZLRNJ In
other words free input groups over Z,- in this case suffice to achieve Z,r- capamty

Standard probabilistic considerations allow us to state the following.

Corollary 15 Consider a G-symmetric memoryless channel of G-capacity Cq, G-random
coding exponent Eg(R), and G-optimal splitting rate function o“(R). The ensemble
E(R,a%(R)) satisfies

.. —logp(Py)
=2 A Sl = _
Pg <hn}vlnf N > FEq(R) 1, (3.41)

where Pg denotes the probability on the ensemble.

Proof: For any € € (0, Eg(R)), N € N define the event A}, as

N = A{pe(®n) = Agexp(—N(Eg(R) —€))}
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where Ag is defined in (3.37). By applying (3.36) and the Markov inequality to each
r.v. pe(®y) we obtain

ab
DY < )

Pa(AY) < Pg <p6(<I>N) > exp(Ne)pe(Pn

Then

Z P(A%) Z exp(—Ne) < +oo . (3.42)
N=1

Let us denote by {A% i.0.} the event *A%; occurs infinitely many times’, i.e.

{Ay 1o} =) | A%-

kEN N>k

By Borel Cantelli theorem, (3.42) implies that Pg(A% i.0.) = 0 for every € > 0. But
clearly

(A5 10} C {limNinf _k’%@@m > Ea(R) — z—:} .

By the o-additivity of Pg, this implies

o . - lOg pe(q)N)
oV > =1.
Pg <hn}vmf N > Eq(R) 1

|
Corollary 16 Consider a G-symmetric channel whose G-capacity is Cg. Then, for

every R < Cg and for every € > 0, there exists a G-encoder ¢, of rate greater than or
equal to R, whose ML decoding word error probability satisfies

pe(dc) <e . (3.43)

Proof: Trivial consequence of Corollary 15. |

3.3.3 On tightness of the error exponent

In the previous subsection an upper bound to the average word error probability of
the G-codes ensembles has been derived, consisting in a term which is exponentially
decreasing to 0 in the block length for every rate below Cg. We now want to address
the question whether this bound is exponentially tight or not.
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First we want to specify what we actually mean by ’tight’. Consider a memoryless
channel (X,Y, P). It is a well known fact (see [31], [71], [4]) that the random coding
exponent in (2.7) is given by

RO_Ra OSRSRCT

B(R) = { Ey(R), Re<R<C. (3:44)

where R, is the so called critical rate, Ry the cutoff rate, and E,(R) the sphere packing
exponent, all functions of the channel { P} only.

For the classical Shannon random coding ensemble the error exponent is tight for
any deterministic sequence of codes only for R > R,,, while this is not the case for
low rates R < R.-: in fact in this case expurgation techniques lead to the existence
of sequences of codes guaranteeing higher error exponents. There are conjectures ([71],
[26]) about the actual achievable error exponent (the so called reliability function of the
channel) at any rate R € [0, C], but still no completely proved results.

Nevertheless it was proved in [32] that E(R) is tight for the average code from the
classical random coding ensemble at any rate, i.e.

= < < (. .
Jim < E(R), YO<R<C (3.45)

Moreover, when dealing with a channel which is symmetric with respect to the action
of a Galois field F, (as for instance a binary-input symmetric-output channel), it is well
known that (3.45) holds true for the F,-linear coding ensemble. The proof of this fact,
although probably never explicitly published yet ([26]), can be obtained with a slight
modification of Gallager’s proof in [32]. Indeed, a closer look at [32] shows that the
fundamental ingredients of that proof in the special case of F,-symmetrical channels
are uniform distribution of the codewords over Fév and their pairwise independence. As
these two properties are preserved when moving from the random coding ensemble to
the F,-linear one, almost the same proof of [32] can be carried on showing that (3.45)
continues to hold true in this case.

We conjecture that the G-error exponent is tight in the latter sense, i.e. that

——(Rac(R
log pe(@n) )

li — =F . A4
Wi N 6(R) (3.46)

We have not yet a complete proof of (3.46), but only some partial results, and we want
to explain them in the simple special case when G = Z4.

Let 0 < R < Cz,. The Z4-coding ensemble is the sequence of independent ran-
dom variables (®y)y, with each ®x uniformly distributed over Hom(ZZN ,ZLY), where

ky = mg]\lj. The Zs-random coding exponent of the channel is

Ey,(R) = min{E\(R/2), E2(R)} |
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where, as usual, E2(R) and Ej(R) are, respectively, the random coding exponent of
the Zs-symmetric channel, and of its 2Z4-symmetric subchannel. In this case partition
(3.26) reduces to

ZIZN ={0}U Hyy 1 UHyy 2

where Hy, 1 = 2Z) \ {0}, Hy, 2 = ZZ” \ ZZZN. Consider the random encoders
@NJ = ¢N|HkN,1U{O} s ¢N’2 = ¢N|HkN,2U{O} .
We have, by successively applying the UEP, property (2.3) of ML decoding, and Jensen

inequality (notice that function R? 3 x max z; € R is convex),
<i<

——(R,a¢ (R _
(@) e Gy 0)

max{pe(q)N,b 0)7pe((I)N,27 O)}
max {pe(éNJ, O) (RvaG(R))

(R,ac(R))

(R,ac(R))

———F— (R, R
7p6((I)N,270)( ol ))} .

(3.47)

ALY}

Now we clearly have that ®yx = ®yx is uniformly distributed over 2Ziv for every
x € Hy, 1 and ®nox = Pyx is uniformly distributed over Zflv for every x € Hy, o.
Moreover @y 1x and ®y 1y are independent for every x,y € Hy, 1 such that x # y.
Indeed (®n,1)n is the binary linear ensemble (identifying 2Z, with the binary field

F5), so that from the previous observations we know that the random coding exponent
(Rac(R))

E1(R/2) is tight for the term p.(®n,1,0) , 1e.
== (Rac(R)
log pe(®n 1,0
im o8 Pe L ) = E1(R/2), 0<R<Cy. (3.48)

Instead, two r.v.s ®yox and ®y oy are independent only for those x,y € Hj, 2 such
that x —y € Hy,), o; otherwise, when x —y € Hy,, 1, then ®y 2x has uniform distribution

over the coset ® N72y—|—2Zf1V . In this case Gallager’s arguments cannot be directly applied

——— (R, R
to obtain a tightness result at low rates for the term pe(<I>N,2,O)( c(R) (though we

conjecture they can be properly modified to get the desired result), so that we actually
only have that

log pe(@.1,0) "™
]\;im = ’]7\7 = EQ(R), Ry2<R< Cy, (3.49)

where R, 2 denotes the critical rate of the Zs-symmetrical channel By combining (3.47)
with (3.48) and (3.49), we obtain that

(R,ac(R))

lim log pe((I)N)

R I = E7,(R), whenever Ez,(R) = E1(R) or Rey2 < R< Cy, .

(3.50)
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We observe that the first condition in (3.50) is surely holding at very low rates:
indeed

lim B1(R/2) = E1(0) < E5(0) = lim Ey(R), (3.51)

with strict inequality holding true in (3.51) for nontrivial channels. So we can conclude
that, even for Zs-symmetric channels for which Cz, = C4 so that there is no loss of
capacity, there is a loss in the average error exponent at low rates when restricting from
Shannon’s random coding ensemble to the Z4-code ensemble.

Similar considerations can be extended to a generic finite Abelian group G, showing
that, when G does not admit Galois field structure (i.e. when G is not isomorphic to any
Zy), then even if the G-capacity coincides with Shannon one, restricting to G-encoders
causes a loss in the average error exponent at low rates.

3.3.4 The parity check ensemble

There is another way to represent Abelian group codes. Instead of using the encoder
image representation, one can as well use kernel representations. We essentially obtain
the same codes, however the probabilistic ensembles present certain differences.
Given a design rate R and a splitting a € P(r®), for each block length N € N we
define hy by ( )
. RN(1 - Qg 4
(h)is { Jlog p; -‘

Let Vy, the corresponding Abelian group having type hy. Consider a sequence of
independent r.v.s ®% uniformly distributed over Hom(G™,Vy,, ). Let Uy = ker(®’)

the corresponding sequence of independent r.v. taking values in the set of subgroups of
GYN, and finally let

Oy Uy — GV
the immersion of Uy in Gn. The corresponding ensemble will be denoted by &'(R, ).
Notice that for this ensemble the rate of @y is a r.v. Ry; indeed it can be proved that
P/, <hj{fn Ry = R) =1 (P, denotes the probability with respect to this new ensemble).

Let po(@n) 0"

T x N R? . . .
Using techniques very similar to those used to upperbound p.(® N)( ) it is possible to
prove the following estimation, which constitutes an analogous of Theorem 13.

denote the word error probability averaged over this ensemble.

Theorem 17 Let (G,Y, P) a G-symmetric MC. For every R € [0,log |G|[, o € P(r%),

——(R,o,
@ <Y e (—NE(R)
140

r& —compatible
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where Ey(R) is the error exponent of the subchannel obtained by restricting the input to

the subgroup Gy and
S T3
L
Ry = RZZ Z—’,Jam-.
=1 =1 7

3.4 Z,-codes for p"-PSK do achieve capacity of the AWGN
channel!

In this section we will consider MCs having as input set the m-PSK constellation
Kn={¢ k=0,...,m—1}

where, we recall, &, := em . Notice that K, is a subgroup of the multiplicative group
of non-zero complex numbers C*.

The following definition captures many interesting channels, among which the 2-
dimensional K,,-AWGN channel.

Definition 18 A K,, additive isotropic decreasing noise (K,,-AIDN) channel is a mem-
oryless channel (K,,,Y, P) where

e YV = (Y,B,u) where Y is a closed subgroup of C* such that K,, <Y, B is the
corresponding Borel o-algebra , and p is a measure over B;

e the transition laws P(y|x) only depend on the distance |z —y| and such dependence
is monotonically decreasing, i.e. there exists a decreasing function ¢ : [0,+00) —
[0, +00) such that P(ylz) = ((ly — x|).

This rather abstract definition allows us to treat at once many different widely used
symmetric channels with input K, and either continuous or discrete output. Notice that
from Def.18 it follows that any K,,-AIDN is Z,,-symmetric, since Z,, is a generating
group for K,,, Z,, isometrically acts on ) (by rotations), and P(gy|gz) = ((|lgy — gz|) =
((|z —y|) = P(y|z). We show some examples of K,,-AIDN channels.

Example 11 Both the unquantized K,,-AWGN channel and the unquantized K,,-Laplacian
channel are AIDN channels. O

Next example shows how discrete output K,,-AIDN channels can be obtained from
continuous output ones by a proper quantization.

Example 12 Suppose an unquantized K,,-AIDN channel (a K,,~-AWGN for instance)

(Km,C*, P) (3.52)
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is given, and let ¢ : [0,+00) — [0,4+00) the decreasing function such that P(y|x) =
C(ly — x|) (whose existence is guaranteed by the Def.18). For every positive integer
m’ such that m | m’, we can introduce a new, discrete output, K,,-AIDN channel by
quantizing the output of (3.52) over Voronoi regions of the K, constellation. Ezplicitly
such channel is given by

(Km,Km/,P/) ) (3.53)

where the output K, is equipped with the counting measure y', and transition laws are
given by

ek 16T ) = ko41ed — k¢ — kjj%_
Piehign = [ Pehiighant) = [ ¢ (i —el) an = [ (e Te—1]) auto
and V is the Voronoi region of 1 = f?n, € K,,y, defined as

. 2 2
Vi=<p?eC:p>0,— 7T§9§ T
2m/ 2m’ )

Clearly K., < K, < C, so that, in order to see that channel (3.53) fulfil Def.18, it
remains to show that the second requirement is fulfilled. We start by noticing that for
every p >0, 0 € R,

¢k pet? — %1‘2 = (pcos(d + 2Zk) — cos(j%r))2 + (psin(0 + k) — sin(j%’r))2
= p?+1—2p(cos(0 + Z5k)cos(j2E) + sin( + 25 k) sin(j22))
= p2+1+2pcos(9+%k—j%r) .
(3.54)
From (3.54), and from the fact that cos(x) = cos(y) if and only if v = +y (mod 27), it
immediately follows that for every couple of values k, k' € Z

/ /
‘g,’;,— %‘:‘gﬁ,— ;;‘ = k- K+ o k=K. (3.55)
m m

Then for k # k' € Z,,» such that ‘éfn, — fﬁn‘ = ‘éfni, — &, we have

!
=M
k=j5

Piehig = [ (e e-1]) aneo

!
/ - M
—K+i
!

& e 1]) autt)

(
( /
( g
(

I

(3.56)

T

€ T 1‘) dp(t)

k! — -m/

¢ (Jehe e -] ) ant = el

— 5— — —
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where we exploited (3.55), the symmetry property of Voronoi region V.= V~! and
finally (3.54). Equality (3.56) clearly implies that transition laws P'(y|x) are function
of the distance |x — y|, i.e. we can define a function ' : [0,400) — [0,+00) such that

ik — i = [ ¢ ([ e-1]) auto) = P
14

arbitrarily interpolating ('(2) for values of z not included in the set {|€F, — &l k e
Ly j € Lp}. At this point we are only left to prove that ¢’ can be chosen decreasing;
clearly it suffices to show that

(s = &l <& —&hl = (& =& = (g =0 - (357)
Due to (3.55) it is sufficient to show (3.57) for value of k and k' such thatj%l <kkK <
j%’ + mT/ Notice that if

’ om!' = T 2m'’

m m 2

then

Iy
3
)
m@
%
|
Ax
3%
)
|

> +1+2pcos (0—1—% <k—j%>)
> p? 41+ 2pcos (9+% <k’—jﬂ>>

.2
, .
= ‘grlil’pew_ ]m‘ )

from which it follows that

Plehich) = [ ¢(lght = €hl) anto

> [ (gt - €hl) anto
1%
= P(&hIeh)
where we made use of the decreasing property of C. O

We conclude our series of examples with the following one.

Example 13 Let S' = {¢%} C C be the complex unitary circumference. Consider an
unquantized K,,-AIDN channel of type (3.52). We define a new channel by projecting
the output C* onto S'. Explicitly we consider the channel

(Km’y = (Sl’B/’M/)v{P('|x)}w€Km € P(y)) (3.58)
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where i is the Lebesque measure of S', and

“+oo
P(ylz) == /O C(lpy — z)pdu” (1)

and 1" is the Lebesque measure of R.
The verification that (3.58) is an AIDN channel is almost the same as that of Ex-
ample 12. m

Now fix a prime number p and a positive integer r; throughout the rest of the present
section the base of log (and thus of the entropy function H) will be p. For a function
f:Y — R we write {f > 0} to denote the set {y € Y : f(y) > 0}.

In the following we will deal with K,»-AIDN channels; we will prove that for this
class of channels the Shannon capacity Cpr and the Zr-capacity Cz,, do coincide. Recall
that, by definition

T
Cz ., = min -C
" l:l,...,rl b

where C; is the Shannon capacity of the p'-th channel, i.e. the channel obtained by
constraining the input on the K, constellation.
Hence, our result is equivalent to say that

rCp > 1Cy , Vlr:1<sl<r. (3.59)
Notice that a simple inductive argument shows that (3.59) is equivalent to
qCpat1 < (¢+1)Cpa, Vg=1,...,7r—1 (3.60)

The rest of section will be devoted to the proof of (3.60). The result will be achieved
through a series of technical intermediate steps. We start with some notation.

Given a Kpq-AIDN channel (K,q,), P) we define some connected probability densi-
ties which will play a key role in the following:

o foreveryye ), 1<qg<r,

p1—1

P(yl) = 3 PghlD) :

IEEqu 7=0

1

Aq(y) = ﬁ

(second equality follows from the Zps-symmetry of the channel);

e for every 1 < ¢ <r—1and y € Y such that A\j41(y) >0,

1

- m (Aq(y§2q+1)7 )‘q(yS;Q+l), e ,)\q(ygz;rll)) :

vy(y) :
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e for every 1 < ¢ <r and y € Y such that A\;(y) > 0,
.____;L__ 0 1 p?—1
wily) = s (PUIED): POIG). - Pl ™)

Notice that:
e N\, €P);
e for any fixed y € Y such that A\g41(y) > 0, wy(y) € P(p?);
e for any fixed y € Y such that A\;(y) > 0, v4(y) € P(p);

o Kporn = U §;fq+1qu, and therefore, for y € ),

0<k<p
12
Ag+1(y) = — Z/\q (ygqu) . (3.61)
L
For any ¢ = 1,...,r consider the p?-th subchannel. Since this subchannel is Zq-

symmetric (in fact it is a K¢ AIDN channel), its Shannon capacity Cpq is obtained by
uniform distribution over the input set Kps. The corresponding distribution over the
output set ) is described by

Py(y)= Y p "P(ylz) = A(y) -

€K pq
So
Cpe = H(N\y) — H (P(:]1)) . (3.62)
Therefore (3.60) is equivalent to
H(P(1)+qHN+1) < (¢g+1)H(N,), ¢g=1,...,r—1. (3.63)

Next lemma shows how the entropies of the families of probability laws w,(y) and v,(y)
come out in (3.63).

Lemma 19 For everyq=1,...,r —1,

H(P(-]1)) = H(Ag) — ¢ + / Ag(2)H (wq())dp(z) ; (3.64)

{X¢>0}
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HO) =HOw) =1+ [ An@H@ @) . (309
{Ag+1>0}
Proof:
We have

H (P (\1))—— P(y|1)log P(y|1)du(y)

St~

_ pq 1
=-% Z / (y&ha|1) log P(y&k, [1)du(y) = —— Z / P(yl&si1) log P(y|&s)dp(y)
k=0y

{)‘q >0}
p?—1

k
o)~ o3 T S

pi Z y‘gpq

k=0

du(y)

1

{Ag>0}

—— [ Mlosr i)~ [ M) Y @) loglp(w, (0))dut)

{A¢>0} {Ag>0}

—HO) —a+ [ MWH (@) duty)

{Aq>0}
(3.66)

H(\g) = — / Aq(y) log Ag(y)dpu(y)

p—1
- _% / Aq(y§£q+l) log Aq(y§£q+1)du(y)
k:0{>‘q+1 >0}

p 1 p—1 A ékq+1 A fk(hq
- / EZ)\ (Y€1) 10g Mg (y)duly) — / )\qﬂ(y)z a(¥5, )log q(v, )d,u(y)

PAg+1(y) Ag+1(¥)
{Ag+1>0} k=0 {Ag+1>0} k=0 " "

p—1
= - / Ag+1(y) log Ag1(y) — / A+1(¥) > (We(y))k Jog(p(vg(y)i)du(y)
{Ag11>0} {Ag41>0} k=0
—HO) - 14 [ A @H (4 0) ()

{Ag+1>0}
(3.67)
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Lemma 19 shows that (3.63) is equivalent to

q / Agr1(W)H (vy(y)) duly) = / AW H (we(y))duly) , Vg=1,...,r—1.
{Ag+1>0} {Ag>0}
(3.68)
We will prove (3.68) by estimating the two entropies appearing in the integrals.
Now fix an arbitrary y € ) and an integer 1 < ¢ < r, and consider the set of
likelihood values

Py(y) = { PWIEh), Pylgh), - Pylghn ™) } = { POesal1), Pyl 1), Pyl )} -

Notice that

p—1 '
Pyir(y) = { PWus 1), Pehra 1), Pt 0 = | Paweln) -
=0

The geometry of the K,q+1 constellation implies that the ordering of the set P1(y) has
a very particular structure.

Lemma 20 For every 1 < g <7t andy € ), there is a partition

Pony) = JPEw), PPy ={who),whi(y),...,wf, ()}
k=1

such that:
o
wh(y) € Py(€lay) . VE=0,..p7—1,Vj=0,...,p—1;
o
0<k<k<p! = w];’i(y) zngj(y) , Vi,j=0,...,p—1. (3.69)
Proof:

By the definition of an AIDN channel, P(y|z) is a decreasing function of the Euclidean
distance |y — x|, the decreasing ordering of the set P,1(y) coincides with the increasing
ordering of the set of distances {|y — |,z € K,4+1}. Let
; 2w
o l . .
y=pe’, @j = € Lpat -
Then ,
ly — §;q+1\2 = (pcos® — cos ;)% + (psind — sin p;)?
= p?>+1—2p(cosf cosp; + sinfsin ;)
= p?+1+2pcos(d — )
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Let j* € qu+1 such that

’9_90]*‘ Se_(p]? vjezpfﬁL1

Then L 9
T
©j* < 0 < = + §p—q+1 (370)
or 1 9
7T
Suppose that (3.70) holds true. Then
cos(f—@j) > cos(B—j11) > cos(f—pjx—1) > cos(@—pjria) > ... > cos(@—goj*_L%J) .
(3.72)
From (3.72) it follows that, for odd p,
- _ E
PO(y) = {P(yrs;,ﬁl) P(yl¢l, ), POIELD. - PIE, )]
*+E] 7*=T%]
PHw) = { Plg, i * ) Pl ). <y\szif’>}
: (3.73)
p_ _|2
Pr2y) = { Pl T, Pl DL el )
_ + E + L B
PP y) = { Pl 7T ) e L “>, Pulg ]

But (3.73) implies the desired result since for every k the set of {’s exponents of the
elements of P(f (y) contains exactly one element from each equivalence class of integers
modulo p.

The cases when (3.71) holds true instead of (3.70), and p = 2 are analogous. [ |

Notice that for j =0,...,p—1
. a_1
Py o) = {wf},j(y) >wyi(y) > .. > wh (y)} -

So, for every y € ) such that )\q(yﬁgqﬂ) > 0, if we define

. 1 a_
) = (wh @) wl ).l W)

we clearly have
H (@5(y,9)) = H (04€l1))
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since wq(yglj;qﬂ) and @y (y, j) simply differ for a permutation.
Consider now the p-adic expansion map

0:{0,....,p7 =1} = {0,...,p—1}7,

defined as follows: if s € {0,...,p? — 1}, we can write, in a unique way
q—1
s=Y_ pp"
k=0
for suitable elements py € {0,...,p — 1}. We then define

0(s) = (po, - - - 7pq—1) .

It is a standard fact that 6 is a bijection. Now let Z(y,j) be a random variable on
{0,...,p% — 1} with distribution @y (y, j) and let

Y(y,7) = Y1(y,4), .-, Yq(y,5)) == 00 Z(y,5) .

For a =1,...,q, let §7(y, j) be the distribution of Y, (y, j) on {0,...,p—1}. A straight-
forward computation shows that

alpqall

. petlis h
05 (y, ) = Tt thonls=0,...,p—1] . (3.74)
! pq)‘ (y§]q+1 Z_: Z ‘

Lemma 21 For every 1 < a < g,

H (wg(y€len)) < S H (83(5,9) (3.75)

a=1
Proof:
We have
H (w(y,0)) = H(@5(y.) = H (Z(y,9)) = H (0 Z(y.)) = H (Y (35))

(y,
q q—1
< X)) = T H(50.0)

where we first used the fact that 6 is a bijection, then apply chain rule for entropy, and
finally the conditional entropy bound (see [13] for instance). |

Next step of our proof consists in upperbounding the entropies H (63‘ (x)) with the
entropy H (vq(x )) for every 1 < a < ¢ < r and for every j € {0,...,p—1} and y € Y
such that A (yquﬂ) > 0.
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We start by stating a simple result characterizing the so called (generalized) 'permu-
tahedron’ of a given point in the n-dimensional Euclidean space. Let us introduce some
notation. For any K C R" the convex hull of K is defined as the smallest convex subset
of R™ containing K: it will be denoted by co(K'). The set co(K) can be characterized as
the intersection of all the convex sets K’ such that R® D K’ D K. A V-polytope in R”
is the convex hull of finite set K C R™. A H-polytope in R™ is a bounded intersection of
closed halfspaces ({x € R™ : >, a;z; < ap}, a; € R for 0 < i < n). Notice that, since
every halfspace is convex, then every H-polytope is covex too; moreover it can be easily
proved that every H-polythope is the convex hull of its boundary. There is a general
fundamental result (see [74] for instance) stating that an arbitrary set P C R" is a
V-polytope if and only if it is an H-polytope: we will therefore simply call it polythope.

In the following we will deal with a special class of polytopes: given a point x € R",
we shall consider co(S,x), i.e. the convex hull of the set of all component permutations
of x: this is sometimes called the (generalized) permutahedron of z. By the theorem we
cited above, co(S,x) can be characterized as an H-polytope, and next result explicitly
gives such characterization.

Lemma 22 Let w € R"™ be such that

wy > wy > .. > Wy, . (3.76)
Then
co(Sp,w) = A

where

|| n n

Ae O T ey wln {Z _ Zwi} R

Jc{1,...,n} \ i€J i=1 i=1 i=1

Proof:

To prove co(S,w) C A it suffices to note that, for every o € S, ox € A: in fact, it is
easy to check that, due to (3.76), every constraint is satisfied. Since A is convex and
because of the definition of co(S,w) it immediately follows that co(S,w) C A.

We now prove the converse inclusion, A C co(S,w), by induction (we use the strong
form of the induction principle). Clearly the statement is true for n = 1. Suppose that
our claim is true for every m < n for some given n € N. Let w € R**! such that
wy > wy > ... > wyy1. For every J C {1,...,n+ 1} consider the facet Ay of A defined
by

4= N Zwi5§wi N Z%Zéwi m{ixziw}

Ic{1,..n4+1} \ i€l i=1 ieJ
I£J
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We observe that
njAy € By, mrA;CCy, (3.77)

where 7; and 7 e are the projections of R™*! onto the linear subspaces {x; = 0,7 € J}
and {x; = 0,7 € J} respectively, and

111 /]
Br= (X m <> uf ( Xai= Y w1 () (w=0)
IcJ | el i=1 ieJ i=1 ieJe
]+ 1] n+1
IcJye \ iel i=[J|+1 ieJe i=[J|+1 icJ

In fact, the former inclusion in (3.77) is trivial since By is defined as the intersection of
a subset of the halfspaces whose intersection defines A, while for the latter it suffices
to observe that, for each I C J€¢,

1]+ J] 7] 1]+ J]
X€EA;=> E z; < E wi,in:injzgni: E wi—g z; < E T; .
ieluJ i=1 ieJ i=1 il ielUJ icJ i=|I]+1

Now let 67 € S,,+1 be any permutation such that

HJ({lv"'7’J’}):J7

and let Sy := {0 € Spy1 : O'|{‘J|+Lm7n+1} = id}, Sje == {0 € Spy1 : O'|{1’.“7|J‘} =
id}. Notice that S; commutes with Sjc in the sense that op = po, for all o € S
and p € Sj.. We also define ¢y : myR"™ — RVl and ¢je : mpeR*™ — R ag
the standard isomorphisms. By applying the inductive hypothesis to ® ;7 0;w and
P jem 70 ;W respectively, and then immersing beck the results in R**1 by <I>jl and <I>jcl
respectively, you have that

BJ - CO(T(JHJSJW), CJ - CO(TI’Jc@JSJcW) . (378)

For every x € Ay we have myx € By and mjex € Cj from (3.77) and then (3.78) implies
that X € P(Sy) and X" € P(Sje) exist such that

X = TJX -+ TjeX

= > N(o)ms0ow+ > N(p)wsebjpw
oESy pES e

= 2 N(o)N(p)bsopw
oeSy
pESJc

= > Ao)ow € co(Sp+1w),
€655 78 ¢
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with A € P(0;5;Ssc) C P(Sp+1) defined by A(@y0p) := N(o)\'(p). So, for every
J C{l,...,n+ 1}, we have proved that

Ay Cco(Spt1w)

but then
A = co(0A) =co U Ay ] Cco(Spr1w) .
Jc{1,...,n+1}
|
Lemma 23 Suppose n? real numbers {af,z’, k=0,...,n—1} are given, such that
k<k =dy<af , 4jl=0,...,n-1. (3.79)
Define the two vectors
n—1 n—1 n—1 n—1 n—1 n—1
x:<Zag,Za%,...,Zalﬂ_l> ) Vz(Zalg,Zalf,..., afl_1> .
i=0 =0 i=0 k=0 k=0 k=0
Then v € co(Spx), i.e. v is a conver combination of permutations of x.
Proof: (3.79) implies that
ToZT1 2 ... 2 Tp1
and, for every J C {1,...,n— 1},
17]-1
SusY o
icJ i=0
So Lemma 22 can be applied to show that v € co(S,x). [ ]
We can now prove the following inequality.
Lemma 24 For every 0 < a < ¢ <r, and y € Y such that Ag41(y) > 0,
)‘q(ygjqﬂ) .
H > P80 () | < H (ve(w) (3.80)

. PAg+1(y) ¢
0<j<pNgwe! )0
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Proof: We will show that

(yépcﬁl)

_EX;;IZ_S_d (y,4) : (3.81)

ve(y) €co | Sy Z

0<j<p:Aq (yf;q+1 )>0

Then (3.80) simply follows by the concavity of the entropy function.
From Lemma 20 and from (3.74) it follows that

plpalpqall

Z (yquﬂ Z Z Z SP +h+hpa+1(y) ,s=0,...,p—1

0<G<pAg(u€) g4 1)>0 J=0h=0"" h=

while, by definition,

pi—1 pi-1 pi-1
P g (zw >,zw;ay»---,zwz,p_aw)-
i=0 '
If we define, for 0 < j,s <p—1,

a; = w8p +h+hpa+l(y)
h=0  p=0

then
. ) 1

pq Z )‘q(yé.‘;q+1)53(y7]) = a? a}7 st a? ’

0<G<pAg(¥€) g4 1)>0 ' /

while
p—1
+1 s
st = (S St S )
s=0

Fix a couple (k, k') € {0,...,p — 1} such that k < k’: from (3.69) we have

k a+h+il a+1 k! a+h+il a+1
o P(y) 2wy ),

for every j,i € {0,...,p—1}, h € {O,...,po‘_1 -1}, h e {0,...,p97%"1 — 1}, and thus

paflpq a— T 1
ko _ kp®+h-+hp™
h=0 h=
paflp —a— ~
K'p®+h-+hpt .
< Z wi (y) = a .
h=0 " h=0
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So the coefficients {af, Jok =0,...,p— 1} satisfy (3.79) and then Lemma 23 can be
applied to conclude that

P N1 (W)v(y) € co | Sy | p > MWL) W d) || . (382)

0<j <p:Ag(¥€! 11)>0

which in turn implies (3.81), since we have supposed Ag11(y) > 0. [ |

Finally, we are ready to prove the following fundamental result.
Theorem 25 For everyl1 < qg<r,
qCpa+1 < (¢ +1)Cpa . (3.83)

Proof: We already noticed that (3.83) is equivalent to

q / A1 (W) H (vq(y)) duly) = / Aq(Y)H (wq(y)) du(y) - (3.84)
{Ag+1>0} {A¢>0}

Fix an arbitrary y € {A\g4+1(y) > 0}. Successively applying (3.75), the concavity of the
entropy function H and (3.80), we obtain

)\q gqurl : 4 £q+1
S (i) < 3| S e 60

0<j<p: PAG+1(y) p)\q—i-l( )
)‘q(ygiq+1)>0
1 (?ij +1) .
< ZH Zipq(;gz(y,j) (3.85)
= PAg+1(y)
q
< 2 H(
= qH (vq(y)) -
Thus
1 . .
- Z )‘q(yglj,qﬂ)H (wq(yfgﬁl)) < gAg1(Y)H (v4(y)) vy € {Ag11 >0},
P os<p
(y52q+1)>0

(3.86)
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which implies, since 11y ,,>0}(¥) > Ly, >0} (ygiqﬂ),

H(wg(y)du(y) = [ A@)H (wq(y)) L, 03 (v)dp(y)

Ce—

{A¢>0}

=

3 [ A8 T (w8heen)) Lor, 03 08510
0y

ST M) H (w4En)) Ta,50 (1) da(y)

0<j<p:
Aq(y§;q+1)>0

; / Mot () H (v () Lpn, 150y () dpa(y)
y

I
<
\b.
SHES

IN

~ / Mo 1 () H (vy(y) dp(y)

{Ag+1>0}
(3.87)

We summarize the results of the present section in the following:

Corollary 26 For any prime p and positive integer r, every Ky--AIDN channel is such
that
Crz,r = Cpr . (3.88)

Combining Corollary 26 with Corollary 16, we can finally state a result first conjec-
tured by Loeliger in [44].

Corollary 27 Z,r (-free) codes achieve capacity of the p"-PSK AWGN channel.

3.5 An example when C; < C

In the previous section we have shown that for a wide class of Z,--symmetric channels
with p"-PSK as input Z,--capacity and Shannon capacity do coincide, thus implying by
Corollary 16 that Z,r-codes do suffice to achieve Shannon capacity of such channels. At
this point the question arising is whether it is the case for any higher dimensional GU
constellation admitting generating group isomorphic to Z,r. The answer is negative as
we will show in this section. In fact we will provide a whole family of counterexamples
based on the three-dimensional constellations introduced in Example 7 of Section 2.
We will prove that Zsr-capacity of the AWGN channel with input constrained on some
of these constellations is strictly less than the corresponding Shannon capacity, thus
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leading to an effective algebraic obstruction to the use of Zor-codes. This motivates the
investigation of non Abelian group codes for such constellations.

We start by fixing some notation. Let r be an arbitrary positive integer to be
considered fixed throughout this section. We consider the family of three-dimensional
GU constellations Kgr, parameterized by (8 € (0,+00) and defined as

Kéi;:{ < 1+ﬁ2e2’r”“ Vi ) 0,1,...,2T—1}c<C><R:R3.

We recall that the symmetry group of Kgr is isomorphic to the dihedral group Dsr,

and that Kgr admits two non isomorphic generating groups: the cyclic one Zsr and the
dihedral one Dyr—1. Let us fix a standard deviation value ¢ > 0, and consider the corre-

sponding family of Kgr.—AWGN channels (Kzﬁr,R?’, P), with P(y|x) = We

For s =1,...,r we will use the notation Css(3) for the capacity of the K. 5 _AWGN chan-
nel, while C7,, (3) will be the Zyr-capacity of the KgT—AWGN channel, i.e.

2
_ ly==]|
20

We start our analysis by considering the limit case as 3 goes to 0. For g = 0, Kgr
degenerates into an R3 embedding of the 2"-PSK constellation, so that we can extend
our definition of Kgr to the case = 0 in a natural way:

KY = {xk:<e§—”i,0), k:0,1,...,2"—1}c<c><RzR3.

Notice that clearly K. is not a 3-dimensional constellation since it does not span R3.
It is a trivial fact that, since orthogonal components of the additive Gaussian noise are
mutually independent, for every 1 < s < r C3s(0) coincides with the capacity of the Kys-
AWGN channel, i.e. the 2-dimensional AWGN channel with input constrained over the
25-PSK constellation. Thus, all the results of last section hold true for the K9,-AWGN
channel: in particular we have Zor-capacity and Shannon one coinciding, i.e.

Oz, (0) = Car (0) . (3.89)

Similar arguments can be applied, for every given 8 > 0, to the 2"~ !'-th subconstel-

lation
27 - 2 —
{( ﬁgezrl’“,w%g), k=0,1,...,2" 1—1}

which coincides with a 3-dimensional embedding of the constellation

1+,62K2’r‘ 17 ‘. .

the 2" ~1-PSK rescaled by the homotopy z +— /—2=x. This observation, combined with

1+ﬁ
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the equivalence of AWGN-channels with the same signal to noise ratio, and again the
independence of orthogonal components of the Gaussian noise, allows us to apply the
results of the previous section to state that

(r—1)Cas(B) > sCyr—1(B), 1<s<r—1. (3.90)

Thus, for every given § € (0,400), in order to check whether Cor(3) and Cgz,, () do
coincide or not we are only left to compare the two capacities Cor () and Cyr—1(3), i.e.

C7,-(B) = Cor (B) <= (r — 1)Cor (B) < rCor-1(0).

If we now let the parameter 3 go to 400, the constellation Kg approaches an
R? embedding of the 2-PAM modulation, with the 2"~! even labeled points {zo, k =
0,...,29r—1_; } collapsed into the point (0,0, 1), and the odd labeled ones {zay1,...,2" 1 —
1} into the point (0,0, —1). Let us define this limit constellation as

K> = {(0,0,1), (0,0, —1)} .

We denote Shannon capacity of the K*°~-AWGN channel by C(oc) and notice that, for
every finite standard deviation value o, we have

C(o0) >0,

while every subchannel of K trivially has zero Shannon capacity. We now want to
evaluate the limit of both capacities Cor (3) and Cy-—1(/3) as 3 goes to infinity. Intuitively,
as Kgr is approaching K3°, we can expect that respectively Car () Ao C(o0) and

Cys(B) 7220 for every s < r. In fact this is true as can be formally proved in the

following way. We start by noticing that

X, wPli)ls (%) < T F T FPul)s(73)

e€Kb.  z€KD,

2 12
_ 2% S P(ylz)loge <_||y209§|| + Hy%zH >
x,zeKéar
1
e o Plo)gss (<lly— | + (ly — zl| + (|2 — 2[])?)
x,zEKéar
1
w2 Plyle)5es (lly — ol +2lle — 2[]?)
x,zEKéar

1
< 3 > Plyle)3E (lly — =|* +8)
mngr

IN
|~

IN
|~

where the first inequality is due to the convexity of the function z — log %, the second
one to the triangular inequality, the third one comes from the fact that 2ab < a? + b2

63



for every a,b € R, and the last one from the fact that x and z both lie on a sphere of
radius 1, so that ||z — z|| < ||z|| + ||z|| < 2. Since

1 loge
— P
D R

xEKgr.

1 4
(||y —33||2 +8) du(y) =loge <§ + ;) < 40

we can apply Lebesgue’s dominated convergence theorem (see [58]) in order to exchange
the limit and the integral signs in evaluating the expressions limg_, 1 o, Cos(g) for any s <

|ly—z||>
r. By this argument and the continuity of transition densities P(y|z) = ﬁe_ 202

we get

lim Cor(B) = lim Z %/P(y\x)log <%>dﬂ@)

B——+o0 B—+o0 2 LT P
xEKéBT- y 2 ZEXK:éBT (
1 P(yl|z)
= — hm P xr lO E EEEe——————— d
/2? Slim Zﬁ (y|=) g<2% s P | W o
y :EEK2T' ZEKQBT-
1 P(ylz)
= |5 P(ylz)log | +——= 5 |du(y) = C(0)
/ng;oo 5 > Pyl2)
Yy zeK®
and, for every 1 < s <r
25—1
. , 1 P(y|wgr—s;)
Jim Co() = tim [ 53" Plalayog)los | —— 2 | du(y)
y =0 > Py P(ylzor-sp)
25—1
1 . P(y|zgr—s;)
= /gzﬁgrfoofj(y!wzwj)log — dp(y)
y =0 3 > Pylegr—sp)
k=0
P(y|(0,0,1))
= [ P(y|(0,0,1 log<7 du(y) =0
y/ (10.0.0) o ( By ) o)

(3.92)
Thus a continuity argument applied to Cor () and Cor—1(F) implies the existence of
B = B(c) > 0 such that B
Cyr-1(B) < Cor(B), VB>P.
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Figure 3.2: Shannon capacity and Zg-capacity of Kg as a function of 3

As a consequence we have that
Cz, (8) = Cor(B) <= B < . (3.93)

As an immediate consequence of Theorem 6, (3.93) tell us that for every o > 0
algebraic obstructions surely occur for 3 > (3(c). We can conclude that for sufficiently
high -but finite- values of B Zor -codes do not achieve Shannon capacity of the Kgr -AWGN
channel of any arbitrary given signal to noise ratio. We observe that it can be proved
that, for r > 2,

(r —1)Ca(0) < rCy-1(0) .

A continuity argument implies then that 8 > 0, i.e. for sufficiently small -but positive-
values of B, Zor-codes do achieve capacity of the Kgr -AWGN channel.

Figure 3.2 reports the behaviour of Cs(3) and C7z, () as a function of the parameter
B (Montecarlo simulations).

Summarizing, in this section we have provided an example of Abelian G-symmetric
channel -the KgT—AWGN channel for 3 > (- for which G-codes are not sufficient to
achieve Shannon capacity. It remains an open question whether or not for high values
of 3 the capacity of the Kg » AWGN-channels can still be achieved by Dgr—1-codes, i.e.
codes which are subgroups of Dgﬁ,l. Our feeling is that it could be possible: it seems
to us that, roughly speaking, the structure of the dihedral group is more suitable to be

adapted to K§i when /3 goes to infinity, since Dy-—1 contains a binary subgroup with cor-

responding subconstellation { (, /ﬁ, 1/%) , < 1:626%7“, —4/ %) } approach-

ing K* = {(0,1)(0,—1)} as (3 goes to infinity. More in general, one can ask which
geometrically uniform constellations S admit eventually non-Abelian generating groups
G such that Shannon capacity of the S-AWGN channels can be achieved by G-codes.
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3.6 Conclusions

In this chapter we developed a Shannon theory for group codes over symmetric memo-
ryless channels, when the generating group G is an arbitrary finite Abelian group. Our
results generalize the classical theory for binary linear codes over symmetric channels.
The main example we have in mind is the AWGN channel with input restricted over
a geometrically uniform constellation S admitting G as generating group and either
soft or quantized output. We have individuated a new threshold value for the rates at
which reliable transmission is possible with G-codes, which we called the G-capacity
Cq, defined as the solution of an optimization problem involving Shannon capacities of
the channels obtained by restricting the input to some of the subgroups of G. We have
shown that at rates below Cg the average ML word error probability of the ensemble
of G-codes goes to zero exponentially fast with the block length, with exponent at least
equal to the G-channel coding exponent E¢(R), while at rates beyond C¢ the word error
probability of any G-code is bounded from below by a strictly positive constant. We
have proved that for the AWGN channel with m-PSK constellation as input (and m the
power of a prime) the G-capacity C¢ does coincide with the Shannon capacity C, so that
in this case we have shown that reliable transmission at any rate R < C' can in fact be
reached using group codes over Z,,. Finally we have exhibited a counterexample when
Cq < C': it consists of the AWGN channel with as input a particular three-dimensional
constellation admitting Z,, as generating group.
Among the still open problems we recall:

e giving a full proof that Eqg(R) is tight for the average G-code, and analyzing the
error exponent of a typical G-code from the ensemble;

e studying new geometrically uniform constellations;
e extending the theory to non-Abelian groups.

Especially last point seems to us a great challenge for future research.
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Chapter 4

Typical minimum distances of
Abelian group codes

4.1 Introduction

In this chapter, we investigate the minimum Bhattacharyya-distance properties of Abelian
group codes on symmetric channels. It is well-known [30] that the typical binary linear
code achieves the Gilbert-Varshamov bound on the minimum Hamming distance. It is
also known that the typical random code does not achieve the GV bound [4]. Analogous
results are known for the typical error exponent: the linear-coding ensemble achieves
the so-called expurgated exponent [71] with probability one, while the random coding
ensemble is bounded away from it. Therefore, not only is the linear-coding ensemble
capacity achieving on any BIOS channel, but in fact it is superior to the random coding
ensemble in terms of the performance of the typical code.

We have seen in Chapter 3 that Abelian group codes allow to achieve capacity on
a large family of symmetric channels, even if not for all of them. Here we will analyze
the typical performance of Abelian group code ensembles on symmetric channels, and
in particular study the behaviour of the minimum Bhattacharyya distance. Rather
than presenting a general theory, we will focus on specific example, the 8-PSK AWGN
channel, containing most of the key ingredients of the general situation. Three different
code ensembles will be analyzed: the random coding ensemble, i.e. the set of all possible
codes (with no algebraic structure requirement), the Zg-code ensemble consisting in the
set of all subgroups of Zg, and the binary affine code ensemble consisting in the set of all
codes which are affine subspaces of Z3". All the three ensembles achieve the Shannon
capacity of the channel. While, analogously to the binary case, the random coding
ensemble does not asymptotically achieve the GV bound with probability one, we will
prove that almost surely a random Zg-group code sequence achieves the GV bound. We
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will also show that almost surely a sequence of binary affine codes has minimum distance
asymptotically bounded away from the GV distance.

Analogous results could be obtained for the error exponent which (at low rates) is
larger for a typical Zg-code sequence than it is for a typical binary affine code sequence
or for a typical code sequence sampled from the random coding ensemble. This stands in
contrast with the results obtained for the average error exponent, which is larger for the
random coding ensemble and for the binary affine ensemble than it is for the Zg-group
code ensemble: hierarchies are reversed! The paradox can be easily explained by the
fact that the average case analysis only gives a one side estimation of the performance
of a typical code (thanks to Markov inequality). However ensemble performance may
fail to concentrate around its expected value, and in this case the average case analysis
ends up to be too conservative in estimating the error exponent.

The rest of this chapter is organized as follows. In Sect. 4.2 three capacity-achieving
ensembles for the 8-PSK AWGN channel are introduced: the random coding ensemble,
the Zg-code ensemble, and the binary affine ensemble. In Sect. 4.3 we analyze the
typical asymptotics of normalized minimum distance of the random coding ensemble:
these results are standard generalizations of the binary case. In Sect. 4.4 we study the
normalized minimum distance of the Zg-code ensemble: although the results obtained
generalize the ones known for the binary linear ensemble, this generalization is non-
trivial. In Sect. 4.5 we characterize the asymptotics of the normalized minimum distance
of the binary-affine ensemble: the results presented are new, at to our knowledge.

4.2 Three capacity-achieving ensembles for the 8-PSK-AWGN
channel

Throughout this chapter we will restrict ourself to considering transmission on the 8-
PSK AWGN channel. As usual, since the channel is Zg-symmetric, we will identify its
input Zg with Zg itself. For every design rate R in (0,log8) and N in N, define

R:=log8 — R, L := al N| .
log 8

We will analyze three code ensembles, defined as follows:

1. let Sﬁ be a random subset of ZY, such that the events {ac € Sﬁ}, for z in ZY,
are independent each having probability 8%; the random coding ensemble of rate
R is the sequence of random codes (Sﬁ); 1

In Chapter 2 the random coding ensemble was constructed in a different way. However, the two
constructions are very close to each other and in fact they share all the fundamental properties studied
in this chapter.
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2. let @ﬁ be a random variable uniformly distributed over hom (ZN , Zé), the set of
all group homomorphisms from Z3 to Z¥. The cyclic group code ensemble of rate
R is the sequence of random codes (’Z' ]\1? := ker @ﬁ).

3. let n : Z3 — Zg be an arbitrary bijection; for every N let ny : Z;’N — XN denote its
componentwise extension. Consider a random variable \Ifﬁ, uniformly distributed
over Hom (Z3",Z3"), the set of Zy-linear maps from Z3" to Z3F. Moreover, let
Zx be a random variable uniformly distributed over Z3%, independent of \Il]}\%,. The
binary affine code ensemble of rate R is the sequence of random codes (Z/{ f\?), where
U ]1\? is defined as the image through ny of the preimage of Zn through \Ifﬁ,: 2

Ul .=y ((qfﬁ)‘l ZN> . (4.1)

The fact that the random coding ensemble as defined above achieves capacity follows
from the mutual independence of the events {:c € Sﬁ} for x € Zév , by an adaptation
of the standard averaging random coding arguments. More precisely such an argument
allows to show that

E [p.(S)] < exp(~NE(R)), (4.2)

so that, once fixed a design rate R below the capacity C, the average error probability of
the random coding ensemble (S ﬁ) approaches zero exponentially fast in the blocklength
N. Moreover from the independence of the events S it follows that the arguments of
[32] can be applied showing that (4.2) is exponentially tight for the average code, i.e.

Jg&—%logla[ (SN = E(R). (4.3)

Similar arguments apply to the binary affine ensemble defined by (4.1). Here, for
any x in Zév , the event A, := {:c € L{ﬁ} has probability 8 %. Moreover, arbitrarily
choosing three distinct N-tuples &1, 3 and x3 in Z%', it is possible to show that the
events Ay, for i = 1,2,3 are mutually independent. Then, all the considerations made
above can be repeated concluding that

E [pe )] < exp(-NE(R)),  lim —logE [pllf)] = B(R). (4.4

Finally, the fact that Zg-code ensemble achieves capacity follows from Theorem 16
of Chapter 2. In particular we have seen that the average error probability can be
upperbounded by a term exponentially decreasing in the blocklength

Pe(T') < exp(—NEz,(R)).

2 An alternative way to sample the binary affine ensemble consists in considering a r.v. Vy uniformly
distributed over Z3" and independent of ¥%. Then, ker U¥ + Vi and (Q’ﬁ)f1 Zn can be shown to be
identically distributed.
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The exponent appearing in the righthand side of the above inequality is given by
Ez¢(R) := min {Es(R), E4(3R), E2(%) }

with E4(3R) and E»(%) respectively denoting the random coding error exponents of the
AWGN channels with input restricted over the 4-PSK and the 2-PSK modulation.

Thus, the average error exponents of respectively the random kernel ensemble and
the binary affine ensemble both equal the random coding ensemble Eg(R), while the error
exponent of the Zg-linear ensemble is given by Ez,(R). We have observed in Chapter
3 that, while E7z,(R) and Eg(R) do coincide at rates close to capacity, the former is
strictly less than the latter at lower rates; in fact it coincides with the exponent Eg(%R)
of the binary subchannel. In other words, even if algebraic constraints do not affect
the capacity achievable by Zg-codes over the 8-PSK AWGN channel, they do lower the
average error exponent achievable by the Zg-linear ensemble of codes.

If fact, as a consequence of the results presented in the sequel, we will see that the
above claim is misleading. Indeed, it refers to the performance of the average code
rather than to the performance of the typical code sampled from the three ensembles.
While a first order method can always be used to guarantee that the error exponent of a
typical code sequence is always bounded from below by the average case error exponent,
this bound can fail to be tight. Indeed average performance of code ensembles can be
affected by asymptotically vanishing fractions of bad codes. This generally observed
phenomenon can cause the average-case analysis to be conservative in estimating error
exponents. In this case so called expurgation techniques can be used to obtain the exact
error exponent of a typical code sequence.

The main results of this chapter concern the typical asymptotic behaviour of the
normalized minimum distance of the three ensembles. In particular we will characterize
the almost sure limit of the three random sequences. It will be shown in the following
sections that:

e for the random coding ensemble with probability one the sequence %dmin(éﬁ)
converges to dg(2R), the Gilbert-Varshamov distance corresponding to twice the
design rate;

e for the cyclic group code ensemble with probability one the sequence %dmin(’fj\}f)
converges to the Gilbert-Varshamov distance dg(R);

e for the binary affine code ensemble (with an arbitrary labeling 7 : Z3 — Zg) with
probability one the sequence %dmin(Uﬁ) has minimum distance asymptotically
strictly between 6V (2R) and 6%V (R) (see Sect.4.5 for a precise characterization).

Therefore hierarchies for typical normalized minimum distances are reversed with respect
to those for the average error probability. The typical Zg-linear code has larger minimum
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Figure 4.1:

distance than the typical Zs-affine code, which in turn has larger minimum distance than
the typical random code.

4.3 The minimum distance of the typical random code

In this section we will prove that with probability one the normalized minimum Bhattacharyya-
distance of the random coding ensemble converges to 6V (2R), the GV bound corre-
sponding to twice the rate. Although this is an extension of known results for binary
codes [4], we present here a proof, since it allows us to present some techniques which
will be used in the following sections.

For any 9 in the set of joint types P(Zg x Zg), we denote the number of ordered
pairs of elements of the random code Sﬁ, of joint type 9 by

SE(9) .= ((Zg x Zg)N 0 (SE x 5}3)‘ :

Observe that the minimum distance of the random code S ﬁ is a function of its joint-type
enumerating function Sﬁ,:

dmin (S¥) = min{A(z,2) | z # z € S{}
= Nmin {(9,A)| & € P*(Zs x Zg) : SE(I) >0},

where
P*(Zg x Zg) := {9 € P(Zg x Zg) | Iz # z : ¥(z,z) > 0}

is the set of joint measures whose support is not contained in the diagonal set {(z,z)}.
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It turns out that the typical asymptotic spectrum of the RCE can be characterized
as explained in the following series of results. The first of them concerns the average
value and variance of the joint-type enumerating function Sﬁ,. We will use the notation
7T71¢’l9(l‘) = >, 9(z,y), wiﬂ(y) = > .9%(z,y) in P(Zg) for the marginals of a joint
measure ¥ in P(Zg x Zg).

Lemma 28 For every ¥ in Py (Zg x Zg) we have

E [S8(9)] = < ]év 0) 8% , (4.5)

v 5800 = () g+ 2(00) 5t ( (o) + (o) ) 49

Proof Fix a pair (z,z) in (Zg x Zg)g. Since ¥ is in P* (Zg x Zg), it follows that
necessarily  # z. Then, the events {x € SE} and {z € S} are independent so that

P(xeSN,z€SN)=P(xecSF)P(z€S) = 8%'
It thus follows that
ESFO) = E|Y(ose(nzy Laesg) zest})
= Llese@sxz)) P(TESK2€8)) = (]ffi?) 82% ;

showing (4.5). Let us turn to estimate the variance of SR(99). We have
R —
Var [SN(’&)] = Var [Z(w,z)e(ZsXZs)g ]l{a:ESR,zESﬁ}]
Z(w,z),(w’,z’)e(ZsXZs)g Cov 1{m€8§,z€8§}’l{m’éSﬁ,z’ESﬁ}] :
Consider two pairs (x, z) and (2, 2') in (Zg X Zg)g. Since, as already observed x # z,

then
2 < Hm,z,m’,z/H <A4.

If {z,z,a',2'}| = 4, then the events {x € S§, z € S¥} and {2’ € S§, 2’ € SL} are
independent and therefore

Cov {ﬂ{mesﬁ,zesj{‘}}’ l{m’esﬁ,z’esj{‘}}] =0.
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If instead |{x, z, ', 2’}| = 2, then necessarily @’ =z and z = 2’ or ' = z and z = &'
In both cases

1 1
Cov ]l{meSR,zeS}(‘}}’ ﬂ{m’esﬁ,z’esﬁ}} = Var []l{:z:GSR,ZGSﬁ}] ~ 2L <1 - 82—L> :
As there are at most 2(]\],\719) such choices of pairs (x, z) and (z/, 2’) in (Zg x Zg)g, their

contribution is taken into account by the first summand in the righthand side of (4.6).
Finally, we consider pairs (x, z) and (', 2') such that |{x, z, ', 2’}| = 3. In this case

1
R
Cov |:]l{w,z65§}’l{w’,z’65§}] < ]P)(ZU,Z,:I}/,Z/ c SN) = 83—L .

We claim that there are at most 2( ]\],\29)2 (( N )_1 + ( N )_1> such choices of pairs

NT(;l#,:’l? N7r2#19
(z,z) and (2,2') in (Zg x Zg)§. Indeed, once fixed (x,z) (there are (A],Vﬂ) different
possibilities), for [{z,z,2’, 2'}| = 3 it is necessary that either ¥’ = x, or &’ = 2z, or
-1
z' =, or 2/ = z. There are (]f,vg) (N%“?) different choices of (&', 2') in (Zg x Zg)g

with ' = =, (]\],Vﬂ) (N%ﬂ)_l choices with 2z’ = z, at most (]\],Vﬁ) (N%ﬁ)_l with 2/ = @

-1 . .. . .
and at most ( ]\],V 19) ( N% 19) with ' = z. This justifies the second summand in the

righthand side of (4.6). [ |

Now, a first-order method allows us to prove that, almost surely, pairs of codewords
of any joint type 8 whose entropy is below 2R exist only for finitely many values of V.

Proposition 29 For every rate R in (0,log8) and ¢ > 0 we have that with probability
one there exists some Ny in N such that

SR =0, VIeP* (ZgxZg): HY) <2R—ec, YN >N,. (4.7)

Proof Consider a type 9 in P* (Zg x Zg) such that H(9) < 2R. From (4.5) it follows
that for every IV

E[SE(9)] < < o ﬁ> qar < exp (N (H()  2R)) < exp(~<N),

with the first inequality above holding as an equality iff ¢ belongs to Py (Zg x Zs). For
every N define the events

Ap = {SRm) =1}, Ay= |J 4%
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We have
P S > P(AR) < Y E[SEW)] < [P (Zs x Zs)| exp (—eN) |
H(9)<2R—e¢ H(9)<2R—¢

the first inequality above following by a union bound estimation, the second one from
Markov inequality, the third one from (4.5). Since |Pn (Zg X Zsg)| grows polynomially
fast in N, we have

>N P(AY) < XN PN (Zs x Zs)| exp(—eN) < 400

Then, an application of Borel-Cantelli lemma implies that with probability one the event
Af; occurs only for finitely many values of N in N. |

The following can be considered as a partial converse to Proposition 29. Its proof is
based on an application of the second-moment method.

Proposition 30 For a design rate R in (0,log8), let ¥ in P (Zsg x Zg) satisfy
H(W) >2R,  H(ryd) >R, H(m9)>R. (4.8)

Then for every sequence (9y) in P (Zg x Zg) converging to 4, with Oy in Py (Zg x Zg)
for every N, with probability one

INy N : SRWN)>1, VN>N,. (4.9)
Proof From Chebyshev inequality and Lemma 28 it follows that
Var SR 9 82L 82L 82L
P(S]I\%f(ﬂN)ZO)S [RN( N)2]§2 A T SR
E [SF(¥N)] (wo) (Nn;@) (Nwim?)
Then
1 1 8%k st 8k
limsup — log P (S]}\%,('&N) =0) < limsup— log vt~ *t ~
Nen N Nen N (o) (N@@N) (NwiﬂN)
= max {2R — H(9), R—H(ﬂ'#'ﬂ) , E—H(Wiﬂ)}
< 0.
Therefore Y\ P(S¥(9n) = 0) < 400, and Borel-Cantelli lemma implies that (4.9)
holds with probability one. |

We are now ready to prove the main result of this section.

Theorem 31 For every design rate R in (0,log 8)

. 1
P < lim = duin (S¥) = 5GV(2R)> =1 (4.10)
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Proof For every ¢ > 0, it follows from Proposition 29 that with probability one there
exists Ny such that

dmin(SN) > Nmin {9 € P (Zs x Zs) : H(®W) >2(R—¢)}, VN> N,.
Therefore,

CE 1 R GV
P <11]I\1[1€1nf N dmin (SN) 0“V (2R + €)> 1, Ve >0.

It thus follows from the monotonicity and continuity properties of ¢V (R) that

P <li]13[1€il{]1f % dmin (SK) > 5GV(2R)> = P{liminf %+ din (SE) > lim V(2R + 1)
= P(N {liminf%dmm (SK) = 6%V (2R + %)})
kEN NeN
. . 1 1
= Ilflél]\l]]? <h]13[1€11§1f ~ dmin (Sﬁ) > 0V (2R + E)>
= 1.

Let us now turn our attention to proving that

P <1im sup e dmin (SK) < 5GV(2R)> =1. (4.11)
NeN N

Fix an arbitrary € > 0, and let 8. in P (Zg) be such that
SCV(2R —¢) = (0.,0),  H(H.) >1log8 —2R+=¢.
Then, define ¥, in P (Zg x Zg) by
Ve (z,w) :zé@a(w—x), Vw,z € Zsg.

It is easy to verify that both the marginals 7731@&195 and 7732@&195 coincide with the uniform
distribution over Zg, while the conditioned measures are shifted versions of 0.:

195|{m}><Z§(') =0-(-—x).

Hence,
H (r}9.) = H (759.) =log8 > R+¢,
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and from (7.3) we have

H@) = H(w40.) + Soen, 0 @) H (9:] o)1)

= log8+H(6,)
> 2log8 —2R +¢
= 2R +e¢.

Since Py (Z3 x Z3) is dense in P (Z3 x Z3), there exists a sequence of joint types (9y)
converging to 9. and such that, for every N, 95 belongs to Py (Z%’ X Z%) It follows
from Proposition 30 that with probability one S{(9y) > 1 definitively in N. Moreover

(U, A) = Zz,zéZg Ve (7,2) A (z,2)
= Zx,zEZS %08(2 - .Z')(S(Z - ‘T)

= (087 6>
= 09V (2R ).
Therefore
P <lim sup idmin(‘s}l\?) < V(2R — €)> (hm sup — dmm(SN) < lim (9, A}) =1.
Nen N Nen N NeN

Then (4.11) follows from the arbitrariness of ¢ > 0 and the continuity of the GV-distance
6%V (2R) as a function of R. [ |

4.4 Minimum distance of the typical Zg-code

In this section we will prove that the normalized minimum Bhattacharyya-distance of
the Zg-code ensemble converges almost surely to the GV distance. In other words, a
typical Zg-code sequence asymptotically meets the Gilbert-Varshamov bound. In Sect.
4.4.1 we will use a first order method to prove that the GV distance is a lower bound on
the asymptotics of a typical realization of the sequence (% dimin (’T A’,%)) In Sect. 4.4.2
instead, we will apply a second order method in order to show that the GV distance
also gives an almost sure upper bound on the limsup of the same random sequence.

Recall from Section 2.5 that the minimum distance of a Zg-code is a function of its
type-enumerating function. If we denote the type-enumerating functions of the Zg-code
ensemble by

TR . P(Zs) — 2+,  TH®) ;:‘( N A ker &% (

we have
dwin (73) = Nmin {(0,8) | 6 € P(Zs) \ {do} : TH(6) > 1} .

76



4.4.1 A lower bound on the typical asymptotic minimum distance

A first step in our analysis consists in evaluating the average value and the variance of
the random variables S{(0). It is convenient to introduce the following function:

8
ged(supp(0)) -

In other words for a Zg-type 6, 1(0) equals the order of the smallest subgroup of Zg
supporting 8. Observe that the function [ takes values only on the set of divisors of 8.
Moreover it is lower semicontinuous since it jumps to lower values when approaching
Zg-types supported on smaller subgroups of Zg.

The following result motivates definition (4.12).

1:P(Zs) =R,  1(6) := (4.12)

Lemma 32 For any x in Zév, the random variable @ﬁw is uniformly distributed over
the subgroup %Zé, with @ = vz, (x) denoting the type of x.

Proof Let (§;) fori =1,..., N be the canonical basis of Z{. If we write & = Zf\il x;0;,
we have that x; belongs to %Zg for every ¢, and there exists some ¢* such that

ged(x=,8) = %. Since {<I>R5Z-, 1<3: < N} is a collection of i.i.d. random variables

umformly distributed over ZZ, it follows that :L"Z-*<I>]}\%,5Z-* is uniformly distributed over
l(e) Zg, and is independent from the r.v. Zi#* (L-(I)ﬁei which itself takes values in

l(%) Zk. Then, for every z in G )Zg we have

]P’(@ﬁ:c =z) = Zyel(a)ZL P (a:, <I>N5 =z, Zi#*wi@ﬁéi = y)

= Zyel(a)ZL z(e)LP (Zi?ﬁi*wiq’N‘si = y) = z(el)L )

which shows that @ﬁw is uniformly distributed over %Zé . |

The following is an immediate consequence of Lemma 32.

Lemma 33 For every design rate R in (0,log R) and 0 # &y in Pn(Zs), we have

E[13(6)] = <]ffvt9> I ol)L

Proof By the linearity of the average operator

xe(Zs)) x€(Zs)y
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Observe that as a consequence of Lemma 33 we have

E [TH(8)] < exp <N [H(E)) . ;(g)ED , (4.13)
Jim. %ng [TE(6)] = H(6) — lolié;(g)ﬁ,

for any Zgs-type 0 in Py(Zg). For every t in [0, log 8] define the set

Ay = {0 e P(zs) : 1(0) - £ > 0} .
From the continuity of the entropy function H(0) and the lower semicontinuity of () it
follows that A, is closed in P(Zsg). Moreover it is nonempty for every ¢ < log 8. Therefore,
Lemma 64 can be applied showing that the function ¢ — min {(0, ) | 0 c At} is lower
semicontinuous over the interval [0,log8]. Furthermore, observe that from (4.12), for
every design rate R in (0,log 8) we have

A = {1(6) =8,H(6) >R} U {I(6) =4,H(0) > 2R} U {I(6) = 2,H() > 1R}

N

{H(6) > R} U {supp(8) C 2Zs ,H(0) > 3R} U {supp(e) C 475 H(8) > ?} .
It follows that
min {(0,6) |6 € Az} > min {ds(R),04(3R),52(3R)} , (4.14)
where 6%V (R) is the 8-PSK GV distance, while
64 (3R) := min {(6, 8) | supp() C 2Zs, H(0) > 2R} , 0<t<log4, (4.15)

8> (3R) := min {(6,8) | supp(f) C 4Zg, H(P) > 1R}, 0<t<log2, (4.16)

are the GV distances associated to the subconstellations 4-PSK and 2-PSK respectively.
Notice that a standard continuity argument may be used to show that (4.14) is actually
an equality. Using a first order method based on (4.13) and inequality (4.14) it is
possible to prove the following almost sure lower bound on the asymptotical normalized
minimum distance of the GCE.

Theorem 34 For every R in (0,log8), with probability one

U .
liza inf Ndmm(z@) > min {ds3(R),04(3R),52(3R)} . (4.17)
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Proof Let us fix an arbitrary 0 < ¢ < R and define B, := P(Zg) \ Ap_.. For every N,
from Markov inequality and (4.13) we have

P (Ugep. {9n(0) 21}) < S E[Sn(0)]
0cB.NPy (Zs)

Hlogl(6
GeBsr%;N(Zg)exp (N(H(o) _R ig(g)))
< |Pn(Zs)|exp(—Ne).

IA

Define f(t) := min {(6, 5>| 6 € A;}. It follows that

> P(duin(TH) < NF([R - ) < 3 [P (Zs)] exp(—Ne) < +o0,
N N

and Borel Cantelli lemma implies that {%dmin(73) < f(R —¢)} occurs only for finitely
many values of N. Then, for any ¢ > 0, liminf % dmin (737%) > f(R — €) almost surely.
From the monotonicity and the semicontinuity of f it follows that

P (lim inf % dmin (T]\I,%) > f(ﬁ)) = P (lim inf ;v % dmin (’T ) > limy, f(R — %))
FER-})

= P (mkEN {lim inf v % dmin ( )

Finally the claim follows from (4.14). [ |

The final step of the present section consists in showing that the minimum on the
righthand side of (4.17) is in fact given by the 8-PSK GV distance 6%V (R). This is
proved in the following.

Proposition 35 For every design rate R in (0,log8)
02(3R) = 04(2R) > 6V (R), (4.18)

Proof Thanks to the convexity property of the entropy function we can rewrite the
Gilbert-Varshamov distance as

1
ds(RR) = (01,9), 0y = me_Aa, Z(A) = Z e_)“s(ﬂﬁ)7
r€Zg

where the Lagrangian multiplier A > 0 solves the equation H (8,) = R. Similarly, it is
possible to write

5(4)e*20()

. Za(hg) =14 e 20
7200 2(A2)

5y (LR) =

Wl
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where Ay > 0 solves H (Zg()\g)_le_AQ‘s(‘l)) = %E, while

5 (2R) = (exp(—A4d4), 84) Zi) = 3 e

Z4()\4) 7 APV

where d4 denotes the restriction of the Bhattacharyya weight & to the subgroup 2Zg,

and Ay > 0 solves H (Z4(A4)_1€_>‘454) = %E-

Simple geometrical considerations based on Pythagoras theorems allow to show that

5(4) = 28(2) = 26(6)

and

(1) =68(7), 83)=5(5), (1) =d(4) —8(3) < -8(4).

It follows from (4.19) that

Z4(25) = (1 n 6—255@))2 - (1 n 6—85(4>)2 = (Zy(s))?,  V¥s>0.

o—h28(4)
Define a := ———— . It follows from (4.19) and (4.21) that
Zs(A2)
—226(0) “208(2) . —2X5(6)
€ = 1 5 = (1—a)2, c ¢ =a(l—a),
Z4(2)\2) (Z2()\2)) Z4(2)\2) Z4(2/\2)

Then R
H ((24(2)\2))_1 6_2)‘254) —2H(a) =2H (W) :

so that 2Ao = A4. Therefore,

(exp(—)\454), 54>

04 (%R) = Z1(\)

= a25(4)+2a(1—a)6(2) =ad(4) =

Z5(A1/2)

thus showing the equality in (4.18). It remains to show the inequality in (4.18). In order

to do that we introduce the Zg-type 6 defined by

6(0) == (1—a)*,  6(1):=06(2) == 6(7) == a(l — ),
0(4):=a’,  0(6):=0(5) :=0(3) := a*(1 - a).
It is straightforward to verify that
H()=3H(a) =R

A
d(4)e” 794 B

(4.19)

(4.20)

(4.21)

e—2\28(4)
Z4(2X2)

2

= .



Moreover, it follows from (4.19) and (4.20) that

(0,0) = é §(x)6(x)
= ( )+ 2a2(1 —a) (6(4) — 6(1)) + a(l — a) 5(4) +2a(1 — a)?8(1)
(4)3 (—20% + 3a+ 1) —|—a6(1)2 (1+2a%— 3a)
U () (260) ~ 36(0) (202 — 30+ 1)
< a,

last inequality following from (4.20) and the fact that 2a? —3a+1 > 0 for every a > 0.
It follows that X
§9V(R) < (0,8) < ad(4) =65 (3R) ,

thus concluding the proof. [ ]

An immediate consequence of Theorem 34 and Proposition 35 is the following.

Corollary 36 For every design rate R in (0,log8) we have
. R Gv
P <11n}vlnf N dmin (TN) >0 (R)) =1.

We observe that the geometry of the particular signal set 8-PSK plays a role only in the
proof of Proposition 35. The rest of the derivation remains true for any Zg-symmetric
channel and can in fact be generalized to Abelian group-code ensembles.

4.4.2 An upper bound on the typical asymptotic minimum distance

In this section we will prove the tightness the bound shown in Theorem 5. A second
moment method will be used, and the key point consists in estimating the variance of
the type spectra {T5(6)}.

In order to do that, we need some preliminary considerations about the structure
of the product set (Zg)e X (Zg) 0 in Pn(Zs) being some Zg-type. Let m = [(6) be
the order of the smallest subgroup of Zg supporting 6, and consider two non necessarily
distinct N-tuples  and z both belonging to (Zg)év, i.e. having type 6. Let < x >,
< z > and < x,z > the subgroups of Zév respectively generated by @, by z, and by
x and z. It is easy to realize that both < > and < z > are isomorphic to %Zg.
Moreover the following diagram commutes

j
<z> & <zz>
L Tf

8 J2 g 8
EZS — EZg D EZS
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where:
o i:<x>— g, i(ax) = o is an isomorphism;

o ji1:<x>—< T, z>, jiax) =ax, and jo 1 SZs — STy SZg, jo(k) = (k,0)
are the standard injections;

o f: %ZS D %Zs —< @,z >, f(a,b) = ax + bz, is surjective.

It follows that < «, z > contains a subgroup isomorphic to %Zg and is itself isomorphic
to a subgroup of %Zg <) %Zg. An immediate consequence is that < x, z > is isomorphic
to a group of type %Zg &) %Zg for some h dividing m (possibly h = 1 when & = w). It
is then possible to partition the set of ordered pairs of N-tuples of type 0 as follows:

(Zs)g x (Zs)g = |J Awnen, (4.22)
hli(6)

with Ay g5 denoting the set of all pairs (z, z) in (Zg)év X (Zg)g such that the subgroup
< x,z > generated by x and z is isomorphic to %Zg ® %Zg. The following lemma
provides an estimation of the cardinality of Ay g 5, with h ranging over the set of divisors
of 1(0). For a subset A of a finite set B and a probability measure p in P(B) such that
p(A) > 0, we use the notation p|4 for the conditional measure in P(A) defined by

pa(a) = 0(A)"10(a).
Lemma 37 For every N, 0 in Py(Zsg), and h dividing 1(0), we have

|Ano.n] < 4(;\[0) H (Nief\ri > , (4.23)

-, 8
1<i<8/h: i+ 2Ls
6(i+%52s)>0

where N; := N (z + %Zg) 1s the number of entries from the coset i+%Zg i any N -tuple
of type 6.

Proof Let x and z be in (Zg)év . A necessary condition for the subgroup < x,z > to
be isomorphic to %Zg @ %Zg is the existence of some « in Zg such that

—hax +hz=0. (4.24)

For (4.24) to hold, necessarily z has to belong to ax + %Zév . Thus, whenever (4.24)
holds, the set of positions of the entries of & belonging to any coset i + %Zg and the set
of positions of the entries of z belonging to the coset ai + %Zg need to coincide, i.e.

o (i+8Zg) = 27" (i + 3Zs),  Vi€EZs. (4.25)
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Notice that since both & and z are assumed to be of type 6, (4.25) in particular implies
0 (i+3Zs) =0 (ai+3Zs), VielLs. (4.26)

For those « for which (4.26) is not satisfied there exists no pair (z, z) satisfying (4.24).
Thus, with no loss of generality we can restrict ourselves to considering values of o such
that (4.26) is satisfied (as it is the case always for o = 1).

Notice that a necessary and sufficient condition for £ and z both to belong to (Zg)év
is the existence of an index permutation o : {1,..., N} — {1,..., N} such that ox :=
x oo~ ! = z. Equation (4.25) can be read as a constraint on the structure of o, which
has necessarily to be of the form

0'20'100'20...00'8/h

0 Gam- (4.27)

In (4.27) 64,2 is the index permutation mapping, for every coset i + %Zg, the smallest
element of &~ (oz_li + %Zg) in the smallest element of ! (z + %Zg), the second small-
est element &~} (a‘li + %Zg) in the second smallest element of z~! (z + %Zg), and so
on. For every coset i + %Zg instead, o : {0,...,N} — {0,..., N} is any permutation
such that

ol(j)=j, Vjie{l,...,N}\z! <z’+ %Zg) . (4.28)

Thus, for a given  in (Zg)]ev and « in Z§ such that (4.26) is satisfied, we have that
the number of z in (Zg)év satisfying (4.25) equals the cardinality of the orbit of 64,
under the action of the group of index permutations

G® = {s=0'oo?0...00%" . (428)Vi=1,..., 8},

Saled

Clearly the order of this group is |G ® ‘ = f/ }i N;!, while the cardinality of the stabilizer
of oz in G®) is ‘Stab (aa 2, G )‘ = [[;—; (VO(i))!, so that the orbit of G4 in
G® has cardinality |O (G( ,aa,macﬂ = 8/hN 1/ HZ L (NO())! = Hg/h ( Ni ).

Nio‘i‘F%ZS
This allows us to estimate the cardinality of Ay g5 by
8/h
N N;
Anonl < |72 ‘ @) G0 g (:4 ).
[Anvenl <125 > |0 (G 0 m) NO H T
mE(Zg)éV i=1 B8
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Lemma 38 For every N in N and 0 in Pn(Zs)

wrtrto) <i(30) () £ () oty ): o

i=1 H— Z
h<(6)
for N; defined as in Lemma 37.

Proof Let x and z in (Zg)év be two N-tuples of type 8. We claim that if < @,z > is
isomorphic to %Zg D %Zg, then the pair (@ﬁw, @ﬁz) is uniformly distributed over a

subgroup (Z%)L which is isomorphic to (Zg <) %Zg)L. To see this, notice that for every
1 < j < L the image of the evaluation homomorphism

U, hom(ZY,Zs) — 23,  W;(®) = (dx, Dz2)

coincides with < (z;, 2;) >1<i<n, i.e. the subgroup of Z% generated by {(zi, z;) hi<i<n.
It thus follows from Lemma 10 of Chapter 3 that each pair ((®%z);, (®X2);) is uni-
formly distributed over < (z;,2;) >i=1,..n. Moreover the r.v.s ((®nx);, (Pnz);) for
j = 1,...,L are mutually independent. Notice that < (z;,2;) >;=1,.. n is isomorphic
to the subgroup < x,z > of ZL generated by a: and z, which, as previously observed,
is itself isomorphic to a group of type G )Zg ® Zg Recalling the partition (4.22), wi
have that, whenever the pair (x, z) belongs to A N,0,h, the joint probability that both x
and z belong to ker @ﬁ is given by

L
P(®Rz=0,0F2=0) = (ﬁ) (4.30)

It follows from (4.22), (4.23) and (4.30) that

Var [T]{}(E))] = Z COV |:]l{<I>R;1;:0} ]l{qDRz:O}:|
w,wE(Zg)é\r
= X > P(@Fz=0,08z=0)-P(2Fz=0)P(2Fz=0)
h|l(0) (z,2)EAN 6,

= 3 |AN9h|<hLl QR W)

h|i(8) /
8/h
< Z 4 N H N; ]
hli(8) (vo) (N’G‘W%Zs)
h<1(6)
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For every h dividing 8, consider the projection 7" of Zg onto the quotient group
Zs / 87, defined by

Th($)=y+%Z8 & :E€y+%Z8,

and, for every 0 in P(Zg) denote by Ty hgin P (Zg / %Zg) the image measure under 7"
As an immediate consequence of Lemma 33 and Lemma 38 we have

_ 8/h
1 Var [S)] , 1 <N>1 <1(9)>L ( N; )
limsup — log | ————2= < limsup —1lo —
ven N g(E[sg]Q = e N % \ve h%) v ) Uina,,.

Z-‘rng
h<1(6)
log 1(6)/h 5 Sk 8
= max 5 R—H(0)+Z;0(z+EZ8)H<0|Z.+%ZS)
h<1(6)
log 1(8)/h—
_ N R (0 Y
s { oa R H (7 0)
h<1(6)

(4.31)
The following result shows the tightness of the almost sure lower bound of Theorem
34. Its proof relies on relies on an application of the second order method and the key

point consists in showing that the Zg-type 0 %wmg the GV-distance can be approximated

by Zsg-types 6. such that H (Tgﬁ ) logfggg /MR for all h = 1,2,4.

Theorem 39 For every R in (0,log8),
1 _
P (lim SUp — dmin (’T]\};) < 5GV(R)> =1.
NeN N

Proof Let us fix an arbitrary ¢ in (0, R) and denote by 8 = O(R — ¢) the Zg-type
achieving the GV distance dg(R — €), i.e. such that ds(R —¢) = (0, 9) and

H(0) >R +e¢. (4.32)

We can express 6 as 6 = (ZZ‘EZg e_)“s(x))_l e~*9 where the Lagrangian multiplier \ is

the unique positive solution of the equation H (@) = R + . Notice that supp(8) = Zs,
so that in particular /(@) = 8. Also, observe that (4.19) and (4.20) imply that 6 has the
following ordering

0(0)>6(1)=06(7)>6(2)=06(6)>0(3)=6(5) >06(4). (4.33)
Define
Ay :={0,1,7,2}, By :=1{0,1,6,3}, Cp :=1{0,5,6,7},
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and let Ay, By and C; be the complements in Zg respectively of Ag, By and Cy. It
follows from (4.33) that

0(Ao) > 0(2Zs) , 6(Ao) > 6(2Zs + 1),
0(By) > 6(27s), 6(Bo) > 6(2Zs + 1), (4.34)
0(Co) > 6(2Zs), 6(Co) = 0(2Zs +1).

Moreover, it is easy to check that |A, N B, N C.| = 1, for every choice of (a,b,c) in
{0,1}%. Thus, f : Zg — {0,1}3, where f(x) = (a,b,c) if and only if z is in A, N\ BN C,,
is a bijection. Then, from (7.3), (7.5) and (4.34), it thus follows that

H(6) = H(f46) > H(6(Ao)) +H(8(Bo)) + H(6(Co)) > 3H (6(2Zs)) = 3H (7,6) . |
(4.35
Let us now introduce the sets D := {0,2} and E := {1,7}. We have from (4.33) that
6(D) > 6(47), 6(D) > 6(4Zs +2),
0(E) > 0(4Zs + 1), 9(E) > 0(4Zs + 3).

It thus follows that

H (7;0) . (T;;e) +0(2Zs) H @194) +0(2Zs + 1) H <T;19|2Z8+1) (4.36)
> H(6(2Zs)) + 6(2Zs) H(04(D)) + 6(2Zs + 1) H (0|224+1(E)) -

Observe that

00 4 OB (4240112, (0) + 04(4Zs + 261z, +2(2)

04(D) = 0(2Zs) ' 0(2Zs)

so that, by the concavity of the entropy function, we get
H(64(D)) = 64(4Zs) H (6]4z5(0)) + 04(4Zs + 2) H (61425 12(2)) -
An analogous reasoning leads to
H(0l22541(E)) = Olozs+1(4Zs + 1) H (0]azs11(1)) + 022541 (4Zs + 3) H (0]4z543(3)) -
Upon substituting the two inequalities above in (4.36), we get
H(r20) > H(r46)+ zf_o 0(4Zs + i) H (8]uze+4(i))

— H(740) +H() ~ 1 (720)
H(9) — H( 9),

Y
olw
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last inequality following from (4.35). Then

H(730) > ZH(O). (4.37)

Now let (Ox) ba a sequence of Zg-types converging to 8, with @y belonging to
Pn(Zg) for every N. By successively applying Chabyshev inequality, (4.31), (4.35) and
(4.37), we get

Var [T]’\?(ON)]
E[Sn(8n)]?
max {1R — H (4,0) ,2R—H (7360) , R—H(0)}

lim sup % log P (TH(6n) = 0)

IN

lim sup % log

IN

IA

masc(§ (B 1(6)).3 (R~ H(6)) T~ H(6))

IA

1
_367

last inequality following from (4.32). Thus ) 5 P(Sn(6n) = 0) < oo and an application
of Borel-Cantelli lemma implies

1

P <1imsup 2 min (T3) > 6“Y(R - 5)> <P({TH(@ON)>1}io NeN)=0.
NeN

Finally, the claim follows from the arbitrariness of € in (0, R) in the previous arguments

and the continuity of the Gilbert-Varshamov distance 6V (R) as a function of the rate
R. [ |

4.5 Minimum distance of the typical binary affine code

In this section we analyze the asymptotics of the normalized minimum distance of the
binary affine code ensemble {Z/{f\?} under an arbitrary labeling

’I’]ZZ%—>Z8,

which has to be consider fixed throughout the section.

A first observation is that, since Zs-affine codes are not geometrically uniform, their
minimum distance does not coincide with their minimum weight, as we have seen in the
previous section it is the case for Zg-codes. Rather, similarly to what we did in Section
4.3 for the random coding ensemble, it is necessary to look at all pairs of codewords
evaluate the minimum distance. We introduce the distance function

A, Z3XZE R, Ay(z,y) = A((y),n(y + ).
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It is easy to check that each column A, (-, z) of A, is just a permutation of J, i.e. there
exists a bijection o, : Z3 — Zg such that

Ay (x,z) =0(0.(2)), z,y €73, (4.38)

Moreover, we recall that the isometry group of the 8-PSK is isometric to Dg. As a
consequence there exist at least two non-identical columns of A,, i.e. A, (z,21) #
A, (z,2z2) for some , 21, 29 in Z3.

We introduce the following enumerating functions for the Zs-affine ensemble: for a
joint type ¥ in P (Z%’ X Z%) and a blocklength N in N

Uf\?('&) = H(m,y) € (Z;’)g cx € kerlliﬁ,\lfﬁy = ZN}‘ ,

denotes the number of pairs of Z3 N-tuples (z,y) of joint type ¥ such that both y and
x + y belong to UE. For a type 0 in P(Z3) let

VaH0) == [{z € (Z3)§ : = € ker TR}

denote the number of type-8 N-tuples in the kernel of \I'ﬁ. It is straightforward to
check that the minimum Bhattacharyya-distance of the binary affine ensemble can be
rewritten as

dmin (UN) = Ninf {(9,A,) | 9 € P (Z3 x Z3) : w9 # 6o, UR(D) > 1},

where 71;7£ : 73 x 73 — Z3 denotes the marginal projection operator on the first compo-
nent. Notice that for every 8 in P(Z3) we have

UEIVEO) = (Sueap Lugu-zny) ( Cac(agy) Hugaoy)
= Z@E'PN(ZS):WJ#'BZG Z((IH’!J)E(Z%XZ%)? :[]‘{CPN(I!:O}:[]‘{CPN’!J:ZN}
= 2 9ePy (7d)ml0=6 Ug(9),

so that in particular the following holds:

1

Vi) =0 — UR(W) =0, Vo€ (ry)  (6). (4.39)

4.5.1 A lower bound on the typical asymptotic minimum distance of
the binary affine code ensemble

We want to show that almost surely the sequence of the normalized minimum distance
of the binary affine ensemble (% dmin(uﬁ)) has lim inf not smaller than
5,(R) :=min {(9,A,),[,9 € P (Z3 x Z3) : H(¥) > 2R, H(7¥) > R} .  (4.40)
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We start by evaluating the expected value of the enumerating functions U ]I\?(ﬁ) and
VR ().

Lemma 40 For every ¥ in Py (Z% X Zg’) and 0 in Py (Zg’) such that
Ty # 0, 0 + &

we have B [U8)] - < 1519)82%7 E [Vi'(0)] = <J€fvo>8%

Proof For every z and y in Z3" such that x # 0 we have that \I/]}\%,a: and \Ifﬁy —ZN
are independent and both uniformly distributed over Z3~. Tt follows that

E[UF0)] = E| Sy e(aem)) Hvie—o) utu-zx}]

N\ 1
Z(m,y)e(zgng)N P (\Ifﬁm =0, YRy - 2Zy = 0) - < >

R N9 ) &L "
Analogously E [V(6)] = Zme(Zg)j P(0lz=0)= (]\J,Vﬂ)s% . [ |
For every ¢ in [0, log 8], we define the set A;
Ap={9eP(Zx2Z3) : HW)>2t, H(ry9) >t} , (4.41)

Then the function ¢, (R) defined in (4.40) can be rewritten as

5,(R) =min {(9,A,) |9 € Az} . (4.42)

Ul

A first-order method based on Lemma 40 allows to state that, for every joint type 19 not
belonging to A, U ]}\?(19) = 0 definitively in IV with probability one. More precisely we
have the following result.

Lemma 41 For every ¢ in (0, R), with probability one there exists No in N such that
URW)=0, VIeP(Z3xZ3)\Az ., VYN=>N. (4.43)

Proof From Lemma 40, using the standard exponential bounds on the multinomials,
we have that for every type 9 in Fy := Py (Z% X Z%’) \ Az__ at least one between

E [UR9)] = ( ]ffv 19> 82% < exp (N (H(9) — 2R)) < exp(—2Ne¢), (4.44)
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and

E [Vif (39)] = ( eri 19> 8% <exp (N (H (r49) — F)) <exp(—Ne)  (4.45)

holds true. Then, successively using a union bound estimation, recalling (4.39), and
applying Markov inequality, we have

B(Uoer, {UE@) = 1}) < B(Uer, (U502 1} 0 {f (}0) =1} )
Soery E({UF®) > 1} 0 { Vi) > 1})
e, min {P(Sy(®) > 1), P (Vi(r}o) > 1)}

> ery min {E[Sy(9)] , E (VE)]}

< !PN (Zg’ X Z%) ‘ exp(—Ne¢).

IN

IN

IN

Thus ZNIP’<U196FN {Uf(9) > 1}) < Y n |Pn (23 x Z3)|exp(—Ne) < oo, and by
Borel-Cantelli lemma we obtain P (Ugepy {UF(9) > 1} i.0. N €N) = 0, which i
equivalent to the claim. |

The following lower bound on the typical asymptotic minimum distance of the Zo-
affine ensemble follows from Lemma 41 and the continuity of §, (R) as a function of the
design rate R.

Theorem 42 For every design rate R in (0,log 8), with probability one

.1 R
lim inf Ndmm (L{N) > QU(R) )

NeN

Proof Let us fix an arbitrary € > 0. From the definition of ¢, , it follows that a sufficient
condition for 4 dmin (UX) to be not below 9,(R +¢) is that UR(9) = 0 for every joint
type ¥ in Py (Z% X Zg’) not belonging to Az__. Then, from Lemma 41 we have

e 1 R
P (11]%161£f 7 min (UN) = 6,(R+ s)) >P(INg €N : (4.43)) =1.
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Therefore, by the continuity of the function g, we get

P (lim inf %dmin (Z/{f\?) > én(R)> = P <lim inf %dmm (L{f\?) > ]lfimé (R + %))

NeN NeN eN "
. 1 1
= P <IQN {lljl\lflellgf ~ @min (Z/{f\?) >4, (R + E) })
= lmP (hj%qe%f ~min (UR) >4, (R+ %))
= 1,
showing the claim. |

4.5.2 An upper bound on the typical asymptotic minimum distance of
the binary affine code ensemble

We now want to show that the typical asymptotic normalized minimum distance of the
binary affine code ensemble is upper-bounded by

p(R) :=min {(9, A,),|, 9 € P(Z3 x Z3) : H(Y) — H (m,9) > R, H(7}9) > R} .

(4.46)
In order to do that we shall use a second moment method. As a first step we need to
estimate the variance of the type spectrum {UZ(9)}.

Lemma 43 Given N in N, and a joint type 4 in Py (Z% X Z%) such that 77?1#19 % o,

N N \ 16 N\?/ N \'1 N\ 8
R
Var [U(9)] < <N19> <N7r71¢19> gL T (Nﬁ) <N7r71¢19> gL T <N19> gz (447)

Proof We have

Var [UR@)) = Vo[ ey Hugomo)  vvezn )

— > 0(331,332,'!4173/2) )
(w17y1),(w27y2)€(ZEXZ§)g

where
c(@1, 22, y1,92) = Cov [l{wﬁwlzo}l{\pﬁylzzw}’ ]l{\pﬁm:o}]l{\lfﬁyzzzN}] :

We are now going to estimate the terms c(a:l,azg,yl,yg), separately considering four
possible different linear dependency structures among 1, s, y1, and ys. Observe that,
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since 71;&19 # 0o, 1 and x5 need to be nonzero in order for the pairs (z1,y;) and (22, y2)
to have type 9.

Suppose first (@1, y1), (€2, y2) in (Z3 x Z3)
linear independent. Then the random variables \Ilﬁwl, \I/ﬁwg, \Ilﬁyl and \I/ﬁyg are in-
dependent so that

N
o are such that x1, 3,91 and yo are

0(1131751327'917 y2) =0.

Second, consider the case when x; and x5 are linear independent but xi,xs,y;
and yo are not linear independent. In this case we have that the random variables
\I/ﬁ:cl, \I/ﬁ:cg and \Ilﬁyl — Zy are independent, so that

C(m17m27y17y2) <P (\P]Iiifml = 0,\11537&:2 = 0, \I’]}\%[yz = ZN) = 83—L .

Since there are at most 16(1\1,\719) (N%ﬂ) possible choices of such pairs (x1,y1), (€2, ¥y2) in

(23 x Z%)g, they contribute to the first addend in the righthand side of (4.47).

As a third case we consider pairs (x1,vy1), (€2, y2), such that &1 = a9, and x1, Y1
and ys are linear independent. In this situation the random variables \I/ﬁwl, \Ilﬁyl and
\Ifﬁyg are independent so that

c(@r,x2.y1.y2) <P (Vay =0,y = Zy, Vg = Zn) = o7

2 -1
Since there are at most (]\J,Vﬂ) (Nﬁ 19) possible choices of such pairs (x1,y1), (T2, y2)
#

in (Z3 x Z%)g, they contribute to the second addend in the righthand side of (4.47).
Finally, it remains to be considered the case when 1 = x5, and x1, y; and yy are
linear dependent. There are at most ( Jf,vg)S possible choices of pairs (z1,y1) and (@2, y2)

in (Zg’ X Z%)g satisfying these requirements and for each of them

(w1, @2, y1,y2) <P (Ve =0,T{y = Zy) = 8%
Therefore, they contribute to the third addend in the righthand side of (4.47). [ ]
Let us define, for every ¢ € [0,log 8] the set
By:={9€P(Z3x73) : HWY) —H (79) > ¢, H (7 0) >t} . (4.48)
Clearly, we can rewrite 0, (R) defined in (4.46) as
6y(R) :=min { (9, A,) |9 € Bg} (4.49)
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A second moment method based on Lemma 40 and Lemma 43 allows to show that,
given a joint type 9 in the interior of By, almost surely Uﬁ('«?) > 1 definitively in N
in M. This idea is exploited in proving the following almost sure upper bound on the
asymptotic behaviour of the normalized minimum distance sequence.

Theorem 44 For every design rate R in (0,log 8)

P <1im SUP Apnin (UR) < Sn(R)> =1
NeN

Proof Let us fix an arbitrary € > 0, and let 9. in By _ be such that

Sy(R—¢e) = (0., A,).

Consider a sequence (9 )¢y converging to 9., with 9y in Py (Z% X Z%) for every N
(which exists since Py (Z3 x Z3) is dense in P (Z3 x Z3)). We can now apply Chebyshev
inequality and use Lemma 40 and Lemma 43 obtaining

N
Var [UR(9 (nrtoy)
P (Uf (9n) =0) < ar[RN( N)]z <16-TENgly L gLy L g2
(E [Uf(9n)]) (voy) (v, 0) (voy)
It follows that
limsup ERUREIM=0) Ry g H(r,9.) — H(9.), — H(r},9.), R — 2H(9.)}
NeN
< —e<0,

so that >y P (Uf (9n) = 0) < +o0, and by Borel-Cantelli lemma we have
P ({UX (¥n) =0} i.o. NeN)=0.

Therefore,

P <limsup ldmin Ug) > (R - 5)> <P({U¥(®n)=0} io. NeN)=0,
Nen N

so that by the monotonicity and the continuity of gn(R) we have the claim. |
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4.5.3 Comparing

We now want to compare the distance bounds ¢, (R) and 0,(R), defined in (4.40) and
(4.46) respectively, with the GV distance 6V (R). First, observe that any joint type
¢ in P (Z3 x Z3) such that H(d) — H (7771#19) > R and H (7771#19) > R clearly satisfies
H(9) > 2R. From this it immediately follows that &, (R) > d,(R). Notice also that the
inequality above holds as an equality whenever ¢, (R) = (9, A,) for some joint type 9
in P (Zg’ X Z%) such that H (w#ﬂ) = R. It can be shown that this is the case for every
binary labeling 7 : Z3 — Zg for large enough values of R, so that actually in most cases
d,(R) and 9,(R) do coincide.

However, we will now concentrate on comparing 8, (R) with the GV distance §“V(R),
in particular showing that the former is strictly below the latter. In order to do that,
we start by considering some 6 in P(Zg) giving the GV distance, i.e. such that dg(R) =
(0,6) and H(Q) > R. Since the map 6 — (6,8) is linear and the entropy function is
concave, with no loss of generality we can assume that H(@) = Rlog8. Then, we can
use Lagrangian multipliers in order to express @ as

e—)\5(m)

0(x) = 707 Z(\) =) e M, (4.50)

TEZs

where A in (0,400) is the unique solution of the equation H (Z()\)_le_M) = Rlog8.
From 6 we now construct a joint type 9* in P (Z% X Z%’), defined by

9 (x, z) = é@ (04(x)) , T,z €715, (4.51)

where the bijections o, : Z3 — Zg have been defined in (4.38), and let 8* := 77#19* in
P(Z3) be its marginal measure. Notice that from (4.50) we have

9 (z,2) >0, 0*(z) >0, Va,z€Zs. (4.52)
We have
O, A,) = > 9, 2)A(x,2) = ) %O(Uz(x)ﬁ(ffz(x)) =(6,6) = ds(R).
z,2€Z3 2€Z3 (4‘53)

From (4.51) we have >, 9*(z,2) = 3., 6(0.(z)) = % so that the marginal ﬂiﬁ* is
the uniform measure over Z3. Again from (4.51) we have that the conditioned measures
satisfy 19]23 y = @ oo, for every z in Z3. Then, by applying (7.3) we have

x{z

H(0") = H (n29") + > 0" (23 x {z}) H <19*]Z%X{x}> —log8 + H(#) = log8 + R.
meZg

(4.54)
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Moreover, 8* = 71#19* = %z , 000, is a convex combination of permutations of the

vector 6. As already observed, for every labeling 1 : Z3 — Zg there exists at least a pair
of nonequal columns of the matrix A,, say A, (-, 21) # A,(-, 22). As a consequence, we
have d o0, # & 00, which, together with (4.50), implies @ o0, # ¥ 00,,. Hence, from
the strict concavity and the permutation invariance of the entropy function H it follows
that

H(6") :H<% Zxooax) > 1S H(@oo,)=H(®) =R. (4.55)

An immediate consequence is

,(R) =min { f(v) |v € P(Z3) : H(v) > R} < f(67), (4.56)
where, for v in Z3, we define
f(v) :==min {(9, A,)|9 € P (Z5 x Z3) : m}y¥ = v, H(Y) — H(v) > R}.

We now present a lemma characterizing some properties of the function f(v) defined
above. For every x in Z%, define the minimum of the z-th row of the distance function
A, as my = min{A,(z,z)| z € Z3}, the set of elements achieving such a minimum as
M, = {z € Z3 : Ay(z,z) = my} and its cardinality by n, := |M,|. Since A,(0,2) =0
for every binary labeling 1 and every z in Z3, we have that my = 0 and ng = 8. However,
since no binary labeling 7 is isometric, there must exist # and z in Z3 such that

my < Ap(z,2). (4.57)
Lemma 45 Let v in P(Z3) and R in (0,log8). Then:

1. if > v(z)logn, > R, then f(v) =Y, v(z)m, .

2. if >, v(w)logn, < R and 9 in P (Z3 x Z3) is such that 7T71#’l9 = v, H(Y) >
H(v) + R, and (9,A,) = f(v), then H(Y) = H(v) + R.

Proof In order to prove point 1, notice that for every joint type 1 such that 7771#19 =wv

(9, A,) = Zﬁ(m,z)An(aE, z) > Z ¥z, 2)m, = Zv(ac)mx

T,z T

Moreover, the joint type 7(x, z) := %v(z)]le(z) is such that (7,4A,) = >, v(z)m,,
while 71'71#7' =wvand H(7) = H(v)+)_, v(z)log ny. Then, whenever Y v(z)logn, > R,

Zv(a:)mx > min { (9, A,)| 77#19 =v, H(®) —H(v) > R} > (1,4,) = Zv(w)mx

xT x
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To prove point 2, let us assume without loss of generality that f(v) = (9, A,)) for some
joint type ¥ in P (Z3 x Z3) such that 7T71¢’l9 = v and H(¥) > H(v) + R. Notice that, if
>, v(z)logn, < R, then necessarily ¥(x, 2) > 0 for some z in Z3 and z not belonging
to M, for otherwise

H(¥) — H(v) = Zv(z) H(|(2y523) < Zv(a:) log |[M,| < R.

xT

It follows that (9, A;) >3, v(z)m,.

Suppose that H(¢¥) > R + H(v). For every ¢ in [0, 1] define a new joint type 9 :=
(1 —t)9 +t7 interpolating ¥ and 7. By the linearity of the marginal projection we have
77?1#19,5 =(1- t)ﬂ#ﬁ + tﬂ;ﬂ' = v. Since the entropy function is continuous, there exists

some £ > 0 such that H(d9;) > R + H(v) for every ¢ in (0,¢). Once fixed any such a t,
we have

(01, Ay) > f(v) = (9, An> > (1—t)(9, An> + t(, An> = (I, An> )
which is a contradiction. Then we have shown that necessarily H(¥) = R+ H(v). N
We are now ready to prove the following:
Theorem 46 For any labeling n : Z3 — Zs and for every R in (0,log 8) we have
EU(R) < (58(R) .

Proof Thanks to (4.56) it is sufficient to show that f(6*) < §¢V (9). We shall separately
deal with the two alternatives

>, 0%(x)logn, > R, (4.58)

and -
> 0% (x)logn, <R. (4.59)

First suppose (4.58) holds. It follows from Lemma 45, (4.52), (4.57) and (4.53) that
7)) = > ma.0
= 2.2
= 2.2
xr ZZ

~—

0. (x)) min, Ay (z, w)

7:(1)) Ay (, 2)

2 2 2y
Q
N
2
3
8

< X

= ol— ool

|
<

Q

<
=3

thus proving the claim.
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Now suppose (4.59) holds. For any = # 0 in Z3, we have

* * 1 e_A(S(O—Z(x)) * *
0*(0)=>_ v (o,z):m> 23827()\): > 9 (z,2) = 0%(x).

z€Z3 2€Z3 z€Z3

Hence, 6* is not the uniform measure over Zg’ and, as a consequence H (6*) < log8.
Therefore, from (4.54) and (4.55),

H(9*) =1log8+ R > H(0*) + R.

Then, we can apply Lemma 45, obtaining that (9*, A,) > f(6*). The claim now follows
by applying (4.56) and (4.53). |

A consequence of Theorem 44 and Theorem 46 is the following.

Corollary 47 For every labeling n and for every design rate R in (0,log 8), with proba-
bility one the Zo-affine ensemble does not asymptotically achieve the Gilbert-Varshamov
bound.

4.6 Conclusions

In this chapter we have analyzed the asymptotic behavior of the minimal Bhattacharyya
distance of Abelian group codes over symmetric channels. We have focused the 8-PSK
AWGN channel. We have proven that typical Zg-codes achieve the GV bound, while
a typical code sampled from the random coding ensemble does not. Finally, we have
shown that the binary-affine ensemble does not achieve the GV bound with probability
one. A lot more needs to be understood about this problem. As a first goal, we are
currently trying to extend our final result to all p” — PSK constellations (where p is
a prime number). We believe that this type of analysis is a first fundamental step to
understand the behavior of more structured ensembles of codes, for instance LDPC or
turbo group codes over non-binary symmetric channels.
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Chapter 5

Average spectra and minimum
distances of LDPC codes over
Abelian groups

5.1 Introduction

Low-density parity-check (LDPC) codes have received a huge amount of attention in
the last years. It is indeed the family of high-performance codes for which the deepest
theoretical insight has been achieved. Their definition is quite simple: they are those
binary linear codes which can be described as kernels of matrices over the binary field Zo
with a ’small’ number of non-zero elements. Since the pioneering work [30], two streams
of research are easily recognizable in the literature on LDPC codes. On the one hand,
structural properties of such codes have been investigated: distance-spectra, minimum
distances and also capacity estimations under maximum-likelihood (ML) decoding, [48,
50, 42, 59, 42, 43, 11, 16, 54]. On the other hand, they have been studied coupled with
the well-known iterative decoding schemes [55, 56, 69, 51, 72, 40, 57, 15].

LDPC codes over non-binary Abelian groups were already introduced and studied
in Gallager’s seminal work [30]. More recently, after the rediscovery of Gallager codes
in the ’90s, non-binary LDPC codes have received a considerable amount of attention
by researchers, and have been studied both for binary and non-binary channels. In the
former case they allow to introduce a new design parameter, the choice of the non-zero
entries in the parity matrix, to be optimized jointly with the degree profile. In the latter
case they alow to design high-performance bandwidth-efficient coding schemes.

An interesting difference with respect to the binary case is the way to choose the
non-zero elements of parity matrix. In this chapter we will consider many different
possibilities. Among them, the so-called unlabelled ensemble where non-zero elements are
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all equal to the identity, and the uniformly labelled ensemble where non-zero elements are
instead, each one independently, chosen to be any possible automorphism of the group
G with uniform probability. We will see that the latter ensemble will outperform the
former. Of course our results could be extended to irregular LDPC ensembles, where the
fraction of rows and columns with different amounts of non-zero entries (degree profile)
is fixed, although this extension will not be considered here.

In [30] regular ensembles of LDPC Z,,-codes were considered with all the non-zero
entries equal to 1 (unlabelled ensembles in our terminology); he studied their Ham-
ming distance-spectra and provided bounds for their error probabilities under maximum-
likelihood and suboptimal iterative decoding over some highly symmetric channels. In
[14], the authors show empirical evidence that, appropriately choosing the values of the
non-zero entries in the parity check matrix, LDPC codes over the Galois field For per-
form better than the corresponding binary LDPC codes, when used over binary-input
output-symmetric channels. LDPC codes over Fyr for binary-input output-symmetric
channels have also been studied in [53] following a density-evolution approach. The
works [6, 7, 19] contain quite a complete theoretical analysis of LDPC codes over finite
fields for non-binary channels considering both ML and belief-propagation decoding.
Average type-spectra of regular LDPC ensembles over Z, in the special case when p
is prime, and more in general over I, have been studied in [19, 6]. In this case the
structural theory of binary LDPC codes generalizes in an almost straightforward way.
In particular it has been shown, using expurgation techniques and results from [62],
that average type-spectra provide lower bounds to the typical error exponent of these
ensembles, and that this exponent can be made arbitrarily close to the random-coding
one by allowing the density of the parity matrix to grow while keeping the rate constant.

However, in the case of algebraic structures which are not fields (e.g. Z,, with non-
prime m), the available theoretical results are very few. In [6], average type-spectra of
unlabelled ensembles of LDPC Z,,,-codes have also been studied in the case when m is not
prime, but there is no results on minimum Euclidean distances. In the papers [66, 2, 73]
the case when m is not prime has been considered, but mainly from an iterative-decoding
perspective. Computer simulation have been reported in [66, 73] showing that, when
mapped over the m-PSK constellation, LDPC Z,,-codes guarantee better performance
than their binary counterparts.

In this chapter we will study in detail average type-spectra and minimum Bhatta-
charyya-distances of regular LDPC ensembles over any finite Abelian group G, in which
the non-zero entries of the parity-check operator are randomly sampled, independently
and uniformly, from an arbitrary group F' of authomorphisms of G (briefly F-labelled
ensembles), generalizing all the results in [30, 14, 19, 6]. This extension passes through
the use of mathematical tools which do not show up in the binary case: group charac-
ters, arithmetic concepts (Mo6bius inversion formula, Ramanujan sums), combinatorial
techniques (Cayley graphs) and convex-analytical techniques.
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As a first result, we will find exact expressions in terms of combinatorial formulas
for the average type-spectra of regular F-labelled ensembles of LDPC codes over G: see
Theorem 53. For the unlabelled ensemble of LDPC codes over Z,,, we will show that our
results for average type-spectra coincide with those obtained in [30, 6] , while for LDPC
codes over finite fields the results of [14, 19, 6] will be recovered. Theorem 53 is instead
completely original, to the best of our knowledge, for the uniformly labelled ensemble
of LDPC codes over Z,,, for which the average type-spectrum has an elegant expression
in terms of Ramanujan sums. Coupling this analysis with an ad hoc analysis for the
low-weight average type-enumerating functions, we will finally propose upper bounds
to the repartition function of the minimum Bhattacharyya distance. This will allow us
to show that minimum distances grow linearly in N with probability one (see Theorem
62): in the coding terminology this means that such codes are asymptotically good with
probability one. More precisely, we obtain almost sure lower bounds on the asymptotic
normalized minimum distance of the LDPC ensembles. These bounds are defined as
solution of (|G| — 1)-dimensional optimization problems. Proving the tightness of these
bounds would require second-moment estimations for the type-enumerating functions,
and is a problem left for future research. However, concentration results available in the
literature for the Hamming distance-spectra of regular ensembles of binary LDPC codes
(see [54]) make us optimistic about the tightness of our bounds for regular ensembles of
LDPC G-codes as well. Finally, we will present some numerical results for the average
distance-spectra showing how strongly the choice of the label group F' affects the value
of the typical minimum distance. In particular, we will show that, for the 8-PSK AWGN
channel, the distance properties of the uniformly labelled ensemble of LDPC Zg-codes
are significantly better than those of the unlabelled ensemble. This is confirmed by
Monte-Carlo simulations of these codes which we have run, and it is coherent with some
of the simulation results reported in [6].

The remainder of this chapter is organized as follows. In Section 2 we introduce
LDPC code ensembles over Abelian groups. In Section 3 we study the average type-
enumerating functions of these ensembles and we determine their exact growth-rate,
namely the so-called average type-spectrum: the main result is Theorem 53. Section 4
is a technical one devoted to a detailed probabilistic analysis of low-weight codewords:
the main result is Theorem 59. Using the results of Sections 3 and 4 we are finally
able to prove, in Section 5, a probabilistic lower bound on the growth of minimum
Euclidean distances for the LDPC ensembles when the block-length N goes to infinity:
see Theorems 62 and 63. Finally, in Section 6 we report some numerical simulations
showing that the uniformly labelled ensemble of LDPC Zg-codes definitely outperforms
the unlabelled one on the 8-PSK AWGN channel, and we draw some final conclusions.
An appendix completes the paper, containing some of the more technical proofs and a
technical lemma on semicontinuous functions.
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5.1.1 Low-density parity-check codes over Abelian groups

For any finite Abelian group G, we now describe the ensembles of LDPC G-codes which
will be considered in this paper. For every given degree pair (c,d) in N2, we consider the
set of admissible block-lengths N q) := {N € Ns.t. d | Nc}, and for every N in N g
define L = N¢/d. Consider the c-repetition operator

Rep) : G — GgNe, (RepY x); = T(i/e] » (5.1)
where [z] denotes the lowest integer not below x, and the d-check summation operator
Sum) 1 GN— @Y, (Suml @) = L1y ok (5.2)

Consider the group of permutations on Nc¢ elements, Sy., and let Iy be a random
variable uniformly distributed over Sy.. Moreover, consider a subgroup F' of Aut(G),
the automorphism group of G, and let (A;)i<j<n¢ be a family of independent random
variables identically distributed uniformly on F', independent of IT. Define the random
diagonal automorphism 1% € Aut(GN¢) by (II§x); := Ajz; for 1 < j < Ne. Finally,
for every N € /\/(C,d) define the random syndrome homomorphism

dy:GN -Gt @y = Suml) T ITX, Rep? , (5.3)

and the associated random G-code Cy := ker ®y. This is called the (c,d)-regular F'-
labelled ensemble. F' will be called the label group. The two extreme cases F' = {1} and
F = Aut(G) will be referred to respectively as the unlabelled and the uniformly labelled
(¢, d)-regular ensembles.

The reason for considering only automorphisms as possible labels, avoiding the use
of non-invertible labels, is clarified by the following proposition. For any group H, we
denote the set of endomorphisms of H by End(H) .

Proposition 48 Assume that, for all N € N(C,d), by : GN — G is defined as in (5.3)
with Iy uniformly distributed over Sn. and 11}, € End(GN°) is defined by (I,x); =
Ajz; for 1 < j < Nc where (Aj) are i.i.d. according to some probability distribution
i € P(End(G)) such that supp(p) € Aut(G). Then, for al k € G\{0} such that Ak =0
for some A € supp(p)

P(dyin (ker @) < 8(k)) > 1 — (1 — p(A))Y =201

Proof Consider A € supp(p) \ Aut(G), and k € ker A\ {0}. For 1 < s < N, let
e'j € G be the N-tuple with all-zero entries but the s-th one which is equal to k. If
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Aj = Aforall (s —1)c+1 < j < sc, then II% ReplY ef = 0, so that ®ye¥ = 0, and
dmin(ker @) < d(k). Since the events

EY= (] {A=4

s—1)c+1<5<sc
(s=1) J

are independent for 1 < s < N and all have probability 1 — p(A)€, it follows that

P(dmin(ker @) < 8(k)) 2 P (Upepen BN ) = 1= (1= P (E¥)™ = (1= p(a))" .

We wish to underline the fact that the proof of Proposition 48 strongly relied on
the independence assumption we made for the labels A;. Indeed, by introducing proper
dependance structures for the random labels which allow to avoid certain configurations,
it is possible to consider ensembles of LDPC G-codes with non-invertible labels as well.
This possibility will not considered in the present paper, but will be explored in a future
work.

As LDPC G-codes are special G-codes admitting sparse kernel representation, they
suffer from all the limitations in performance of G-codes. In particular, the capacity
they can achieve on a G-symmetric channel is upper bounded by the G-capacity of that
channel. This explains why the authors of [6] had to restrict themselves to prime values
of m while studying LDPC Z,,-codes, albeit the average type-spectra they obtained for
the unlabelled ensemble did not need such an assumption. In fact, they noticed that
for non-prime m ’expurgation is impossible’ and LDPC Z,,-codes result "bounded away
from the random-coding spectrum’. The same restriction to prime values of m (or more
in general to groups G admitting Galois field structure) was required both in [6] and
[19] in order to study the uniformly labelled ensemble.

In this chapter regular ensembles of F-labelled LD PC G-codes will be studied for
any finite Abelian group G. In particular we will find estimations for their average type-
enumerating functions We,, (@) and explicit combinatorial formulas for their average
type-spectra defined as the limit of N~!log W¢, (@). Coupling this analysis with an ad
hoc analysis of the type-enumerator functions for small weight codewords, we will finally
propose upper bounds to the repartition function of the minimum normalized distance
% dmin(Cn). This will allow to show that, if ¢ > 2, minimum distances grow linearly in
N with high probability. We will also show that the typical minimum distance (more
precisely the lower bound on it -conjecture to be tight- provided by the average type-
spectra) of the uniformly-labelled LDPC ensemble is significantly larger than the typical
minimum distance of the corresponding unlabelled ensemble.
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5.2 Average type-spectra of LDPC (G-codes

In this section we first present some considerations about semidirect-product group
actions. Then, in Sect.3.2 we introduce LDPC codes in a slightly more general setting
and we show how regular F-labelled ensembles of LDPC G-codes introduced in Sect.
2.4 can be cast in this framework. In Sect.3.3 we prove the main result, Theorem
53, characterizing the average type-spectra of regular F-labelled ensembles. Finally, in
Sect.3.4 we show how previous results in the literature can be recovered as particular
cases of Theorem 53 and we provide an explicit formula for the average type-spectrum
of the uniformly labelled ensemble over the cyclic group, which is instead an original
result.

5.2.1 Group actions

We recall here some basic facts about semidirect group actions; the reader is referred
to the standard textbook [37] for further details. Assume that a group F' acts on a set
A. A subset B C A is said to be F-invariant if fb € B for every b € B and f € F.
Clearly, if B is F-invariant, F' acts on B as well. For every a in A, the relative orbit
Fa:={be€ As.t. b= fa for some f € F'} is F-invariant and its action on it is transitive.
The set of the orbits is denoted by A/F and called the quotient of A by the action of F.
There is a canonical surjection 7p : A — A/F which associates an element a with the
orbit it belongs to. Given a € A, we define its stabilizer as Stabp(a) := {f € Fs.t. fa =
a}. The well-known class formula gives: |F| = |Fa| - |Stabg(a)|.

If A and B are sets and the group F' acts on A, a map ¢ : A — B is said to be
F-invariant if ¢(fa) = ¢(a) for every a € A and f € F. As an example, the canonical
surjection mp : A — A/F is a F-invariant map. Suppose we have a F-invariant map
¢ : A — B, then it is immediate to see that we can define a map b A/F — B such that
¢ = ¢ o mp. Notice that if it happens that ¢ is onto and moreover ¢(a) = ¢(a’) if and
only if Fa = Fd', then the map <;~5 is a bijection and thus A/F and B are in one-to-one
correspondence. We will often use this fact in order to characterize quotient spaces.

We now introduce an example which will play a fundamental role in our future
derivations. Given any set A, the permutation group Sy acts naturally on A: given
a € AN and o in Sy, we define ca € AN by (ca); = as-1(;j). Orbits can easily described
using types. Given a,b € A", it is immediate to see that

JdoeSy : ca=b < 04(a)=04(b).

This says that the subsets A]oV of type-0@ N-tuples are exactly the orbits for the action
of the permutation group Sy on AV, and we have a natural bijection AV /Sy ~ Py (A)
(obtained through the mapping a — 6(a).
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Suppose now we are given an action of a group F' on the set A. This extends to an
action of F'V on AN with the orbit set AN /FN ~ (A/F)N. We would like to combine
this action, with the action of the permutation group on AN and the way to do this is
as follows: we consider the semidirect product

Sy x FN | (o1,91)(09,92) = (5102, (05 " g1)g2) ,

and the action on A" given by (0,g)a = o(ga).
We now want to characterize the set of orbits of this semidirect action. Notice
that the map 7 : A — A/F induces a natural map 7T§; : P(A) — P(A/F) where

[W%O] (Fa) = 1crq 0(b). Tt is easy to see that the following diagram commutes
AV s A/

104 u 1 0a/p (5.4)
Pn(A) 5 Pn(A/F)

(ie. O4/p 0 Tpn = Th 0 04).

In the sequel we will use the notation vap = 64/F o Tpy and call va r(a) the
(A, F)-type of a. Clearly, The (A, F)-type is exactly what is needed to describe orbits
with respect to the action of the semidirect group Sy x F¥. Indeed, it is immediate to
check that Py (A/F) is in bijection with the quotient AV /(Sy x FV): given a,b € AN
we have that

3(0,9) € Sn x FN st. (0,9)a=b < var(a)=var(b).

If v € Py(A/F) we will use the notation AY := {a € AN | vs p(a) = v}. Using the
fact that va r = 04,p o Tpy We obtain that

AN = (%) Tacayp Imp" (@) NV (5.5)

Define now OF := {0 € Py (A)s.t. 78.(0) = 'u}. For every given v € P(A/F), and N

in N, we have
AY = Ugeon 49 - (5.6)

the union being disjoint. Notice that we also have |O}| = [oca/r 7t () [NV(@),

5.2.2 A general framework for LDPC ensembles over Abelian groups

Fix an infinite subset A' C N, a group U, two sequences of finite Abelian groups Z W)
and YY) (with N € N'), and two sequences of homomorphisms

VN - zWN o ZN .z Ly ()
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Consider moreover a sequence Iy of subgroups of Aut(Z v )), and assume that the
actions of Iy on ZWN) satisfy the following property: there exists a fixed finite set A
and a sequence of invariant maps Oy : ZWN) — P(A) such that x, y € ZW) are in the
same orbit if and only if Oy (x) = O (y). In this way the quotient space Z(M) /Iy can
be naturally identified with the image of © inside P(A).
Let now Il be a sequence of random variables uniformly distributed over In. For
every N € N define
oy = =NTINEY, (5.7)

The triple (2, =N, Iy) is called an interconnected ensemble while (ker @) will be
the random code sequence associated to the ensemble. The set A will be called the
interconnection type alphabet of the ensemble.

Consider now the type-enumerating function Wy (@) for the ensemble. By taking
the expectation with respect to our probability space, we get

Wn(®0) =E[ & 1ig)(@ya)| = ¥ Pleye=0). (5.8)

zeUY zeUy
Put Zz3V) .= Oy (v) and define the following sets: for every v € P(A), 8 € P(U)

7

ZEN = {wEZ,(,N) ]EN'w:O} , Ug:g ={xcU"|0y(x)=6, OnENz) =v}.

(5.9)
We have the following simple result.
Proposition 49 For every 6 in Py(U)
Uo,N Zi,N
W (8) = Z M (5.10)

N
vertny 128V

Proof Ifx € Ug’fy, using the fact that Iy acts transitively on Zq()N) and the class

formula, we obtain

) Zi,N EN Zi,N
P(@ya = 0) = PIIyENg € ziV) = 120 [8tabn (Eo @) _ | ”N| :
Iy 1z

Using now (5.8), (5.10) follows immediately.

We now frame the LDPC ensembles introduced in Section 2 into this more general
setting. We use the notation introduced in Section 5.1.1. Given (c,d) € N> and N €
Nc,a), consider L = Ne¢/d. Take U = G, ZWN) = gNe, yYWN) = gL, Also, take 2 =
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Repl, EN = Sumév, In = Sne X FN¢. The ensemble (RepY, Sumﬁlv, Sne x FN¢) is the
(c,d)-regular F-labelled ensemble. The type alphabet in this case is simply A = G/F.
Irregular ensembles can be framed into this setting by simply replacing the repetition
operator. Also other interesting cases can be obtained by considering the interconnec-
tions among the inner and outer encoder done through some vector structured channels
and allowing only independent permutations on the various channels. However, will
now focus on the evaluation of the type-spectra of the regular F-labelled LDPC G-code
ensembles. This will be done in the following subsection by explicitly calculating the

three terms entering in the formula (5.10).

5.2.3 The average type-spectrum of the (c,d)-regular F-labelled en-
semble

In order to prove the main result of this section we will use some generating functions
techniques. For a finite set A, consider the ring of complex-coefficients multivariable
polynomials (briefly multinomials) C[A]. Given p € C[A] and k € Z% we denote by
|p(2)],, the coefficient of the term 2* in p(2), i.e. p(z) = Zkezﬁ |p(2)],, 2. In partic-
ular, we will consider type-enumerating multinomials, i.e. homogeneous-degree multi-
nomials of the form p(z) = > gcp, (a) [P(2)] no 2N where each coefficient [p(z)] yg

equals the number of N-tupes a € AN of A-type 0, satisfying certain properties. The
easiest case is provided by the multinomial (3 . 4 za)N = Z@EPN( ) ( ]ffve)zN 6 simply
enumerating the N-tuples of different A-types. The following result, proved in [11],
characterizes the asymptotic growth-rate of the coefficients of powers of enumerating
multinomials.

Theorem 50 Let A be a finite set, and p(z) € Ri[A] be a homogeneous-degree, non-
negative real-coefficients multinomial. For all @ € Pn(A) and z € P(A) such that
supp(z) = supp(0), we have

N p(z)Y . 1 N _ . z
[p(2)" | yo < ZNO ]\}g}\lfe N log |p(2)™ | yg = zel7I31(fA): log 0

supp(2z)=supp(8)

(5.11)
Moreover the left-hand side of (5.11) is a concave (and thus upper semicontinuous)
[—00, +00)-valued function on P(A).

The first type-enumerating multinomial which we will need in our derivations is the
one enumerating the 0-sum d-tuples over a finite Abelian group G:

Bul#) € Clg g € G, Aulz)i= & gy (Sia) 11 2

g1,--,.94d

106



By introducing the group G of characters of G, i.e. homomorphisms of G in the mul-
tiplicative group C* of non-zero complex numbers, it is possible to find an explicit
expression for (;(z) as stated in the following lemma.

Lemma 51 For every finite Abelian group G and d € N
1 d
Pa(=) = a7 > (Z zgx(g)> :
xeG \ge@

Proof The inversion formula for the discrete Fourier transform (see [67, pag. 168])
F(9) = & 2 (F:0x(9), applied to f = & € L*(G), gives & >, x(9) = Lo} (9). Then,

Ba(z) = > Loy <Zl§k§dgk) [I Zgp,

915--9d 1<k<d

= > %Z <Zl<k<d9k> I1 Zg
915-9d X 1<k<d
= %Z > I x(9w)za
X 91,94 1<k<d
- ()"

Recall that, given any subgroup F' of Aut(G) and a degree pair (c, d) in N2, the (¢, d)-
regular F-labelled ensemble of LDPC G-codes is described by the triple (Repév ) Sumév ,Sne x FN C).

Let 7 : G — G/F be the canonical projection on the quotient, and 7737 : P(GQ) —
P(G/F) be the associated action on probabilities. Also, define

¢:G/F =N, ¢ =|rs'(9)] (5.12)

to be the map giving the cardinalities of the orbits of G under the action of F'.

Consider some admissible block-length N in V. 4). Formula (5.5) shows that \ZQ(,N)\ =
(<) pNev for every v € Pye(G/F). Moreover, in this case |Ugfy| = (%) Lt gy (v).

Substituting in (5.10), and defining v := 7T§;9, we obtain

N[N\ _new i
(0] (Ng) (Nw) o Nev| ZEN|. (5.13)

It remains to evaluate the enumerating weights \Zf,’N] relative to the check summation
operator. In order to do that, we inroduce the multinomial

apqd(t) € Clty, g € G/F], apq(t) : |G| Z Z P ZX , (5.14)

qeG/F geq
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and present the following result, stating that the L-th power of apg4(t) is the type-

enumerating multinomial of the normalized weights | Z5 | /@Nev.

Lemma 52 For every N € N g
Zz N
> | Nw’ tNY = (apq(t)" . (5.15)
vePno(G/F) ¥

Proof First consider the type—enumerating multinomial B(z) € C[zq, g € G] for the
kernel of the inner homomorphism = u = Sumd Since any « in GV¢ belongs to ker Sumg
iff it is the concatenation of L 0-sum d tuples, from Lemma 51 we have B(z) = (84(2))".
Consider now the map

V:Clzy, g €G]l = Clty, g€ G/F] Y :p(z) = pltr.(g), 9 €G).
It follows from (5.6) that, for all v in P(G/F), we have

Si-x ke y Wb > fus(f)]

6cONe vEPN.(G/F) vEPN(G/F)

(5.16)
Then, the claim follows by observing that UB (t/@) = (U, (t/¢))" = apq(t)”.

We are now ready to prove the main result of this section, stating that the average

type-spectrum of the (c, d)-regular F-labelled ensemble of LDPC G-codes is given by

C
r 0) := H(6) + - inf 1 t) +dD(x%0][t) . 1
ren(@):=HO) + 5 b {logara(t) +dD(xp0ll)} . (517

supp (t)=supp (=, 0)

From Theorem 50 it follows that the spectrum F(Rc,d)(e) is an upper semicontinuous

function on the probability simplex P(G). Notice that, by choosing t = 7r§,0, we
immediately obtain the estimation

C
Lirea)(8) < Zlogarg (wiﬁ) +H(6).

Theorem 53 For the (¢, d)-reqular F-labelled ensemble of LDPC G-codes

. |
W(6) < exp(NTipea@),  Jim, 5108 Wn(8) =Tirea(®).
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Proof From (5.13), by recalling that Nc = Ld, we get

1. — 1 N ]Zi’N\
—logWn(0) = —1 L og .

We have lim % log ( ]ffve) = H(0). Then we can apply first Lemma 52 and then Theorem
50 (notice that (5.15) with L =1 implies that o 4(¢) has non-negative real coefficients
and homogeneous degree), obtaining

Zs" t)" t
L| | hm log L Fd( ) JLd” = inf {log aF’s( ) — dH(v)}
( o ) N L (Ldv)chdv teP(G/F) tav
supp(t)=supp(v)

hm log

Similarly, the inequality is proven.

5.2.4 Special cases of Theorem 53

Now, we particularize Theorem 53 to some important special cases, showing as all the
previous results in the literature of non-binary LDPC codes can be reobtained, and other
interesting cases can be studied as well.

LDPC codes over Galois fields

Suppose G =~ Z, for some prime number p and positive integer r. First let F' coincide
with the whole automorphism group Aut(Z;), which is isomorphic to the general linear
group of r x r invertible matrices on Z,. In this case the probability that an N-tuple
x in GV belongs to the random LDPC code Cy = ker (Sumév Iy Repév) only depends
on the Hamming weight (i.e. number of non-zero entries) of . Indeed, it is easily seen
that the action of Aut(Z}) on Z; has only two orbits: one containing the zero element
only, and one containing all the non-zero elements of Z;,. Thus, the quotient space is
G/F = {qo,q1}, with ¢(q0) = 1, (q1) = p"—1. Moreover, since all nontrivial characters
are orthogonal to the trivial one yo = 1, 1t follows that - .. x(g9) = —x(0) = —1 for

all y € G \ {xo0}. Then, the average type-spectra of the (c,d)-regular Aut(Z;,)-labelled
ensemble of LDPC Z;-codes is given by

r_ . d
F(ea.au(zy) (0) = H(0) +§ Inf {log <,% +22 (1 - pl’_lt) > + dD(/\||t)} , (5.18)

where A := 1 — 0(0) and D(A|[t) := Alog 2 + (1 — \) log 1=3
Consider now the case G ~ Zj again, but now with label group F' =~ [F},, the
multiplicative group of non-zero elements of the Galois field Fyr. Observe that F.
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can always be identified with a subgroup (proper if r > 1) of Aut(Z}). Nevertheless,
the action of . on Zj has the same two orbits as the action of the whole Aut(Z,r)
on Zj,. This shows that the (c,d)-regular Fj;-labelled ensemble has the same average
type-spectrum of the Aut(Zy)-labelled ensemble, i.e.

L, ea)(0) = eaauey) (@),  VOePZ,). (5.19)

The expression (5.18) coincides with the spectrum of the F}-labelled ensemble ob-
tained in [6, 19]. We observe that in [53] it was numerically observed that the density-
evolution dynamical system [55] exhibits the same threshold value for the Iy, -labelled
and the Aut(Zp)-labelled ensembles over the binary erasure channel. Formula (5.19)
shows that these ensembles have identical average type-spectra.

Unlabelled LDPC ensembles over cyclic groups

We now consider the case when G ~ Z,, and F' = {1}. In this case, the characters of
Ly, are given by x(h) := e hki for h,k € Zy,, while, trivially, the quotient space Z,/F
coincides with Z,, itself and ¢ =1 (see (5.12)). It follows that

d
amat) =6t =L > < > e%hki2h> -

1<k<m \ 1<h<m

Then, the average type-spectrum takes the following form

ZEP(Z’!?L)
supp(z)=supp(0)

d
F({l}’ad)(e) = H(O) + 2 inf {log (% Xk: (2}; e%hkizh> > + dD(OHZ)} .
(5.20)

The above spectrum coincides with the one obtained in [6].

Uniformly labelled ensembles over cyclic groups

Finally, consider the case when G ~ Z,, again, but this time with F' isomorphic to Z},,
the multiplicative group of units of Z,,. Notice that Z}, acts by multiplication on the
ring Z,,. It is immediate to see that two a,b € Z,, are in the same orbit with respect
to this group action, if and only if (m,a) = (m,b), where (k,h) denotes the greatest
common divisor of two naturals & and h. The quotient space Z,,/Z}, can be identified
with the set of divisors of m D,, := {l € Ns.t. 1 | m}. We have |Z},| = ¢(m), where
¢ : N =N, pn) = !{m eNst.m<n, (n,m)= 1}!, is the Euler ¢-function. The
projection map is

Tzs + Loy — Dy mzx (a) = (moa)
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Notice that, for every [ € D,,, the orbit Wi;i (1) coincides with TZ;, and it is in bijection
with Zj through the map h — Th. Then, ¢(1) = |7} ()| = |Z}| = ¢(1).

In order to evaluate the average-type spectra of "the (c,d)-regular Z} -labelled en-
semble of LDPC Z,,-codes, it is convenient to introduce the so-called Ramanujan sums

r(k) = Yjege ™, LkeN.

The Ramanujan sums are well-known in number theory and can be explicitly evaluated
in terms of both the Euler ¢-function and Mdébius function

1 if n=1
w:N—7Z, pn) =4 0 if p? | n for some prime p
(=1 if  m = pips...p; for distinct primes p; .

For every [, k € N it holds [35, pag. 237]

z ()
ri(k) = p ((za k‘)) o Epﬁ> ' (5.21)

We now can now explicitly evaluate the multinomial azx 4(t), obtaining

d
az,at) = 5 X <Zﬁ > ezl"jkitz)

1<k<m

Im P\ TH

C iz (= §“§t>

It follows that the average type-spectrum of the (c,d)-regular Z; -labelled LDPC en-
semble of Z,,-codes is given by

d
c. . e
Lz ca)(0) =H(0) + =inf S log [ L5 o (%) [ X <(l’lk)>tl +dD(mz; 0||z) 7 ,
d t kfm im #(am)

(5.22)
where the above infimum has to be considered with respect to all ¢ in P(D,,) such that
supp(t) = supp(nz: @). Of course, when m is prime, formula (5.22) above reduces to
(5.18). In particular, when m = 2, (5.18), (5.20), and (5.22) coincide. For non-prime m
instead, (5.22) is novel, to the best of our knowledge.
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5.3 On low-weight type-spectra

In this section we will deal with estimations of the average type-spectra of the regular
F-labelled LDPC G-code ensembles for G-types very close to the all-zero type §y. We
will consider the variational distance on P(G), ||6 — €’|| := suppcc{0(B) — 6'(B)}.

Recall that, since we are dealing with LDPC G-codes, the all-zero N-tuple is always
a codeword. Then, Wx(dp) = 1 deterministically, i.e. for any realization of of Il in
the interconnection group Sy. x FN¢. Hence clearly L(pea)(d0) = 0. The main result
of this section is that there exists a punctured neighborhood of §yp in P(G), over which
the spectra I 4)(6) are strictly negative. Actually, much more precise results will be
derived, characterizing the exact rate of decay (asymptotically in N) of the sum of the
average enumerating coefficients over all G-types 6 such that 0 < ||@ — dy|| < %.

Throughout this section we will often use the following notation: for a,t in N we
define the discrete intervals I := [(t — 1)a + 1, ta] N N. Notice that, given a degree pair
(¢, d), for every admissible blocklength N in N(C,d) we have {1, 2,... 7Nc} = UlgtgL I¢ =
Ur<sen I5-

5.3.1 An upper bound to low-weight spectra

We start by deriving an upper bound to low-weight type-enumerating coefficients for
the inner encoder ‘Z;’N‘ = |GH° Nker Sumév‘.

Lemma 54 Let (c,d) be a degree pair, and let N € N(q). For every 6 in Pn.(G) such

that 5
16 —doll <1 — =, (5.23)

B e

where w € N s defined by w(k) := NcO(k), and w = S w(k) is the number
of non-zero entries in an Nc-tuple of type 6.

we have

Proof Let y in Gjev ¢ be any Nc-tuple of type 6. A necessary condition for y to be
in ker Sum}’ is that each of the first L intervals Il contains either none or at least two
non-zero entries of y. Clearly, |{t < L: |supp(y) N I{| > 2}| < |w/2] while, for any
choice of a dissection 1 < t; < ... < t|,/2] < L, (notice that (5.23) implies w/2 < L)
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we have Hy € GY°: supp(y) C Uj= w/2J I H (de/2J)( ) . It follows that

’Z;’N‘ < ‘U1<t<L {yeGy: ‘supp(y) n Iffl‘ 7 1}‘

‘U1<t1< Ltlwy2 <L {y < GNC + supp(y) S U w/2J It’H

() () E)

We now obtain an estimation for the average low-weight type-enumerators.

IN

Lemma 55 Let (c,d) be a degree pair, F < Aut(G) and N € N, q). For every 0 ¢
Pn(G) satisfying (5.23) the average type-enumerator function of the (c,d)-regular F-
labelled ensemble satisfies

T = (o) (1ur2)) 1) (5:25)

where w := Ne(1 —60(0)).

Proof Consider the projection map 7np : G — G/F and the associated map for
types 7TF G — G/F. Define v = ﬁO and u € ZG/F\{O} by u(k) = Ncu(k).
Also, for every @' in P(G), define w' in ZG\{O} by w'(k) := Nc@'(k). Notice that
ocone (o) = (Ncu)<PN“’ From (5.13), (5 16) and (5.24) we get

 _New ZN
<ch> Z 26|

ONC
N

(o)
() ()2 V) o2 ()
: EfffV9;<Lw/2> ) ()

N( >Lw/2 (lw/2]d —1)...(lw/2]d —w+ 1)
NO ) \|w/2] Ld(Ld—1)...(Ld—w+ 1)

< (o) (pujey) (22"

A first consequence of Lemma 55 is the following upper bound on the average type-
spectra of the F-labelled LDPC ensembles.

N
N6

Wn(9) =
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Proposition 56 For every degree pair (c,d) such that ¢ > 3 we have

I‘(F,c,d)(a) < fc,d (‘T) ) Vo : Ho - 60” <

)

ISHI

where  :=1— 6(0), and
fea(z) = H(z) + zlog(|G| — 1) + £ H () + cxlog () ,
with H(z) := —zlogx — (1 — z)log(1 — x) denoting the binary entropy.

Proof From (5.25) it follows that for every || — &|| < 2, for the F-labelled (c,d)-
regular ensemble we have

| — 1 N 1 L 1 eNa\ N
| 9 < 1 ) log [
N losWn() < N°g<N0>+NOg<[xN§J>+NOg<2L>

NeN. d d
o) H(6) + EH <§a:> + +cxlog <§w>

<  H(z)+=xlog(|G] — 1) + cxlog <g:n> .

It is easy to see that, whenever ¢ > 2, % fc,d|x:0 = —oo. Therefore, Proposition 56
implies that the spectra I'(f,. 4)(0) are strictly negative in a sufficiently small punctured
neighborhood of dy in P(G). In Section 5.4 this fact will be used in order to show that
the minimum A-distance grows linearly with N with high probability. Here we derive
more precise estimations for the average type-enumerating functions.

Proposition 57 Let F be any subgroup of Aut(G), (c,d) a degree pair and N € N q).
There exists a positive constant K such that the type-enumerator function of the (¢, d)-
reqular F-labelled ensemble satisfies

> Wa(6) <EN*C
F<lldo—0ll<3

Proof For every N in N, q) we define the quantities

gu(N):= Y Wn(0), weN.
16061 |=%

For 0 in Py(G) define w as in Lemma 54. For all w =2,...,|2N]|, (5.25) implies

0= 3 (o) (ugy) GE)™= (pegy) GO ()6t v7=tiom,

_ N
)="N
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We have, for every 2 < w < [2dN |,

Grpy2(N) e (N-w 2 L—LC%J ¢ 2 (w+2)c e .
g =(e ”( " ><LC%J2L)<1+M> < (1G] - 1)*(3e)%N*°.

It follows that if ¢ > 3, then there exists Ny in N such that, for all N in N, (c,d) Such that

N > Ny, g%;;t?z(v];[) < % foralll <w< L%NJ. Then, we have

LiN] LaN]
o WN(O) S gh(N) D 274 gh(N) Y 277 < 2g5(N) 4 2¢5(N) < KN
2 _ 2 w=2 w=2

NSH50 0||Sd

for some positive constants K’, K", K, all independent of N.

5.3.2 On weight-one codewords

We now derive a more precise estimation of the average enumerating functions for G-
types of N-tuples with all but one entries equal to zero. Fixed any N in N, k£ in G we
define the G-type

1 1
TE = <1 — N) oo + N(Sk € PN(G),

and we look for upper bounds on the average spectra Wy (1) for the (¢, d)-regular F-
labelled LDPC ensembles. We will show how these estimations depend on the choice of
F among the subgroups of the automorphism group Aut(G).

We start with a few elementary considerations about closed paths and cycles in
directed graphs. A closed path of length n in a directed graph G = (V, E) (where V is
a finite set and £ C V?2) is a Z,-labelled string of vertices v € V% such that any two
consecutive vertices are adjacent, i.e. (vg,vgy1) € E for all k € Z,. A cycle of length
n is a closed path v € V% such that v, # vj for all k # j € Z,. A self-loop is a cycle
of length 1. Every closed path v of length n is the concatenation of k cycles v!, ..., v*
such that the sum of the lengths of v', ..., v* equals n. Observe that in general k < n,
while £ < |n/2| provided that the directed graph G contains no self-loops.

Given a finite Abelian group G, and a subset S of G we denote by G(G,S) the
directed Cayley graph with vertex set G and edge set {(g,9+s)|g € G, s € S}. It is
straightforward that closed paths v of length n in an Abelian Cayley graph G(G, S) start-
ing in any fixed vertex g € G (i.e. such that vg = g) are in one-to-one correspondence
with 0-sum n-tuples & in S™.

For a subset S C G and a positive integer n, consider a closed path v of leght n in
G. By the the previous considerations, v is the concatenation of k(v) cycles. We put
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b(S,n) equal to the maximum of k(v) over all possible closed paths v of length n in
G(G, S), with the agreement that b(S,n) = 0 whenever no closed path in G(G, S) has
length n. The reason for this notation becomes evident with the following result.

Lemma 58 Let F' be any subgroup of Aut(G), (c,d) a degree pair and N € N . qy. Then,
for all k in G, the type-enumerator function of the (c,d)-reqular F-labelled ensemble

satisfies T < N <b(Fi | c)) [b(FLk:, c)} . (5.26)

Proof Define v := W%Tk € P(G/F). Let y be any element of GY¢. Then, for
Sumfiv y = 0 in G it is necessary that ZISjSNc y; = 0in G. Since y € GN¢ has exactly

¢ non-zero entries all belonging to F'k, it follows that |Z,i;N| = 0 iff there are no closed
paths of length ¢ in the Cayley graph G(G, F'k). Then, (5.26) immediately follows in
the case b(Fk,c) = 0.

Now, assume that there exist closed paths of length ¢ in G(G, F'k). By the previous
considerations, each such a path decomposes in at most b(Fk,c) cycles. If we consider
the intervals If, for 1 <t < L, and put supp(y) N If := {4, 55, ... ,Jh, }, we have

(Sumévy)t:Zyj: Zyjf’ Vi<t<L.

jerd  1<i<m

Therefore, if Sumévy = 0, then it is necessary that v € GZm, v, := Y o1<i< Yt is a
closed path in G(G, Fk) for all ¢ such that supp(y) N I is non-empty. It follows that
supp(y) N I is non-empty for at most b(Fk,c) values of t. Therefore, by taking into
account the (b( FLIW)) possible choices of b(Fk,c) intervals out of L possible ones, the

(b(F ck’c)) choices of ¢ positions out of b(F'k, ¢)d available ones, and the ¢(Fk)¢ choices of
an ordered c-tuple with entries from the orbit F'k, we get

= s 621 ) (47

Then, from (5.13) it follows that

Welm) = (NN)‘Z;V/; <y ocena) (70" =5 Goro) 7]
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5.3.3 Main result

Building on the results of Sect.5.3.1 and 5.3.2, we are now ready to present the main
result of this section. For a subgroup F' of Aut(G), and a positive integer ¢ we define

a(F,c) :==1—c+max ({1} U{b(Fk,c)|k € G\ {0}}) , (5.27)

where we recall that b(S, ¢) was defined in Sect.5.3.2 as the minimum number of cycles
in G(G, S) of total length ¢, with the agreement that b(.5, ¢) = 0 when no closed path in
G(G, S) has length c.

Before stating the main result, we need a simple property of a(F,c). For every
k # 0, Fk does not contain 0, so that there are no self-loops in G(G, Fk) and then
b(Fk,c) < |c/2]. It immediately follows that

2—c<a(F,c) <1—1Jc/2]. (5.28)

Theorem 59 For every degree pair (c,d) such that ¢ > 3, and every subgroup F of
Aut(G), there exists a positive constant K such that for the (c,d)-reqular F-labelled
ensemble it holds

> Wa(0) < KNI N €N
0<]160-6]1<3

Proof First, we consider weight-one types. From (5.26) we have

b(l k, C)C / 1+b(Fk,c)—c / a(F,c)
— < ) < )
E WN E N< k‘c> - K E N K'|GIN
6(0)= kEG\{O} keG\{0}

for some positive constant K’. The claim then follows by combining Proposition 57 with
the previous estimation, and observing that a(F,c) <2 —c¢ < —1.

Now, we explicitly evaluate a(F,c) for the three examples studied in the previous
section.

Example 14 Consider the case when G ~ Z;, and either F' ~ Aut(Z;) or F ~ .. In
both cases Fk = Z; \ {0} for all k € Z;, \ {0}. Then G(Zy,, F'k) = G(Z,,, Z;,\ {0}) is the
complete graph with p" vertices. It follows that G(Zy,Z;, \ {0}) contains closed paths of
any length n > 2 whenever p" # 2, while G(Z2,{1}) contains closed paths of even length
only. Therefore, for G ~ Zy, with p" # 2, a(F,c) =1~ [¢/2] for all c, while for G ~ Zs
a(F,c) =1—c¢/2 for even ¢ and 2 — ¢ for odd c.
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Example 15 Consider the unlabelled ensemble over the cyclic group, i.e. G >~ Z, with
F = {1}. If (m,c) = 1, then m|ck if and only if m|k. Then, for all k € Zy, \ {0},
the Cayley graph G(Zpy,, Fk) = G(Zm,{k}) has no closed paths of length c. In this case
clearly a({1},c) =2 —c.

Then, consider the case when (m,c) > 1 and let lpcf(c,m) be the smallest prime
common factor between ¢ and m. Consider any k in Zy, \ {0} such that G(Zy,,{k}) has

a closed path of length c, i.e. such that m | ck. The length of the shortest such a path

- - m m,ck’ m
s given by T = ((m,k)) = <(m7k),c). Thus, (m—k | ¢, while clearly | m. But

(m,k) < m, so that necessarily the shortest cycle in G(Z, {k}) Ry i not less than
Ipcf(m, c), with equality if and only if k € lpcf( 5 Lm \ {0}. Thus b({k} c) = o)
fork € it Zm\{0}, and b({k},c) < Tpefme) fork; € Zm\WZ It immediately
follows that, whenever (m,c) > 1, a({1},¢) =1—c+ W.

Example 16 Consider the uniformly-labelled ensemble over the cyclic group, i.e. G ~
Ly, with F ~ 7 . First we claim that, for n > 2:

e ifn is even all closed paths in G(Zn, Z},) have even length and there exists a 2-cycle;

e if n is odd, then there exist both a 2-cycle and a 3-cycle.

To see this, first, since 1,—1 € Z, (0,1) is a 2-cycle in G(Zy,ZY), both for even and
odd n. Then, consider the case when n is even: clearly oll k € Z} are odd, so that the
modulo-n sum of an odd number of elements of Z}, cannot be equal to 0 modulo n. Thus
every closed path in G(Zy,Z)) must be of even length. On the other hand, if n is odd,
then 2 € Z7, so that (0,2,1) is a 3-cycle in G(Zn,Z}).

Let us now consider some k € Zy, \ {0}. Then by applying the previous observation
with n = 0 mk), one gets that, if ¢ is odd and (o) k) is even, there are no closed paths of
length ¢ in G(Zn,, 2%, k) so that b(Z k,c) = 0, while otherwise, if ¢ is even or (m,k) is
odd, b(Z} k,c) = |c/2|. It thus follows that a(Z},,c) =1 — [¢/2] unless ¢ is odd and m
is an integer power of 2; in the latter case a(Z},,c) =2 — c.

5.3.4 Lower bounds on low-weight type-enumertors

In this section we present some results, of independent interest, which show that the
estimations given by Theorem 59 are tight. All the proofs are deferred to the appendix.
First we deal with weight-one type-enumerators.

Proposition 60 Let (c,d) be a degree pair such that ¢ > 3, and let F' be any subgroup
of Aut(G). Then, there exists a constant K > 0 such that for all k in G\ {0} such that
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a(F,c) =1 —c+ b(Fk,c) the type-enumerator function of the (c,d)-regular F-labelled
LDPC ensemble satisfies

P(Wy(mi) > 1) > KNP N e Ny (5.29)

Finally, we propose a lower bound on weight-two type-enumerators. For every k in
G, define

e b b+ 2
Mo NFTNOETTN

do € P(G) .

Proposition 61 For every degree pair (c,d) there exists a constant K > 0 such that for
every k in G\ {0} the type-enumerator function of the (c,d)-regular F-labelled LDPC
ensemble satisfies

P(Wn () >1) > KN?7¢, VN €N - (5.30)

5.4 Asymptotic lower bounds on the typical minimum dis-
tance

Throughout this section we will assume we have fixed a G-symmetric MC (X, ), P) with
associated Bhattacharyya distance A and weight &, and we study the asymptotics of
the minimum A-distance of regular LDPC G-code ensembles.

Given a degree pair (c,d), a natural candidate for the typical normalized minimum
A-distance of the (¢, d)-regular F-labelled ensemble is the quantity

Y(Fe,d) = inf {(6, 0}‘ 0 € P(G)\ {do}s-t- ['(pca)(0) > 0} . (5.31)

It turns out that v, 4) actually is a lower bound on the asymptotic normalized mini-

mum distance for the (c,d)-regular F-labelled ensemble. This does not follow directly

from Theorem 53 since eling L(Fc,a)(0) = 0. However, using both Theorem 53 and 59
—00

the following result.

Theorem 62 Let (c,d) be a degree pair such that a(F,c) < —1. Then, for the (c,d)-
reqular F-labelled LDPC ensemble the following holds

. 1 _
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Proof By (2.10) we have that

%dmm (ker @) = inf {(6, )6 € P(G)\ {do}s.t. Wn(6) > 1} = min {/QQV, /{/](,} ,

where for every N in N, (c,d) We define

Ky ==1inf {(6,0)]0 <[]0 — || < 2 : Wn(6) > 1},
H/]Q = 1nf{(5,0>‘ Ht‘)—éoH Z% . WN(G) > 1} .

Clearly liminfy % dmin (ker @) = min{p’, p”}, where we put p' := liminfy £y and
p" = liminfy K.

We start by establishing a lower bound on p”. Define Q := {6 : ||0 — &|| > 2}, and,
for each = in R, the set

Qx = {0 ean PN(G)St F(F,c,d)(e) < ZE} . (532)

Consider now the quantity n(z) := inf {(8,0)| 8 € Q\ Q. }. Since I'(5 . 4)(6) is an upper
semicontinuous function of @ and Q is a closed subset of P(G), standard analytical
arguments (see Lemma 64 in the appendix) allow us to conclude that 7 is a nondecreasing
and lower semicontinuous function.

Let us now fix some arbitrary ¢ > 0. By successively applying a union bound
estimation, Markov inequality, Theorem 53 and (5.32), we get

P( U {WN<0>21}>§ > P(Wy(6) 1) < 3 Wy(B) < (g7T) exp(~Ne).
0cQ_. 0cQ_. 0eQ_.

It follows that YN P(Ugeq . {Wn(0) > 1}) < 400, and thus Borel-Cantelli lemma,
implies that with probability one the event Jpc, _ {Wn(68) > 1} occurs only for finitely
many N in N q). Hence,

P(p" < n(—e)) <P ({U,,GQ% (Wx(6) > o}} io. Ne N(c,d)) —0, Ve>0.

Notice that vz, 4) = 7(0). Hence, monotonicity and lower semicontinuity of the function
7 allow us to conclude that

P (p” < ’y(Rc,d)) =P (,o” < 77(0)) <P <p” < 111?177 (—%)) = lién]P’ (p” <n (—%)) =0.

(5.33)
Now let us consider the term p’. By sequentially applying a union bound estimation,
Markov inequality and Theorem 59, we get for every IV in N(C,d)

P (U0<H9_50H<% (Wx(6) > 1}) §O<HHZ§ H<2VVN(0) < KNa(Fe) (5.34)
Soll<2
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where K is a positive constant independent of N. Since a(F,c) < —1, we get
P (Uocio-siez (Wi ®) 2 1}) < K%NG(F’C) < oo

By Borel-Cantelli lemma we get that the event | g_s,(< 2 {Wn(0) > 1} occurs only
for finitely many N in N, 4) with probability one. This yields P (o’ = +o0) = 1, which,
together with (5.33), implies the claim.

We have proved the previous theorem under the assumption a(F,c) < —1. In fact,
for ¢ = 2 it is known, since Gallager’s work [30], that deterministically the minimum
distance cannot grow faster than logarithmically with the blocklength N. From (5.28)
it follows that if ¢ > 5 then a(F,c) < —1 for any F, if ¢ = 3 then a(F,c) = —1 for any
F, while, when ¢ = 4, a(F,c) < —1 for some choices of F. However, one can weaken the
assumption a(F,c) < —1 requiring only that a(F,c) < 0 (thus including the cases ¢ = 3,
and ¢ = 4 for some F'). In these cases, y(r,,q) still gives an asymptotic lower bound for
the normalized minimum distances % dmin (ker @), in a weaker probabilistic sense. In
fact, a more detailed analysis enlightens a non-concentration phenomenon. In order to
describe it, first, for every degree pair (¢, d) and every subgroup F' of Aut(G), we define
the following quantity

{min{é(k‘)\keG\{O}:a(F,c):1—c+b(Fk,c)} if a(F,c)#2—c¢

min{(2 — b(Fk,c))d(k)|k € G\ {0}} if a(F,c)=2-c.
(5.35)

C(Fe) =

We have the following result:

Theorem 63 Let (c,d) be a degree pair such that a(F,c) = —1. Then,

1
. L > 1
NEI}\I/I(lc,d) P (N dmin (ker (pN) = ’Y(F,c,d)) 1
Moreover, if the random wvariables Il defining the (c,d)-reqular unlabelled LDPC' en-
semble are mutually independent, we have

P <Ziflgl./\/{?£) dmin (ker (I)N) = C(F,c)) =1.
Theorem 63 is proven in the appendix. The probabilistic interpretation is as follows. In
the case a(F,c) = —1, with probability one, the sequence of the unnormalized minimum
distances (dmin (ker ®v)) contains a subsequence converging to ((r). Thus, while with
increasing probability the minimum A-distance is growing linearly with the blocklength
N, almost surely a subsequence with constant minimum distance shows up. We ob-
serve that, for irregular binary LDPC ensembles, even more evident non-concentration
phenomena are known to arise: see [16, 51].
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5.5 Numerical results

In this section we present some numerical results for the minimum distances of the LDPC
ensembles which have been studied in this paper. We focus on a particular channel, the
Zg-symmetric 8-PSK AWGN channel, and we compare the average distance-spectra of
the regular unlabelled and uniformly labelled LDPC Zg-code ensembles. Our results
indicate a strong superiority of the uniformly labelled (i.e. the one with label group
F ~ Zj) ensemble with respect to the unlabelled one (i.e. F' = {1}). Then, we compare
these results with some contradicting analysis of the average error probability of these
ensembles, and discuss how this seeming paradox can be explained by invoking so-called
expurgation arguments.

5.5.1 Numerical results for the average distance-spectra

Let us start with some general considerations. Suppose we are given any ensemble of G-
codes with average type-spectrum I'(@). Let v := inf {(0,8)| 0 € P(G) \ {dp}s.t. T'(0) > 0}
be its designated typical normalized minimum distance which we are interested in com-
puting. Notice that I' is a map defined over the (|G| — 1)-dimensional simplex P(G) and
therefore in general of difficult visualization whenever |G| > 2. It is then convenient and
natural to introduce the average distance-spectra as a one dimensional projection of I':

T : [0,max{d(z)|z € G}] — [~o0,+00), Y(t):=sup{I(0)|6cP(G): (§,0)=t}.

(5.36)
It is immediate to verify that v = inf {¢t € [0, max{d(z)|z € G}] : T(¢) > 0}. Notice
also that, for |G| = 2 and |G| = 3, all Bhattacharyya distances are proportional to
the Hamming distance, so that the average distance spectrum Y is independent (up to
a rescaling factor) of the chosen G-symmetric channel. For |G| > 4 instead, T really
depends on the choice of the Bhattacharyya distance A.

In Fig.1 the average distance-spectra of two regular LDPC Zg-code ensembles are
reported. We considered the Bhattacharyya distance A of the 8-PSK AWGN channel,
normalized it in such a way that max{d(z)|z € Zg} = A(0,4) = 1. In each picture a
degree pair (c,d) is fixed. The dash-dotted curve is the graph of the distance-spectrum
T ({1},c,a)(t) of the (c,d)-regular unlabelled LDPC ensemble, while the solid curve is the
graph of the distance-spectrum T(Zg,c,d)(t) of the (¢, d)-regular uniformly labelled LDPC
ensemble.

As a reference two dotted curves are also plotted in each picture. The one taking the
value 0 for ¢t = 0 is the distance spectrum of the binary (c,d)-regular LDPC ensemble
T%C’ d)(t). It is straightforward to check that it is a lower bound for the distance spectrum
of any Zg-LDPC ensemble: it suffices to restrict the optimization in (5.36) to Zs-types
0 supported on the binary subgroup 4Zg.

122



0.18

0.16

0.14

0.12

0.1

0.08

0.06

0.04

0.02

-0.02

m=
c=3 d=6

,
0 \_L//

0

m=8
c=6d=12

.
0.02

I
0.04

.
0.06

.
0.08

8
c=12d=24

0.1

0.02

0.04

0.06

0.08

0.1

03

0.02 0.04 0.06

0

03

0.02 0.04 0.06

0.02 0.04 0.06

Figure 5.1: Distance spectra of (¢, d)-regular LDPC ensembles over Zg for 8-PSK: the
solid curve corresponds to the uniformly-labelled ensemble, the dash-dotted one to the
unlabelled ensemble, the two dotted curves correspond respectively to the Zg-linear

ensemble and to the binary LDPC ensemble.



The second dotted curve instead, taking value %log% for ¢t = 0, corresponds to the
distance-spectra of the Zg-code ensemble (with no sparsity constraints) of the same rate
R= % log 8. This ensemble is defined as a sequence of kernels of random homomorphisms

(ker @), each ®y being uniformly distributed over Hom(Z% ,Zév/ 2), the group of all

homomorphisms from Zév to Zév/ 2, with no sparsity constraint. In Chapter 4 their
average type-spectra have been characterized; for the Zg-code ensemble of rate %log8

this is given by

Tz(8) := H(0) — %108“ s(6),  (6):= m '

Notice that I'z,(0) is an upper semicontinuous function over the simplex P(Zg), and its
discontinuities correspond to types supported on the subgroups 2Zg and 4Zg. In fact a
salient point is easily recognizable in the graphs reported around the abscissa ¢t = 0.05,
corresponding to the intersection between the average spectrum of the binary subchannel
and that of the Zg-subchannel. This salient point occurs before the curve crosses the
t-axis, which is coherent with the fact, proved in Chapter 4, that the typical normalized
minimum distance of the Zg-code ensemble equals the corresponding Gilbert-Varshamov
bound. In other words, while for low values of ¢ the distance spectrum of the Zg-code
ensemble is dominated by the term corresponding to the smallest non-trivial subgroup
(a phenomenon generally observable for Abelian group code ensembles), the value of the
typical minimum distance is determined by types which are not supported in any proper
subgroup of Zg (this is instead related to the particular constellation chosen, although
conjectured to be true for many constellation of interest).

Analogous considerations can be made about the LDPC distance-spectra based on
the simulations reported. In particular, for distances close to 0, the average distance-
spectra of both the unlabelled and the uniformly labelled Zg-LDPC ensembles are dom-
inated by the binary subgroup supported types. However, these components do affect
the value of the typical normalized minimum distances (y({1},q) and V(Zz.c,d) TESPEC-
tively) only for low values of the degrees (¢ = 3,4). For all the other values of the
parameters, the typical minimum distance is instead determined by types which are not
supported in any proper subgroup of Zg. Another observation which can be made is
that, not surprisingly, as the values of the degrees (¢, d) are increased while keeping their
ratio constant, the distance-spectra of both the unlabelled and the uniformly labelled
ensembles approach the one of the Zg-linear ensemble.

However, the most important conclusion which can be drawn from the graphics
reported concerns the different behaviors of the unlabelled and the uniformly labelled
ensembles. Indeed, it appears evident that the latter drastically outperforms the former
at the distance level. In particular, already for relatively low values of the degrees (¢ = 8,
d = 16) the uniformly labelled ensemble typical minimum distance Y(Zz.e,d) 1S Very close
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(practically equal) to the Gilbert-Varshamov bound. For the same values of the degrees
instead, the unlabelled ensemble suffers from a remarkable gap; this gap seems to be
slowly filled up as the values of the degrees are increased, but it still remains significant
for relatively high values of ¢ and d. This indicates that structural properties of these
two ensembles are remarkably different. Some prudence is nevertheless justified by the
fact that ours are only lower bounds on the typical asymptotic normalized minimum
distance, while, as already mentioned in the introduction, a concentration result for the
type-spectra is needed in order to prove their tightness. However, while this phenomenon
appears here only at the distance level, computer simulations of the performance of
these codes reveal that a drastic superiority of the labelled ensemble with respect to the
unlabelled one is evident also under belief-propagation decoding. We observe that this
is coherent with Monte-Carlo simulations reported in [6], where the labelled ensemble
was shown to be closer to capacity than the unlabelled ensemble.

5.5.2 The average word error probability of the LDPC codes ensembles

In our analysis of the minimum distance properties of LDPC G-code ensembles, the
quantities ((r) show up as an almost sure liminf for the unnormalized minimum dis-
tance only when a(F,c) = —1. However, these quantities characterize the asymptotic
maximum-likelihood average performance of these ensembles for all values of a(F),c).
For instance, let us consider in some detail the case G ~ Z, for some prime p
and some positive integer r. Let us fix an admissible degree pair (c,d) and denote

by pe(CN)(F’C’d) the average maximum-likelihood error probability of the (c,d)-regular
F-labelled ensemble of LDPC Z,r-codes over an arbitrary Z,r-symmetric memoryless
channel. Then, it is possible to show that there exist a threshold (1 — §)logp” <

C(F,c,ay < logp”) such that, for every Z,r-symmetric channel whose Z,r-capacity exceeds

A N F7 7d . . .
to C(p,,q), the average error probability pe(C N)( &) goes to zero in the limits of large

N. Moreover, if one considers an increasing sequence of degree pairs (¢, d,,) with a given
designed rate (1 — fl—z) log p" converging to R, then the corresponding LDPC thresholds
Clen dn,F) converge to R.

More precisely, it is possible to show that over any Z,r-symmetric channel whose
Lyr-capacity exceeds C(r, ) we have

K NAFO < poeny e

< KN | (5.37)
for some positive constants K1, Ko, both independent of N. Moreover, it can be proven

that (Fod)
lim sup Pe(Cn)

—ura— S Ksexp((re), (5.38)
NeNc,q) NaFo) ()
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for some positive constants K3, independent of the channel (and thus from A). The
results (5.37) are known in the binary case (see [50]). Proofs of (5.37), (5.38) in their
full generality can be gathered coupling the estimations of Section 5.3 with the standard
bounding techniques used in [48, 62, 50, 6], and will be given elsewhere.

Observe that if FF < F' < Aut(G)

a’(F7 C) < a(Fla C)7 C(F,c) > C(F’7c) . (539)

Thus, from the point of view of the average performance, the smaller the label group is,
the better parameters are. This stands in contrast with the numerical results presented
in the previous paragraph, indicating that at the distance level the uniformly labelled
ensembles perform much better than their unlabelled counterparts. An explanation for
this seeming paradox can be obtained using so-called expurgation techniques. Indeed,
it can be proved that, while the average error probability of the LDPC ensembles is
affected by a vanishingly small fraction of codes with low minimum distance and decays
to zero only as a negative power of N, almost surely a sequence of codes sampled from
the same ensemble has error probability decreasing to zero exponentially fast with V.
It is this typical exponential behavior that has to be considered representative of the
ensemble, rather than the one of the average error probability. It is also worth to mention
that the typical error exponent can be estimated in terms of the average type-spectra,
using techniques presented in [62]. This phenomenon is well-known in the LDPC codes
literature [30, 50]; proofs for LDPC codes over Galois fields can be found in [19, 6].

5.6 Conclusions

The following issues are left for future research:

e proving concentration results for the spectra of the LDPC ensembles for instance
using a second order method (see [54]);

e giving an analytical explanation of the different behavior of the labelled and un-
labelled ensembles;

e generalizing the analysis to irregular ensembles following the approach of [16, 51];

e considering generalizations of the so-called stopping sets and pseudoweight distri-
butions which in the binary case characterize the iterative decoding performance
of LDPC codes (see [51, 72, 40]); while the distribution of stopping sets has been
studied for binary LDPC ensembles, the distribution of pseudocodewords is un-
known even in the binary case.
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Chapter 6

Conclusions

In this thesis we have developed a theoretical analysis of the performance of Abelian
group codes over symmetric channels.

We have characterized the capacity achievable by Abelian group codes over symmet-
ric channels. We have shown that in many important cases, like the AWGN channel with
m-PSK modulation as input, this capacity coincides with the Shannon capacity. This
generalizes a well-known result of classical information theory, namely that binary-linear
codes allow to achieve capacity of binary-input output-symmetric channels.

For the AWGN channel with 8-PSK as input we have shown that the typical cyclic
group code asymptotically meets the Gilbert-Varshamov bound, while a random binary-
affine code is bounded away from it with probability one. The results obtained can be
extended to Abelian group codes over symmetric channels, and similar results can be
inferred for the typical error exponent.

We have analyzed two ensembles of regular LDPC codes over the cyclic group Z,,,
establishing precise combinatorial results for the exponential growth rate of their type-
enumerating functions with respect to the code-length. We have shown that in both
cases minimum distances grow linearly with probability one, and we have obtained
lower bounds for their typical normalized minimum distance.

Some of the main problems left for future research are:

e extending the theory to non-Abelian group codes;

e proving concentration results for the spectra of the LDPC ensembles using a second
order method;

e analyzing LDPC codes over Abelian groups under iterative decoding, generalizing
some of the tools used for binary LDPC codes: density evolution, stopping sets
and pseudo-weight distribution.
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Chapter 7

Appendix

7.1 A few properties of the discrete entropy function

Consider the set P(A) of probability measures over A, which can be identified with
the set of nonnegative real valued functions g on A satisfying the linear constraint
Y qcatt(a) =1. If @ is in P(A) and B C A is such that 8(B) := >, 5 0(b) > 0, the
conditioned measure of 8 on B is defined as

0p c P(B) 6|z(b):=6(B)"'0(), VbeB. (7.1)

Recall the definition of the entropy H(6) := — 3 c .09 0(a)log 6(a). A straightfor-
ward property of the entropy function is its strict concavity.

To any function 7 : A — B between two nonempty finite sets A and B we can
associate a map 7wy : P(A) — P(B) sending the probability measure 8 in P(A) to its
image measure through 7 defined by

40 € P(B)  [m40] () :=0(f'(b))= > 6(a), VbEB. (7.2)
a:f(a)=b

The entropy of a measure 6 and that of its image measure w40 are related by the
following equality

H(0) =H(ru8)+ > [746] (b)H (8];-14)) - (7.3)
bEsupp(ﬂ#O)

It follows from (7.3) that H (@) = H (w40) if and only if the restriction of = to supp()
is injective. In particular, this is the case for any € in P(A) when 7 : A — B is a
bijection. From this and the concavity of the entropy function, a standard argument
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shows that the maximum of H over P(A) is achieved by the uniform measure over A,
ua(a) = |A7L

When A = B; x By for some finite sets By and By, we introduce the marginal
projection operators

7Tj:A—>Bj, 7Tj(b1,b2):bj, VbjEBj,jZl,Q. (74)

It follows from (7.3) and the concavity of the entropy function that

HO) = H(7h0) + 5, comp(rte) |760] (b1)H (Olirs)16,)
H(740) 4 H (T conn(rio) [750] (0102

H (71'#0) +H (ﬂié’) ,

Y

with equality if and only if 8 = 77#0 ® 7@9, i.e. 0 equals the tensor product of its
marginals. A simple inductive argument can then be used to generalize this property as
follows. For every positive integer n, if A = B; x ... B, and 0 is in P(A), then

n
H(0) > ) H(r}0), (7.5)
i=1
where ¢ : A — B; denotes the marginal projection on the i-th component.

7.2 Continuity lemmas

Let 2 be a compact metric space. It is a standard fact that any lower semicontinuous
function achieves its minimum on every closed nonempty subset C' C €,

f:Q—=R, flsc; = 3T Cs.t. f(T) =inf {f(x) |z €C}. (7.6)
Consider two functions g : @ — R and h: Q — R, and define
f:R—R, f(y) ;= inf {g(aj)‘az € Qs.t. h(z) < y} . (7.7)

It is immediate to verify that f is nonincreasing. We are interested in the continuity
properties of f.

Lemma 64 If g and h are both lower semicontinuous, then f defined in (7.7) is lower
semicontinuous.
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Proof Suppose we are given a sequence (y,),cy C R converging to some y € R. We
want to show that

liminf f(yn) = f(y). (7.8)

Observe that with no loss of generality we can restrict to the case when y,, > min {h(z) |z € Q}
since otherwise the set {x € Qs.t. h(z) < y,} is empty and f(y,) = +00. From the lower
semicontinuity of h it follows that the sets {z € Qs.t. h(z) < y,} are closed in . Since

they are nonempty by the previous observation, and the function g is lower semicontin-
uous, from (7.6) we have that

VneN, Jz,€Q st. flyn) =9(xn), h(zy) <yn.

Since the space 2 is compact, from the sequence (x,),ecny We can extract a subsequence
(Tny, ) ey converging to some T in 2. From the lower semicontinuity of h we get

) < T < T .
h(z) < lugleanfh () < hl};ﬂeglf Yn, =Y

It immediately follows that
9(T) > f(y).

Finally, from the lower semicontinuity of g we get

11171Ll€11\111ff(yn) lllgle%\lllfg(xnk) > g(7),

which, together with the previous inequality, implies (7.8). |

Lemma 65 If g : Q — R is continuous and h : Q — R is lower semicontinuous and
such that every local minimum of h is also a global minimum, then f defined in (7.7) is
continuous on [h*,+00) where h* := min {h(z) |z € Q}.

Proof Since f is nonincreasing and l.s.c. by Lemma 64, it remains to show that
lim f(yn) < f(y) (7.9)
neN

for every increasing sequence (y,) C [h*,+00) converging to some y > g*. Notice that
the existence of the limit in the righthand side of (7.9) is guaranteed by the monotonicity
of f. From the semicontinuity of g and h, and (7.6), there exists some x in 2 such that
f(y) = g(x) and h(x) < y. If h(z) < y, then h(z) < y, for sufficiently large n, so
that f(yn) < g(z) = f(y) definitively in n and (7.9) follows. Thus we can assume that
h(z) = y. Since y > y* the point z is not a global minimum for h. Hence it is not even a
local minimum for h. It follows that every neighborhood of x in € contains some T such
that h(Z) < h(x). It is then possible to construct a sequence (x,) in £ converging to
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x and such that h(z,) <y for every n. From (z,) we can extract a subsequence (zy, )
such that h(z,,) < yi for every k. Therefore we have f(yx) < g(xy,) and so

lim f(y,) < limsupg(zp,) < g(z) = f(y).
neN keN

We use Lemma 65 with 2 = P(A) for some nonempty finite set A and h given by
minus the entropy function H. Since — H is strictly convex, its only local maximum is
the uniform measure over A, w4, which is also a global maximum.

7.2.1 Proofs for Section 5.3.4

Recall that the interconnection group For the F-labelled ensemble is Sy, x FN¢. We
will write the r.v. IIy = (IT'y, A) where II'y is uniformly distributed over Sy, and A is
uniformly distributed over FV¢, For all s = 1,..., N, and k € G, let ¥ in GV be the

vector whose components are all zero but for the s-th which is equal to k.

Proof of Proposition 60

Let k in G \ {0} be such that a(F,c) = 1 — ¢ + b(Fk,c), and define the event EY :=
{ek € ker @'} We have Wy (13,) = Zivzl Lieray (eF) = Zivzl Ipn.
For 1 <t < L, define the r.v. N; := |[T)\(I¢) N I?|. Define the event

EN = ﬂ {N¢ =0} U{N; > 0 and 3 closed path of length N; in G(G, Fk)}.
1<i<L

It is not hard to check that EN D EN. Moreover, P(EN|EN) > |F|~¢, since, given EN,
there exists at least one realization of the ¢ entries A(s_1)cq1,---,Ase in F' such that
dyel = 0.

Observe that Iy (I§) is uniformly distributed over the class of all subsets of {1, ..., Nc}
of cardinality ¢, and that there exist at least (b( FLIW)) possible realizations of IIx (I$) such
that, for all 1 <t < L, Ny is either 0 or equals the length of a closed path in G(G, Fk).
It follows that

1 . 1 /Ne\ ™t L
P EN > —P EN > > K/Nb(Fk,c)—c 1
(B 2 |F|e ( S>— |F|c< c> <b(Fk,c)> = , (7.10)

for some K’ > 0 independent of N.
We now estimate the probability of the intersections EY N EYN for 1 <r # s < N.
We have that, given that EY occurred, Iy (I¢) is uniformly distributed over the class
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of subsets of of cardinality ¢ of {1,..., Nc} \ IIy (I9). It follows that
_ N-1Dc\ '/ L b(Fk,c)d _
]P) EN EN < ]P) EN EN < ( ) < K//Nb(Fk,C) c
(BEY) < mEN|EY) < (W ) (o) <
(7.11)

for some K” > 0 independent of N. By applying a union-intersection bound, and using
(7.10) and (7.11), we get

P(Wx(mg) > 1) > S P(EN) -3 P(EN N EN) > K/NalFe) - g7 N2a(Fe) > g NalFke)
s r#s

last equality holding true for some constant K > 0 and N large enough, since a(F, c) < 0.
O
Proof of Proposition 61
For 1 <s#r <N and1<t<L, define the event
Bl =Nl 19 0 = i 1 )

In the unlabelled (c,d)-regular ensemble EY, is sufficient for the N-tuple e¥ — ¥, (whose
G-type is 7y) to be in ker . Indeed in thls case each check ends up summing an equal
amount of entries equal to k and —k. For the F- labelled ensemble it easy to see that
P (ef — ek € ker @y | E),) > |F|72¢, since, given that EJ, occurred, for ®y(ek — ek) to
be 0 it is sufficient that the 2¢ correspondlng labels equal the identity automorphism.
Thus,

P(WN (+k) > 1) >P (Zs>r ]lkorq)N(ek — € ) > 1) 2 lFl 2C]P (Us>r > .
Now we introduce the events FN := [J, {n ) NIE| > 41, We have
-1
P(FN)<L Z <C> <d> (dL> < AN-l/2)
a/\a/\ a
=|d/2]+1

for some positive A independent of N and 7. Clearly we have that F implies EN. so

7,87
that P (EXN,| FY) = 0. Instead, we have P <E,{Vslﬁ> > ((Nzl)c)_l > (¢N)™°. Thus,
there exists some positive Ny and K’ such that, for every N > Ny,

P(EY)>P (EN\ W) P (W) > (eN)™° (1 - AN—WJ) > K'N~°.
For every unordered triple {q,r,s} C {1,..., N} we consider the event

EN. = NE, { On(I5) NI = Ty (IE) NI = OIS N IE|
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We have that

P (EN ) < (d- l)cc!((Nzl)C)_l(d _ 2)00!((1\7;2)0)_1 < K'N—2

q7r7s
for some positive K independent of N. For every unordered 4-tuple {p,q,r, s} define
Eplyrs = Nizy { T (I5) N IF| = [Tn (I9) N I = [Tn (1) N IF| = [Ty (19 NI}
We have that

P(EN,,.) < (d—1)cc (N1

piqiris

l(d — 2)50!((]\7;2)0)_1((1 _ 3)061((]\7;3)0)_1 < K"N-3¢,

for some positive K” independent of N. It follows that

P(Wy (7)) 21) = |[FI7*P(U,s, BY)
> YP(EL) - X P(Egps)— X P(Ep.)
r<s q<r<s p<g<r<s
> (g)K’N_C _ (];/) K'"N—2¢ _ (JX) KM N3¢
> KN2—¢ ’
for some positive K independent of N and N € N, (c,d) large enough. O

7.2.2 Proof of Theorem 63

In order to show the first part of the claim one follows the steps of the proof of Theorem

62 until obtaining (5.33) and (5.34). Then (5.33) implies that limy P (K} < y(,a)) =0,

while from (5.34), since a(F, ¢) < —1, one gets limy P (kly < Y(pea) < KNFe) =,
For the second part of the claim, we first show that

P <lin}vinf dmin (ker (I)N) < C(F,c)) =1. (7.12)

Indeed, let us first consider the case a(F,c) = —1 > 2—c. From Proposition 60 it follows
that, for every k € G\ {0} such that b(Fk,c) =a(F,¢c) —1+c=c—2,

S PWa(m) =)= Y KNI =K Y N'= oo
NEN(c,d) NE./\/'(C’d) NEN(c,d)

We now recall that by assumption (Ily) is a sequence of independent random variables,
so that the events {Wy (%) > 1}, for N in N g), are independent. We can thus apply
the converse part of Borel-Cantelli lemma [10] to conclude that with probability one
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the event {Wyx (7%) > 1} occurs for infinitely many N € N q4). It follows that, for all
K € G\ {0} such that b(Fk,c) =c—2

P(liminfy dpin(ker @) < 8(k)) > P({Wn (7%) > 1}i.0. N€Ng) =1, (7.13)

so that (7.12) follows. The case when ¢ = 3 can be treated similarly using Proposition
60 and 61 and the converse part of Borel-Cantelli lemma.

It remains to prove that lim infy dpi, (ker @) > (( Fie) with probability one. First
consider the case ¢ = 3. For every k such that b(Fk,c) = 0 we have Wy (1) = 0
for every realization of IIy in the interconnection group Sy, x FN¢. It follows that
deterministically

dmin(ker (I)N) > min {(2 — 11{1}(b(Fk, C)))(S(k)‘k eG \ {0}} = C(F,c) .

When ¢ > 4, for every k in G \ {0} such that b(Fk,c) < 2 — ¢, Lemma 58 and Borel-
Cantelli lemma imply that with probability one {Wy (1) = 0} occurs only finitely often.
Then, using an argument similar to that in the proof of Proposition 57 it is possible to
show that Z%<||6—50H<% WN(O) é KN_27 and then Z%<H0_50||<§ WN(G) = 0 for all
but a finitely many N. This implies (7.12). O
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