a. We are not asked to determine the multiplicity of poles, so it is sufficient to
find the poles of the individual matrix elements. Hence we find the poles
s=-1,s=-5and s = —2.5.

To find the zeros, we compute the maximal subdeterminant

I\

s+1 7 s+5
18 _ 12
s+1  2s+b

28.8 + 28.8
(s+1)(2s+5) (s+1)(s+5)
_ 28.8 s

~ (s+1)(2s+5)(s+5)

4 16
det G(s) = | '

and find that the only zero is located at s = 0.

b. The matrices are orthogonal as they should, i.e. UUT = VVT = I. Hence
Y can be computed as

»=UTGO)V =

(o o)

so the singular values are 5 and 0.

—-0.8 —0.6 24 -16/5 —-0.6 —0.8
—0.6 0.8 1.8 —12/5 08 —0.6

c. The singular vector corresponding to the singular value 5 is the first column
of the matrix V. Hence the input vector with strongest amplification is

[ —-0.6 ]
u =
0.8
This is easily verified by computing
24 -16/5 —0.6 —4
r=e0e= (V5 Do) (on) = (5)
1.8 —-12/5 0.8 -3
bl = /(-2 +(-3)2 =5

Similarly, the minimal output norm zero is obtained when u equals the
second column of V, i.e.

(o) = (% are) (o)

d. From lecture 6, the transfer matrix > ;. ; Sci—ﬁi_ + D has the realization
plI 0 B;
() = @)+ | u()
yt)=[Cr ... Cp]x(t)+ Du(?)



Hence

2.4 16
_|s+1 s+5 | _ 1 (24
Gl = 18 12 _s+1[18 (1 0]
s+1 2s+5 Cvl B
1 (-16 1 0
+ (0 1]+ [o 1)
s+5 0 s+25 | —6
B B
G 2 Cs 3

with p; = —1, ps = —5 and ps = —2.5 this gives the state space realization

-1 0 0 1 0
3'C=[0 -5 O]x—l—[O l]u
0 0 -25 0 1
24 —-16 O
= X
1.8 0 —6

a. We can not construct a dynamic decoupling W(s) that gives G(s)W(s) = I,
since we can not take the inverse of the system matrix due to the time delay.
Hence, we must go for the second best, decoupling at steady state. This is
easily achieved by using the inverse of the static gain, i.e.,

o= =3(7 )

limsC(s) =1

s—0
-1
LEI&[SI + G(s)W(s)sC(s)] ™' = [G(O)W(O) li_l}'%SC(S):| =1

sm)=£%(qg+mﬂgwgp0@n4)=o
T(0)=1—5(0)=1

The integrators in C(s) give infinitely high gain at low frequencies, hence
the denominator of S(s) grows near s = 0 to make S(0) = 0. The argument
fails if G(0)W(0) lims_,0 sC(s) is singular.

a. The controllability Gramian is the solution to the following equation:

AS +SAT + BBT =0



T T
-3 1 -3 1 0 0 00
S1 S2 n S1 82 n _
1 -1 S9 S3 S9 S3 1 -1 1 1 00
where the fact that the controllability gramian is symmetric has been used.

Performing the matrix multiplications results in the following linear equa-
tion system:

—6s1+2s9 =0
—4s9 +5s1+s3=0
289 —2s3+1=0

which has the solution

S1 = 1/16
sy = 3/16
s3 =11/16

and the controllability Gramian is given by

1 1 3
S=—
16(3 11)

The eigenvalues of S are the solutions of the characteristic equation

A—1/16 —3/16
—3/16 A —11/16

11 2
: S =22~ 0

det (A1 — S) = | = ( 16 ( _E)_162 477162

which has the solutions

3 3 2 3 34
=+ (2] - =240
A=3 (8) 162 8~ 16

with numerical values 11 ~ 0.74 and A9 ~ 0.011. The conclusion to draw
from this is that there will be one direction that is much more costly to
control in, namely the eigenvector corresponding to Ay, as 1; ~ 70 - Ay. (as
the cost to control the system from x(0) = 0 to x(¢1) = x1 is bounded from
below by [o' u?dt > xTS 1x;)

. As the system now is balanced, the controllability Gramian will be diago-
nal and the Hankel singular values will be the diagonal elements of the
controllability Gramian. First partition the system matrices as

A Ay B,
Ay, = By, = Cou=1| C; C
bal < Az A3 ) bal ( Bz ) bal ( 1 2 >

The controllability Gramian is calculated from the following equation



AparS + SAL, + By BL, =0
Using the fact that S will be diagonal results in

T T
Al Ag S1 0 + S1 0 Al Ag n Bl Bl N 00
A2 A3 0 S9 0 S9 A2 A3 B2 Bz B 00
results in the following linear equation system

2A1s1 + 312 =0
Ay (.5'1 + 82) + B1Bs =0
2A3s9 + 322 =0

which has the solution

—B? 59 +10v34
241 g (14 + v34)
~BZ 9

243 g (54+9v34)

S1 =

~ 0.74

S9 =

~ 0.011

This solution fulfills all of the three equations in the equation system.

c. Partition the system as

(2) = (e (2) e (2)e
(o a)(:

22

y

The reduced system is then given by (reduction of the second state)

AR (An - A12A521A21) 21+ (Bl - A12A52IBQ) u
Yr (Cr — CoA53 Agr) 21 — CoAgy Bou
The reduced system is hence given by

. 2006 + 34034 187 + 32+/34
Z21 = - 21+ u
3366 +576v34 (18+3v34) \/68 + 10134
) 187 4 321/34 34 4+ 5\/34

21+ u
(18 + 3\/34) 68+10v/34 1496 +2561/34

and with numerical values this becomes

Z1 = —0.59z1 + 0.94u
vy = 094z; +0.021u



