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Why Prediction and Adaptation?

 Limitations of linear feedback
 Model-based control
« Optimization
— Minimization of tracking errors
— Covariance minimization
— Minimization of control actions

— Minimization of tracking errors subject to
control constraints

« Time-varying Exosystems & Disturbances

« Adaptation and Learning
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Predictive Control
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Predictive Control
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Predictive Control
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Predictive Control
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Predictive Control
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Predictive Control
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Frida Robot
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Frida Robot
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Minimum Variance Control
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% A
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k A k
H(z) — = H (2) — -
Adaptive |
algorithm

{u} Desired response
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Adaptive Schemes

* Gain Scheduling

* Autotuning

 Model Reference Adaptive Control
« Self-Tuning Control

 Extremum Control

* Iterative Learning Control (ILC)
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Autotuning
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Autotuning

Ko _
Gols) = 1+ 37‘6 "

where k is the static gain, L is the latency (or
apparent time delay) and 7 a time constant.
Tuning of a PID regulator

1 [t de
u®) = Ke(e() + 7 /O e(s)ds + Tp=)
or more elaborate u(t) = f(v(t))
v(t) = P(t)+I(t) + D(1)
P(;} = Ilgc(ﬁuc(t)—y(t)) .
iR ACCREORSACOREON
TpdD 5 5 Y N
N dt “Py 5

t
. v )"
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Autotuning
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Adaptive Control
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Model Reference Adaptive Control
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Adaptive Control

Let the system

be controlled by means of output feedback
control designed for pole assignment with the

denominator polynomial

P(2) = 2° 4+ p12° + poz
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Adaptive Control

The polynomial T (2~ 1) can, for instance, sim-
ply be chosen such that the controlled system
has static gain equal to 1—i.e.,

P(1 1 —1 3p;
T(Z—]_> — ( ) — _I_Z’L—l Pq
B(1) >i=1 2b;
These choices suggest the controller

U — —T1ug—1 SoYk S1Yk—-1
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Adaptive Control

—quation including a Sylvester matrix is then
reduced to the linear equation

1 b7 O 1 P1 — aq
aip by b1 | [so| = |p2—ao
ap 0 b/ \s1 p3
or
r1
A(0)9 = b(), with 9 = | s

N
&/ / A
/Y Xt ]
Qo 5 @@
P W 17—
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Adaptive Control

5 Input u 80 Output v

(0] 500 (0] 500
Time [s] Time [s]

6 Process parameters > Controller parameters

500 o 500
Time [s] Time [s]

Indirect adaptive control. The second-order process is controlled by an output
feedback control law with pole assignment to the origin z=0. The histories of the
input u, output y, and the estimated process parameters and the controller
parameters are displayed.
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Discrete-time Signals

Periodic uniform sampling described by

. sampI!ng frec_|uency Wg

 sampling period h

 Reconstruction of a continuous-time signal from a

sequence of samples can be made provided that there is no
signal energy beyond the Nyquist frequency

1
WN — §w5

Note: Imperfections in uniform sampling
- Jitter
« Ethernet
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Discretized Linear Systems
Under an additional assumption of zero-order-
hold properties of the input u, sampled linear
systems may be discretized as

d
d—f = Acx + Beu Tp41 = Azxp + Bug
y = Cx yr = Cxy,
with
h
A=¢Ah B = /O eAct Bt

&/

Note that the discretized system is a linearx

time-invariant system. U
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zplane
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Example: Double Integrator

The continuous-t

dax
dt
Yy

IS discretized as

Lhk+41

Y —

Ime system

o 1
_O O_
:1 o} T

T —+

-
1| Tk T

1
0
’1

O] Ll

I
| =

\

under assumptions of uniform sampling W|th\
sampling period A and zero-order- hold |n ut u @
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The z-Transform

The one-sided z-transform Z{z;} of a sequence

X(z)=Z{=xn}t= ) Tz "
k=0

For further mathematical detail, see Appendix
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Example: The z-Transform

A step function

1, k>0
0, k<O

uk:

has the z-transform
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z-transform

Time funetion = z transform

Linearity Zi{af +bgt = aZ{f} +bZ{g}
Convolution Z{fwgt = S{f} 2{g}

SAf gy = 241}« 5{g}
Time transiation LB —d)h)} = z7°Z{f(kh)}
Multiplication Zia* F(R)Y = F(a 'z
Final-value theorem f{oo) = lim, ; (1 — 27 1)F(2)
Initial-value theorem F{O) = lim,_.. F;(2)

Table 2.1, Properties of the z-transform
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State-Space Systems

Consider the discrete-time state-space system

wk—l—l Aa:k—I—Buk
yp = Cuoy

Applications of the z-transform to the state-
space system gives

22X (z)

Y(2) = CX(z2)

Elimination of X (z) provides the transfer func-
tion G(z) obtained as

X (2) (21 — A)"1BU(2)
Y(2) = CX(2) =CI-A)"1BUG) = GR)U(2),

G(z2) };EZ =C(zI — A~ 'B

AX(z) + BU(z), X(z) =Z{z} = ) xpz”
k=0
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Impulse Response

The impulse response or the pulse response—
I.e., the output response to the unit pulse input—
IS

y, = CA" 1B,
r
1, £=0
for up, = 0 =« ’ k=1,2,3,...
0, k#0

The components of the pulse response

g = CAM1B, kK=1,23,...

are known as the Markov parameters
Q
s
2

L c\/w
TR ; 3)
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Impulse Response (cont’d)

In response to an arbitrary input sequence {ug}72
and with non-zero initial condition xg, the out-
put is

yp = CAFzg+ > hyju;

k .
CAFzg+ Y CA*1Bu;,, k=1,23,...
j=0
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Transfer Function

The transfer function G(z) of the linear system
IS defined by

Y (2)
G(z2)

G(2)U(z),
C(zI — A)~'B

0.9 k
Y grz "= Z{g}
k=0

The transfer operator is

G(g) = C(¢l—A)"'B

© Rolf Johansson, 2011 FRTN15 Predictive Control




Spectra

The z-spectra are

= Input-output cross z-spectrum
Suy(z) = G(2)Suu(z)GT(z™1)

output z-autospectrum

—valuated the spectra on the unit circle

N
Ny
S
~
N\
—
|

G(2)Suu(2) for z = e“h N

G(2)Suu(2)GT (27 1) for z =

b 3 =]
T\ )
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Difference Equations

Input-output models may take on
the form of difference equations

Yp T Q1Yp—1 T T anYk—np
= biug—1 t+boug_o+ -+ bpug_y

or

Ye = —Q1Yk—1— """ — anYk—n .
+ brug_1 +boup_o+ -+ bnug_ S

<< N R
Qo "!ﬁi “é/ @@
. L )
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Difference Equations (cont’d)

A difference equation may be converted to a
state-space systems by introducing

§k = —a18g—1 — - — anp_p + ug

T = [51«—1 Ek—2

gk—n

]T

Then, the following state-space system—the
controllable canonical form—will reproduce the

difference equation output

—aq1 —ao —an

1 O O

L4+1 — : :

1 0]
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Difference Equations (cont’d)

A variety of difference equations are used such
as the autoregressive (AR) models

Y — —A1Yk—-1 — = — @nlYk—n

and moving average (MA) models

Y = brug_1 + boug_o + -+ bpug_p

Linear models of colored noise are often formu-
lated by means of autoregressive moving aver-
age (ARMA) models

Y+ a1yp—1 + "+ anyYgp—pn =
= wg + cqwg_1 + cowg_o + -+ - + chwg_p

where {y.} is a filtered {w;}
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ARMA models

The ARMA models obey

Y(2)= — a127 Y (2) = —anz "V (2)
W)+ c1z W) + -+ cnz "W (2)

in z-transformed signals Y (z), W(z) and gen-
erating polynomials A(z~1), C(z—1)

Az"HY(2) = CEHW(2)
AG™YH = 14a127 4+ Fapz™
Ciz"™Y) = 14ciz7t+4.-. +ocnzm "
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ARMAX Models

Y = — G1Yk—1— " '* — OnYk—n
+ brup_1 +boup_o+ -+ bnug_y,
T Wi T ClWg_1 T QWL 2+ T CnWg_p

or

Az DY () = B HUR)+C0GEHW(2)
A(z_l) 1 —I-alz_l + .. Fanz™ "
B(z_l) blz_l 4+ ...+ bz

C’(z_l) = cg+ clz_l 4+ ...+ cpz "
The transfer function relationships are

»—1
V) = G UE) -
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Forward vs backward shift form

AQD)=7"+az7"" ' +...+a

n

—-n

A (z7) =1+a1z_1+...+a Z

A(z) =7"A (z7') where n =deg(A)

Example :

Ay =B@u < A(z)y=z"B(z)u
where d =deg(A) —deg(B)
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System Interconnections

Series interconnection

Y1(2) = H1(2)U1(2)
{YQ(Z) = H>(2)Uz(2)
Ho(2)Uz(z) = H2(2)Y1(2)
Ho(2)H1(2)U1(2)

Y>(2)

ooooooooooooooooooo




System Interconnections

Parallel interconnection

with

ooooooooooo

11111111

Y(z) =Y1(2) + Ya(2)

with JY1(z) = H1(2)U(2)
Y2(z) = H2(2)U(2)

Y (2) = H(2)U(2).

H(Z) = Hl(Z) + Ho(z)

s

J/

2
S

Q

@% £V

/.



System Interconnections
Feedback interconnection

Y1(z) = H1(2)U1(2)
Y>(z) = Ho(2)Uz(2)

ith Ux(z) = Y1(2)
Ui1(z) = —Y2(2) + Up(%)

with

Yi(2) = Hi1(2)Ui(z) = H1(z)(—Y2(z) + Ug(2))
= Hy(z)(—H2(2)Y1(z) + Up(2))

Y1(z) = (I+ Ho(2)H1(2)) tUg(2)

Yo(2) = Ho(2) + Ha(2)H1(2)) 'Up(z) ¢

N 37674



Stability

The set of eigenvalues {)\;} of the matrix A
of the discrete-time state-space system

ACEk —|— Buk
C:l’:k

Th+1
Yk

will determine the stability properties of the
system.
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Stability

For z = )\; € C, the corresponding transfer
function

G(z) = C(zI-A)'B

will assume infinite value and these points are
called the poles of the transfer function.

The values of z for which G(z) = 0 are called
the zeros of the transfer function.
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If all

2|

He

Stability

nce, the stability co

reg

uires that all poles

the unit circle |z| =1
|n the complex plane

oooooooooooooooooo

poles z = \; € C are such that
= |)\;| < 1, then the system
IS asymptotically stable.

ndition for z
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N
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Example: Double Integrator
The discrete-time double integrator

U

1 h h2
Tk+1 = | 1}$k+[h

yr = |1 0] T,
has a transfer function

G(z) = CGI-AIB=
2—1 —h ] *[R2
[1 0][ 0 z—l} [h}
h2z
(z—1)2

with two poles at z = 1
not asymptotically stable.




Example: Double Integrator
T he state feedback control

U — —Ka:k — — [kl kQ} L

results in the closed-looop system

zp+1 = (A— BK)xy _
|1 —=Ek1h?/2 h—koh?/2 N
| —kih 1—koh |7F
with the characteristic equation
h? h?2 3

2% + (kl— + koh —2)z + (k1§ —koh+1) = O;

7
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Example: Double Integrator
Stabilizing pole assignment to z =0

IS accomplished by choosing k1, ko
such that the characteristic equation
become 22 = 0 or

%hz Rk [2°
_§h2 —h| |k2| |1
that is
K = []C]_ kz} — ? 2_h %
e e - \3@‘%@




Time
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Linear Disturbance Models

Discrete-time impulses are modeled with a du-
ration of one sampling period and vvﬁth unit
amplitude

’

1, k=0
0, k# 0’
For impulses in continuous-time systems, the

Dirac impulse 6(¢) is the most commonly used
signal model.

0(kh) = « Z{6(kh)} =1 Impulse

2

p— O
5(t) = {77 E=0, ith / S(t)dt = 1, %
0, t#0 oo PN

d ¥ (2 .’
. = |
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L

Steps and Ramps
1(kh) = f(kh) = {(1) 2
o =
kh, k>0
f(kh) = {o, g
Fiz) = B

ooooooooooooooooooo




Periodic Disturbances

Sinusoidal disturbances are
often used to model periodic
disturbances or loads.

sinwkh, k>0

0, k<O
zSinwh

22 —2zcoswh + 1

f(kh) =

F(z) =
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Periodic Disturbances

Disturbances with sinusoidals are
often used to model periodic
disturbances or loads.

S sinwmkh, k>0

f(kh) = 0, k<O

z SIn mwh
>
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Useful Matlab Commands

« s=tf(’s’); % define s-operator

« z=tf(Z’,h); % define z (h sample time)
 Gc=1/s*2; % define system
 Gd=c2d(G,0.1); % sampling system

» ss,tf,zpk % system representations
* acker, place % pole placement

* help control
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What to do now

 Get book

 Read chap 1-2. (Reading notes
available on web)

 Go to Exercise 1 (computer
simulation of adaptive system)

« Check out the matlab functions

* Next lecture: Parameter estimation
(chap 3-4)
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