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Abstract— A general framework for the analysis of networks
of heterogeneous agents is presented. By modeling each agent as
a nominal linear time-invariant system plus a possibly nonlinear
perturbation and the interconnection among the agents via a
memoryless operator, a general result is offered which ensures
robust synchronization of the network to a subspace of R”. The
result is applied to the case when the interconnection operator
is a constant normal matrix and the perturbations nonlinear.
The criterion is reduced to a graphical Popov criterion for the
synchronization of the network.

I. INTRODUCTION

In the past few years, the scientific community has devoted
a vast amount of effort to the study of synchronization
in large—scale networks. In these systems a possibly huge
number of agents interact according to some local law which
is designed to achieve some global goal. Since the control is
based on local cooperation between the agents rather than on
coordination by a centralized unit, we call this a distributed
algorithm. The network is modeled by a communication
graph G = (V, £) in which the nodes are the agents, and
an edge (k, j) exists if agent j is able to use some sort of
information coming from agent k. We say that cooperation
is local since each agent receives information from a usually
small subset of the network, called its neighborhood. One of
the simplest instances is the consensus problem, which found
several applications in recent years, see [10], [9] and the
references therein. It is defined as follows: Assume we have
N agents, each initialized with a different real number. The
goal is to agree on a common value by iteratively exchanging
information between the agents. We stack all these initial
values in a vector (0) = o € R”, which evolves according
to the discrete—time system
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The first equation says that agent k updates its information
by integration of some local input uj, which is computed
as a linear combination of the values of its neighbors with
coefficients given by the k-th row of the matrix P € RV*N,
This is a non—negative row-stochastic primitive! matrix
consistent with the communication graph, namely such that
Py; > 0 if and only if (j, k) € £, in accordance to the fact
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'Row-stochastic means P1 = 1, primitive that there exists a positive
integer v such that all the entries of PY are strictly positive. Here 1 =

Tlﬁ[l,...,l]ERN.

that j uses, to compute its local control, only the information
coming from its neighbors. By Perron—Frobenius theorem [2]
we know that

o) X 7Twg, Vk=1,...,N

where 77 P = 7T and 771 = 1.

A consensus network is thus a network of integrators
that asymptotically agrees on the same linear combination
of the initial conditions of the network. In this paper we
are interested in higher order consensus problems, where
No(z71) is a generic transfer function, not just an integrator.
The consensus here is required in the outputs of the agents,
and we call this synchronization of the network. We consider
moreover heterogeneous networks, in which the dynamics of
the agents contain a nominal part perturbed in some “mild”
way. The unperturbed network is called homogeneous. In [5]
robust synchronization of a network of perturbed integrator is
studied, and the idea is extended in [7] to the synchronization
of a class of higher order systems. In [6] a graphical criterion
is proposed for the case of dynamic feedback. The paper
[11] proposes a comprehensive model for synchronization
in an input/output framework. Much effort has also been
devoted to the study of the stabilization of an interconnected
network (in consensus we stabilize the system apart from
the consensus direction, e.g. 1), see, for example, [4], [3].

The aim of this paper is to present a model for a network of
agents whose outputs should synchronize, in which we allow
heterogeneity, higher order dynamics and higher order syn-
chronization, and some degree of generality in the law that
produces the local controls given the local information. We
present a synchronization result which is derived using the
IQC theorem in [8] and we particularize it to a special case
for which the criterion decomposes to one lower dimensional
criterion for each eigenvalue of the interconnection matrix.

Notations

The Hilbert space H denotes either the continuous time
signal space Ly[0,00) or the discrete time signal space
12(0,00). Vector valued versions are denoted H"™, where
n denotes the spatial dimension of the signals. The corre-
sponding extended space H[ consists of signals for which
Prv e H™, VT > 0, where the truncation operator is defined
as (Prv)(t) = v(t) when ¢ < T and (Prv)(t) = 0 when
t>T.

An operator H on H[ is causal if PrH(v) = PrH(Prv)
for all ' > 0 and all v € H. The operator is bounded if its
gain

H(v
) — sup 1O
verr vl
v#0
is bounded, where || - || is the norm on H"™. H is linear if

H(aqvr + agvy) = anH(vy) + asH(vs). A causal linear



time—invariant (LTI) operator acts as
t
(Ho)(t) = / he(t — m)v(T)dT + hov(t) (2)
0
t) =" h(t—k)o(k) 3)
k=0

in continuous and discrete time, respectively, where h is the
impulse response function. If the signals belong to ™ then
we have the equivalent frequency domain representations
Hv(jw) = H(jw)d(jw) and Hv(ej“’) = H(eI*)i(elv),
where H and © is the transfer function and Fourier transform
of v € H", respectively. H(s) and H(z~!) will denote
respectively the Laplace transform and the Z transform of
h in continuous and discrete time. We denote by ) the
unstability domain. In the case of continuous time systems
we have 2 = {s: Res > 0} and in the case of discrete time
systems we have Q@ = {z : |z| > 1}. We let H]; denote
the signals on the doubly infinite time-axis L% (—o0, 00)
or 1% (—00,00) with corresponding frequency domain space
Hq being either Lo(jR) or Lg[0,27]. The adjoint of a
bounded operator ¥ : H} — H; is defined by the relation
(w, Vo) = (T*w,v) Yw,v € H", where (-,-) denotes the
inner product. ¥ is self-adjoint if ¥ = U*. A self-adjoint
bounded linear time-invariant operator ¥ : H7} — H}
defines a quadratic form (v, Uv). We say that ¥ is positive
definite, which is denoted, ¥ > 0, if there exists ¢ > 0
such that (v, Pv) > el|v||* for all v € Hj}. A necessary
and sufficent condition is that \I/(]w) = U(jw)* > 0,
Vw € RU {oc} and U(ei®) = W(ed®)* > 0, Vw € [0,27],
respectively. In this paper we use the algebra A, consisting
of LTI operators with impulse responses functions

h(t) = he(t)0(t) + hod(t)

where h. € L"*™[0, 00), hg € R™*™, §(-) and 6(-) denote
the unit step function and the dirac delta function, respec-
tively It defines a bounded LTI operator via the convolution
in Eq. 2. We let S”/" be the bounded LTI operators on
L% (—00, 00) deﬁned by impulse response functions of the
form
h(t) = he(t) + hod(t)

where he(t) = he(—t)" € L™ (—00,00) and ho = h{ €
R™*™_ The transfer function U(s) of ¥ € ST satisfies

U(s) = ¥(—s)T in its domain of definition, Wthh includes
the imaginary axis. It is thus self-adjoint and will be used to
define quadratic forms. Similarly, A, denotes the bounded
LTI operators on [ (0, co) defined by the convolution in Eq. 3
with an impulse response function satisfying Z:‘;o |hi] <
oco. Similarly, S7*" denotes the LTI bounded operators
on [%(—00,00) defined by impulse response functions with
hi = bl and 35,2 lhi| < oo. Any transfer function

\I/( ) of ¥ € ST ™ satisfies \/I\f(z) = U(—2)T and is thus
self-adjoint. We use the notation A and S{*" to denote

an LTI operator that could be either continuous or discrete
time. A causal LTI operator is called stable if its transfer
function is analytic in 2. In particular, A consists of stable
LTI operators.

The diagonal augmentation is defined as

Ain 0 A O

0 B 0 B
daug (A, B) = Ag, 011 A 012
0 B21 0 B22

II. A MODEL OF HETEROGENEOUS NETWORKS

Our model for a heterogeneous multi—agents network is
given in the following system, depicted in Fig. 1

u u
gt % 2] ol
v HU/U 0 H?D/U w (4)
w = A(v),
u =D(y).

All the variables are N—dimensional vectors, one for each
agent. In our model each agent is represented as a common
LTT system, so that all the block—entries of H are diagonal
and we can write

H = |:Zuv hry hwy:| ® IN-

uv VU
The agent k is characterized by an output y;, whose dynamics
is given by

Yk = huyuk + hryrk + hwywk-
Here uy, is the interconnection input, produced according to

where T’ is a bounded memoryless operator HY — H,
whose structure is related to the communication graph G =
(V, ). In particular, (j, k) € £ if and only if I'; depends
explicitly on y;, namely if k is allowed to use the information
coming from j. The signal 7y, is called the external input and
it can be used, for example, to impose initial conditions under
some assumptions on the system. We will always assume
that ||r||2 < co. The internal input wy, is an internal signal
which is used to model the perturbations of the agents, and
it is produced according to wy = A (v), while the internal
output v evolves according to

Vg = huvuk + hwvwk:-

The operator A will be always assumed to be diagonal,
since the perturbations at different agents are assumed to be
“independent” of each other, and even of different nature. For
example, Ay, could be a LTI SISO system while A; could
be a memoryless nonlinear operator. If A(v) = 0, namely
if no perturbation exists, the system evolves according to its
nominal behavior, and we have a homogeneous network. The
following assumptions are technical conditions that normally
are non-restrictive in applications.

Assumption 2.1: The transfer functions representing the
operators hy,y, hyqy and h,, are such that

bey ¢
a *Yy

where f*y is the transfer function corresponding to f, € A,
bsy is a stable polynomial and

iL*y = x € {u,r,w},

m

a(s) = [ (s — s)"

k=1



where s, € €2 such that deg(b.,) < deg(a). We finally
assume that f., has no zeros in ). This means that the
systems are strictly proper, has no unstable zeros, and share
the same unstable poles.

Such assumptions are satisfied in many cases of interest
such as the higher order consensus problem with minimum
phase nominal system.

r
y u
Huy Hry Hmy [P—
r
Hzm 0 wo | le—r
v w
A

Fig. 1. The system under consideration.

Example 2.1: The homogeneous consensus network that
was presented in the introduction can be expressed in our
framework as

P 21 21 u
|:y:| — [1—21 1—2-1 1—2-1 r
v I 0 0 w )

where thus Ay, = 1, hyo = 0 and hyy = hyy = hy =
%, I'p=—-{I—P)and A = 0. If A # 0 then we
have a perturbed consensus network, while the higher oridler
consensus network is obtained simply substituting for ;% —

a generic transfer function No(z~1), or Ny (s) in continuous—
time. Due to the simplicity of this system, we will often
reduce it to?

Y = No(_[ + A)u + Nor
u="T(t vy)
which is depicted in Fig. 2, where the operator I' can be

more general than the simple multiplication by a constant
matrix.

(6)

T
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Fig. 2. Higher order perturbed consensus network.

III. SYNCHRONIZATION OVER HETEROGENEOUS
NETWORKS

In this section we will provide the basic tool to prove the
synchronization of the network in the sense of the following
definition.

2Here Aw should be read A(u).

Definition 3.1: Consider the system in Eq. 4 and a sub-
space Z C RN, Let y* = Pz.y be the projection of y
onto the orthogonal complement of Z. Let M : HY — HY
denote the causal map representing the closed loop system
yt = M(r). We say that the system synchronizes to Z if
M35 s pn < 00.

This notion of synchronization implies under the assump-

tion » € H, that y asymptotically converges to Z, and
this is why we call it synchronization subspace. Typically
Z = span {1} in which the term synchronization recovers
its usual meaning that the differences among the components
of y to converge to zero.
We will take the following steps toward our main synchro-
nization result. First we reduce the dimension of the system
by projecting down to the orthogonal complement of Z.
Then we perform a loop transformation to stabilize the linear
part of the system. The main result will then follow by an
application of the IQC theorem in [8].

Projection onto Z+

The following assumption is imposed on the operator I'.

Assumption 3.1: The synchronization subspace Z is the
right and left kernel of the memoryless operator I'. Namely, if
z ]% Z, then T'(t, 2) = 0 and 2*T'(¢t,v) =0, V¢t >0, Vv €
H

Let Z be a matrix whose columns form an orthonormal
basis for Z, and V' be any orthonormal complement to it,
ie.

77 =1, V*V =In_,, V*Z=0,VV*+ 22" = Iy

where p = dim Z, and where VV* and ZZ* are two
projectors respectively onto Z+ and Z. Assumption 3.1 can
be expressed by means of the constraints

L, y) =T VV*y), T(t, y) = VV*T(t, y).

The first step consists in redefining y, = V*y € RV~P,
and the same for u, r, w, v, 'y (y,) = V*I'(Vy ) and
A (vy)=V*A(Vy). Once this is done, simple computa-
tions allow us to conclude that these “projected” variables
evolve according to the reduced—dimension system

u
{yﬁ —Hl|r,
oL w, (7)
w; =A(vy)
u =T1(y,)

It is worth to notice that the diagonal structure of the linear
part H has been maintained after the dimension reduction at
the price that the diagonal structure of the perturbation is
lost. As we will see, this does not pose any problem.

Remark 3.1: We will assume from now on H,, = 0,
namely we suppress the dependence of the internal output
from the internal input. Under some assumptions, this can
be done without loss of generality, and this will be the case
in all the applications we have in mind.

Loop transformation

The second step of our approach consists in performing a
loop transformation to stabilize the linear part. This is done
by means of a matrix

|10 @
oo, &



and by defining the operator I'g® via the upper linear
fractional transformation of I';, I' | = F,,(Q, I'g), namely

UQ = I‘QyQ
u =T.1(y,) = [?JQ} —Q {UQ}
Uy Y.
""""""" T
g .
uqQ Yo
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, T
: >0 Q2 ]
3 3 1 3 u
: Q21 Qo - : ZQ Guy Gry Guy er
gy —-iup e+
3 G'll'l) G'V"U G'lU'U lg—
Hm/ Hrg/ Hun/ r; 1 Wi
: « 1L
- H, 0 0 :

Fig. 3.
system Fy (@, I'g) has been substituted for I' | . The Redheffer star product
of @ and the linear and unstable part, H, is employed in order to obtain a
matrix of stable transfer functions G.

Loop transformation of the system. The upper linear fractional

This operation is depicted in Fig. 3, in which F,,(Q,T'q)
is substituted for I';. Once this is done, we consider the
interconnection of the linear part H and the matrix @,
obtaining the matrix of transfer functions

Guy Gry
G

uv TV

Guy

wv

G=QxH= (8)

where the star product defines

Guy = huyQ12(I — Qazhuy) ™' Qn

(Gry  Guyl = Qr2(I — Qaahuy) [hry Ty
Guv = huw(I — Qa2huy) "' Q2

[Gro Guol = huwQaa(I = Qa2huy) ™ [y Ty

If GG is stable, we have thus achieved the goal of this section,
and this will be an assumption from now on.

Assumption 3.2: The matrix Q € R?V*2N is chosen in
such a way that all the entries of the matrix of transfer
functions G in Eq. 8 are stable.

The synchronization criterion

The main result will follow by an application of the
IQC theorem from [8] on the transformed system. We use
the following definitions of stability and Integral Quadratic
Constraint.

Definition 3.2: The interconnection [G, diag (I'g, A1 )] in
Fig. 4 is called stable if there exists ¢ > 0 such that

lyQll* + llvrll* < cllrf?

for all r; € H™ L.

3We will often suppress the arguments of I'(¢, y), and of I'g and ',
for sake of notation.

v

Fig. 4. Feedback system on which we apply the IQC theorem. In this
system G, is a matrix of stable transfer functions and in order to prove
stability we have to provide IQC characterizations for both the operators
T'g and A.

Definition 3.3 (IQC): Let I € S3"**™. Then a bounded
causal operator A : H* — H" is said to satisfy the IQC
defined by IT (A € IQC(IT)) if

<{A(w)} I [Afuw)b <0,Vwe H.

w
We are now ready to state our main result.
Theorem 3.1: Assume that the operator I' respects As-
sumption 3.1 and that there exists a matrix @ € R?NV*2N
which respects Assumption 3.2. Assume moreover that

i) there exists continuous (in the norm topology)
parametrizations I'g(7) and A (7) such that (1) =
I'g, A (1) = A, and such that the nominal intercon-
nection [G,diag (I'g(0), A1 (0))] is stable,

there exists bounded self-adjoint linear operators Ilr,
and ITa , such that

(a) Tq(r) € IQC(IIry,),
(b) AL(T) S IQC(HAL),

i)
T€l0,1
TE|

9

I,
1],

i)
11" I
[GJ daug (HFQ,HAL) {GJ >0 )]
where
G, = {Guy Gwy] , (10)

) hyw, bt € A, Qra, Qry € RVXN,
Then the network in Eq. 4 synchronizes to the subspace Z
in the sense of Definition 3.1

Remark 3.2: The theorem ensures that y, belongs to
HN~P. In discrete-time this is enough for y, — 0, while
in continuous—time we need to impose in addition that G,
G,y and Gy are strictly proper. However, this is true by
our assumptions on h,,, * € {u,r, w}, and hence y — Z,
namely the network synchronizes in the usual sense.

Proof: See Appendix. [ ]

The following technical lemma, whose proof is omitted for
brevity, says that if the perturbation operators are sufficiently
structured then the same multiplier can be used for the
modified operator A as for the individual Ay.

Lemma 3.1: Let

A () =V*AWV:) =V*diag (A1 (V1+), -, An(Vi:))

where V;, denotes the k*" row of V and V is as above.
Suppose that ma is a multiplier such that A, € IQC(mwa),
for any k. Let moreover ma, 11 > 0. Then A € IQC(maA ®
In_1).



IV. SPECTRAL DECOMPOSITION OF THE
INTERCONNECTION MATRIX 'y
In this section we particularize the previous result for
the simplest choice for the interconnection operator I'(¢, y),
namely the multiplication by a constant matrix

I(t, t)
and we impose the following Assumption on I'y.
Assumption 4.1: The matrix T'¢
i) respects Assumption 3.1
iia) is normal, namely such that I'o\I'§ = I'jI'g
iib) is such that the transfer functions — /\;ﬁz,

for any non—zero eigenvalue A\ of I'.
Normality of I'g implies that

01 [z .
0 To. } {V} = VLoV,

where the columns of Z are an orthonormal basis of Z =
ker I'y, those of V are an orthonormal basis of ZL, and
To. = diag (A\py1, ..., Ay) € RVN=PXN=P j5 a diagonal
matrix whose (k, k)-th entry is the k-th non-zero eigenvalue
of I'y. To perform the loop transformation we choose

Qi2 =1In_1, Q21 = In_1, Qa2 =Tg1

and we must show that ) respects Assumption 3.2. In fact
performing the projection using V' with A = 0 we obtain

=Toy

are stable

Iy = [2V] {

Yy, =Un—p— FOLhuy)_lhry""l =Gryry.

Notice that G, is a diagonal matrix of transfer functions and
that if I'g satisfies Assumption 4.1 then it is stable, and by
Assumption 2.1 also the others are stable. On this discussion
is based the proof of the following result.

Corollary 4.1: Consider the system in Eq. 4 in which
I'(t, y) = Toy, where I’y respects Assumption 4.1.

Assume there exists a multiplier 7o € S2X2 such that
TA, 11 > 0 and TA, 22 <0, Ak S IQO(?TA) and

*

I I
APy TA | Awhey | >0,
T—Xp Py [ES Y
for any nonzero eigenvalue A,k = 1,...,N — p of I'y.

Assume moreover that Ay, b}
synchronizes to the subspace Z.
Proof: See Appendix. [ ]

€ A. Then the system

A. Quasi—saturation in the interconnection inputs

In this section we consider the higher order consensus
system which we have described in Example 2.1

y = No(1+ A)u+ Nor
u=T9u

Y

The input to the k-th agent at time ¢ is given by ug +
Ay (ug(t)) and we assume that Ag(u) = 0 if |u| < wy,
where u,y, is a certain threshold value, and that in general it
satisfies the slope restriction

Ak(itl) — Ak(xz)

—Omin S S 0.
X1 — T2

12)

By making use of such an operator we can model quasi—
saturation of the input, in which the interconnection input
ug(t) is used if it is small enough in absolute value, while

if it is too large it is underestimated. If ay,;,, = O then the
effect of Ay disappears, and we keep auni, < 1 in order to
avoid the pure saturation of the input, which in general could
prevent our notion of synchronization. An example of what
can be expressed using this A is shown in Fig. 5.

v (1+ Ap)(v)

T O'lllllll"

Fig. 5. An example of quasi-saturation.

A first, simple multiplier is the sector—condition multiplier

2 O‘min:|

s =
A,C |:Oémin 0

which, however, offers too conservative results. We will
combine it with the Zames—Falb multiplier, see e.g. [12],

QRG( Omin 1_].]:;}/7"|

. o)
T, zF(jw) = - ] 2/ 0

ammw

for which Ay, € IQC(7a, zr) thanks to the slope condi-
tion. If we choose 7 large enough, this bounded multiplier
approximates, at sufficiently low frequency, as ma, zr (jw) =
OminTA,p(jw), where the Popov multiplier is
. 0 —jw
T, p(jw) = {jw (]) } :

Hence, at low frequencies the Zames—Falb multiplier recov-
ers the Popov one.

Our choice for the multiplier to be used is a linear
combination of the two

TA, ¢+ AominTA, p = |:amin(12+ ) amln(lo J)\w)} .
13)
We can invoke Corollary 4.1 to immediately prove the
following result.
Corollary 4.2: Consider the system in Eq. 11 where Ay
satisfies Eq. 12 and I' satisfies Assumption 4.1. Then the
system synchronizes if there exists A € R such that

1
A No

|0
=X, No

* 1
} (A, c + AT, P) [ s No (14)

1—-AxNo

where ma ¢ and wa, p are defined above.
This inequality can easﬂy be checked graphically using a

Popov plot. Define G, = 1= ’;N]‘{, and
P={z: z=ReG,(jw) — jwImG, (jw)}.

The system synchromzes if P entirely lies on the right to
the hne with slope + and crossing the x—axis in the point
—a . Is is worth to notice that if api, — 0, namely if
Ay — 0, then the Popov criterion is always satisfied, and
this is clear since the nominal interconnection is stable.
Remark 4.1: Corollary 4.2 and the graphical criterion are
stated and verified using the Popov multiplier instead of the
Zames—Falb multiplier. As we have noticed above, the former




is a good approximation of the latter at low frequencies, so
in this range the two criteria essentially coincide. One has
then to be sure that at high frequencies in which the correct
multiplier is mA, zF, the inequality in Eq. 14 is satisfied. This
holds, for example, if 7 is large, we are in continuous—time
and Ny(s) is a strictly proper transfer function.

B. Clocks Synchronization

In this section we will apply our result to the continuous—
time version of the clock model presented in [1], which we
will now briefly recall. A clock is modeled as a double—
integrator, namely as a 2—dimensional system in which the
first state is the relative time given by the clock and the
second is the instantaneous skew of the clock. The model in
state space is as follows

0 0
ye(t) = [1 0] x(t),

A steady assumption will be that the parameter ¢ is shared
among all the clocks. This is a rather strong assumption
which is done for simplicity only. We assume that each clock
is allowed to modify its ]nair of states by making use of the

() = [0 q} 2x(t) + Fug(t), )

(shared) matrix F' = H

1
2
u(t) = (I +A)(Toy(h)):

To give a numerical example, we assume that ¢ = 1 and
f1 =17, fo =1, so that the transfer function of the clocks

is
. fis+ faq . 1.7s +1
- 52 82

, and uy, is the k-th component of

No(s)

and that
Iy = —In +0.15(Cx + Cx') + 0.30C% + 0.40Cy°,

where Cp is the N x N circulant matrix whose first row is
entirely zero apart from [Cy]12 = 1. It can be checked that
#}5{3(5) is a stable transfer function for all k.

As said, we assume that the systems are all equal, except
for the fact that they all quasi—saturate their inputs in the

previously described way
(1+ Ag)(ux () =

{uk(t), [ur(t)| < uen
ueh + o (ug () — sgn(uk())uen),  |ur(t)] > uwm,

where oy € [0.2, 1], Vk. We consider the network with N =
9 agents with constant normal interconnection matrix

To prove the synchronization of this network we can use
the multiplier 7o in Eq. 13 with A = 3, and to see that
the IQC is satisfied one can use the Popov plot, which is
presented in Fig. 7.

C. A non-normal T'y example

In this section we still consider as interconnection operator
the simple multiplication by a constant matrix I'y but we
drop the strong normality assumption. Instead, we assume
I'y = —vL where v > 0 is a real number and L is a
reversible weighted Laplacian of the communication graph.
Being a weighted Laplacian means that the off—diagonal
entries are non—positive and non-zero if and only if the
corresponding edge of the graph exists, and that L1 = 0
(so that the diagonal entries are positive). A Laplacian can

Outputs of the subsystems

0 500 1000 1500 2000

Fig. 6. Clock synchronization with quasi—saturation. A typical trajectory
of the outputs.

Popov criterion

Fig. 7. The Popov plot in the case of quasi saturation. The big cross marks
the point — + 70.

Qmin

be obtained as L = [ — P where P is a non—negative
row—stochastic matrix associated with the communication
graph. By Perron—Frobenius theorem the kernel of L is
only spanned by 1 if P is primitive, for which a sufficient
condition is presented in the following proposition, adapted
from [10].

Proposition 4.1: Consider a row—stochastic matrix P as-
sociated to the directed graph G. Assume that G has all the
self-loops, namely that P;; > 0,Vi=1, ..., N, and that G
has a spanning tree. Then the matrix P is primitive.

Reversibility of I'g (or L, or P) means that there exists a
diagonal matrix D such that

DTy =T¢D, (16)
which, if it exists, can be obtained as D = diag () where
wITy = 0. Notice that in the special case D = Iy, the
matrix I'g is symmetric so we fall in the normal case. Due
to space restrictions, we do not give details on this. We
only underline that the name, reversible, is related to the
reversibility of the Markov Chain associated with the matrix
P.

Assume now that m; > 0, Vi =1, ..., N, so that we can
write D/2 and D~1/2, and define the matrix

Ry = DY?1yD~1/2, (17)
Using Eq. 16 it is trivial to see that Ry is symmetric, and
this proves that the eigenvalues of a reversible I'y are real,
since Ry and I'g are similar. Since Ry is symmetric, it is
also normal, and its right kernel is span { D1/21}.



Consider the higher order consensus system

{y = No({ + A)u+ Nyr

u =Ty (18)

We can perform a multiplier transformation defining y =
DY?y, w = DY?*u, #+ = DY?r and A(u) =
D'Y2A(D~'/24@) in order to obtain

{y = No(I + A)u + NyT
~ N (19)
u = Roy
where now Ry respects the normality assumptions. We can
now state the following result.
Proposition 4.2: Consider the system in Eq. 18 where
I‘o = —v(I — P) is reversible with left kernel spanned by
. Assume moreover that the transfer functions % are
stable for any nonzero eigenvalue of I'g. Then if thére exists
a multiplier T € S% 2X2 guch that a1 > 0, ma 22 <0,

Ay € IQC(WA) and
J [
TA | ANg

1
A No
1—Xx No 1—-XrNo

|0

for any nonzero eigenvalue A\, kK =1,..., N—p of ['g. Then
the system synchronizes to the subspace Z = span{1}.
Proof: From the above discussion it is clear that Ry
satisfies Assumption 4.1. Since the eigenvalues of I'y are also
eigenvalues of Rjy, we can immediately apply Corollary 4.1
and conclude that the system in Eq. 19 synchronizes to
span { D~1/21}. Since D~!/2 is an invertible constant ma-
trix, and since ¥ = D'/?y and 7 = D'/?r, it is immediate to
conclude that the system in Eq. 18 synchronizes to span {1}.
|
1) Leader following using reversible matrices: In the
previous paragraph the steady assumption was that all the
entries of m had to be strictly positive. In this paragraph
we want to analyze what happens if, instead, some of them
are zero. For sake of simplicity, we will consider only the
case Ay = 0,k = 1,..., N. We can assume w.l.o.g.
(possibly after relabeling the agents) that V' = S; US> where
S1={1,...,qtand So ={g+1,..., N}, and m; > 0 if
1 € 51 and m; = 0 if j € Sy. By reversibility, from Eq. 16
we can conclude that I'y has the structure

| g, 0
To= {Fslz Fsz] '

By suitably partitioning the system it is not difficult to see
that the agents in S7 evolve according to

{ysl = Nolsl’u,sl + No’r’sl, (20)
Us, = FS1 Ysys
while the dynamics of those in Ss is

Ys, = (I = Ts,No) ' No(Uspoys, +7s,). (2D

Because of the block—lower—triangular structure of Ty,
I's, is minus a Laplacian while the eigenvalues of I'g, are
all stable. If the matrix I'y is chosen in such a way that
all its nonzero eigenvalues are able to stabilize Ny, then
(I —T's,Ng)~ 1Ny is a stable matrix of transfer functlons
Notice, moreover, that since I'y1 = 0, we have I'g Tg,1=
—1. Since rg, is a bounded signal and yg, (t) — «(t)1,
we can conclude that the agents in S7 reach asymptotically

an agreement and act as leaders, while set Sy will follow it,
progressively forgetting initial conditions and external inputs.
To understand this better, we note that we always can assume

Ys, (t) = Vy, +y;, where y; = a(t)1, so that we have
= (I =T, No) " (NoT's,, ¥, +7s,)
(I FszNO) NO(FS12 (Vyl + yl) + 7"5‘2)
( ) NUFSQ FSIZyl +4q
:*( 5 — No) ' Noy; +¢
where q = (I - FSZNO)71N0F521 (FS12V'yL + TS2) €

HN =9, From this one may consider different cases. If a(t) =
o (a constant) and Ny(z) has its only unstable pole at z = 1,
then the final value theorem gives

lim yg,(t) = — lim (1"521 — No(2)) "' No(2)apl = 1.

t—o0 z—1
Similarly, as in the next example, if «(t) = A sin(wot + ¢o)
and Ny(s) = ,}ISQ the solution converges to the sinusoidal

Ys, () = Asm(wot + ).
A numerical example: Consider a homogeneous network
of N = 8 oscillators whose nominal dynamics is

1+s
N 0(3) = 3 2
§° + wy
where wg = 1. The network is divided in two subsets, a first
set S1 in which the agents are interconnected in a circle and
communicate using the matrix

Is, = —1I4 +0.5C4 +0.5C;

and a second set S5 in which the agents are interconnected in
a circle via a matrix I's, and, moreover, can receive informa-
tion from one of the agents of the set .S; via a matrix I'g,,.
The two I's, and I'g,,, apart from the structure, are chosen
randomly with the only constraint that [I's,, I'g,]1 = 0.
This is depicted in Fig. 8.

Sy

So

Fig. 8. Leader following for a network of perturbed oscillators. The graph
of communication. In black it is depicted the set S of agents, in blue it
is the set Sa. Notice that the agents in S receive information from Sy
without replying.

Once we run the simulation, taking randomly the initial
conditions, we obtain as typical trajectory what is depicted in
Fig. 9. As it can be seen, the agents in .S; agree on a sinusoid
of angular frequency wy = lrad/sec, which corresponds
to the “nominal behavior”, followed by the agents in S
which forget their initial conditions and slowly converge to
the behavior of the former agents.



Outputs of the subsystems

0 20 40 60 80 100

Fig. 9. Leader following for a network of perturbed oscillators. In thick
black the trajectory of the leaders, in thin blue the followers.

V. CONCLUSIONS AND FUTURE WORK

In this paper we have presented a model for heterogeneous
networks of agents characterized by a shared nominal linear
behavior which is perturbed, and interconnected using a
memoryless operator. We have in preparation a second paper
in which we rephrase the result in the original variables
and we study in detail the case in which each perturbation
operator Ay is a LTI SISO system, for which a Nyquist
criterion can be stated similarly to what we have done in
[7]. Future work includes and is not limited to dynamic
interconnection operators and time—switching networks.

APPENDIX

Proof: [Proof of Theorem 3.1] The first step is to prove
stability of the feedback system [G,, diag (T'g[r], AL[7])].
which is depicted in Fig. 4. This is a direct consequence of
the IQC theorem in this particular case, since G, is a matrix
of stable transfer functions and the conditions i), i) and
197) imply that all hypotheses of the main theorem in [8] are
satisfied. Note that our definition of IQC in Defintion 3.3
has the opposite sign compared to [8]. The parametrization
of the perturbation diag (I'g, A ) is also slightly different
but the proof is anyway completely analogous.

Stability of the system in Fig. 4 implies that for any r €
HY we have [lygl|* + [[vL]|* < ¢llr[|*. In turn, recalling
the projection step and the loop transformation step, it holds
Yo = Qi2y, and v; = Hy,,u so that assumption iv)
implies that

ly* + llur | < emax(|QT I, [1H ' 1D [lr 1%,

which implies that the condition in Definition 3.1 holds. B
Proof: [Proof of Corollary 4.1] The proof consists in
finding out a suitable V' € RM*N~=P for the projection
and @ for the loop transformation so that the conditions of
Theorem 3.1 are satisfied.
Since T'( is normal it can be orthogonally diagonalizable.
Relabeling the nodes we obtain

0] 0O

t=12 V7 [

iz v
where T'g) is a diagonal matrix whose (k, k)-th element is
the k-th nonzero eigenvalue of T'y. Notice that T') (¢, y) =
T'oiy, and that we can use exactly the matrix V' in order
to perform the projection.

Concerning (), we simply set

0 I
Q: l:I FOJ_:|7

which trivially yields I'g (¢, y) = 0. The resulting system is
Y, — Gry Gwy T
V1 Grv Gw'u w

wy =A vy
since Yo = y, and uq(t) = 0, Vi, so its contribution is
dropped.
v 0
0 0®
In_p, v € R, and we use the fictitious parametrization
Lot yo)lr] = mTq(t, yg) = 0, then ' € I1QC(IIr,,)
(actually the scalar product which defines the IQC is always
zero). The parametrization Ag[r] = 7Ay, together with
a1 > 0 and ma 90 < 0, implies Agfr] € IQC(ma)
and thus, by Lemma 3.1, also A} € IQC(ma ® In—_1).
Moreover, the nominal interconnection, which is given by
T'ol0] =0 and A, [0] =0, is

It is immediate to see that if we set IIp, =

(G, diag (To[0], A [0))] = [gii

since the signal ug = 0 so it has no influence. Assump-
tion 4.1 implies now that [G,diag (I'[0], A1 [0])] is stable.
This holds since G, is stable by assumption and stability
of the other blocks follows from Assumption 2.1. This
reasoning implies conditions ¢) and 4i) in Theorem 3.1 are
satisfied. It is now a matter of computation to show that
if we choose v > 0 sufficiently large then the linear part
satisfies the quadratic constraint in the theorem defined by
the multiplier daug (HFQ,’/TA ® IN_p). Thus we can apply
our result and conclude for the synchronization of the given
system. ]

Gwy]

wv
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