
Multivariable Control (FRTN10) Exam October 24, 2012

1. Consider a system with inputs (u1, u2) and outputs (y1, y2), given by the dif-
ferential equations

ÿ1 + 2ẏ1 − y2 + y1 = u1 + u̇2 + 2u2

y2 + ẏ1 + y1 = u1 − 2u2

Calculate the transfer matrix of the system. (2 p)

2. Consider the system

G(s) =

(

α

s+1
− s+2

s+1

1

s+1

1

s+2

)

a. What are the poles of the system? For which values of α is the system non-
minimum phase? (2 p)

b. Derive a state space realization of the system. (2 p)

3. Consider the control system in the block diagram in Figure 1. The process P (s)
is modeled to have an unstructured uncertainty ∆.

P(s)C(s)

-1

∆
s

s+a
____

++
r y

Figure 1 Block diagram for the system in problem 3.

a. Explain the role of the transfer function s

s+a
(a > 0) in the block diagram.

(1 p)

b. Give an expression for γ∗ such that stability of the closed loop system is guar-
anteed by the small gain theorem if and only if ‖∆‖∞ < γ∗. Assume that the
nominal system (i.e. with ∆ = 0) is asymptotically stable. (2 p)

4. We will consider optimal state estimation for the setup shown in Figure 2 with
P (s) = 6

s+2.5
.

a. The process disturbance v1 has the power spectrum Φv1
(ω) = 1

ω
2+1

. The mea-
surement error v2 can be considered as white noise with intensity 1; Φv2

(ω) = 1.
Rewrite the system to a form where the only inputs are the control signal and
white noise signals with intensity 1. (2 p)
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Figure 2 The setup for the system in problem 4.

b. Determine the optimal Kalman filter gain for the system derived in the previous
subproblem.

Hint: For some choice of state variables, the Riccati equation has the solution

P =

(

1 1/2

1/2 3/8

)

. (2 p)

5. Consider control of the process with Bode diagram shown in Figure 3. For each
of the following statements, determine if it is true or false. Short motivations
are required! (2 p)

1. Without disturbances, a P-controller will be sufficient to follow reference
steps without stationary error.

2. A step-shaped input load disturbance can be removed by a P-controller.

3. It is impossible to design a PI-controller that achieves cut-off frequency
ωc = 5 rad/s and phase-margin ϕm = 35 degrees.

4. A P-controller will be sufficient to follow a ramp-shaped reference signal
without stationary error.
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Figure 3 Bode plot for problem 5.
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6. Consider the following system

ẋ =

















−1 0 0 0 0

−2 −3 0 0 0

0 0 −4 0 0

0 0 0 0 0

0 0 0 0 −5

















x +

















0 1

0 0

1 0

0 1

0 0

















u

y =

(

0 0 0 1 1

0 1 0 1 1

)

x

Is it controllable? Is it observable? Determine the controllable and observable
subspaces. Motivate! (3 p)

7. In this problem we will study model reduction of the MIMO controller

ξ̇ =

(

−2 1

1 −2

)

ξ +

(

0 1

2

1

2
−1 −

√
2

2

)

y

u =

(

0 1

2

1

2
−1 −

√
2

2

)

ξ

a. Verify that the state space realization is balanced. Calculate the Hankel singular
values. (2 p)

b. Based on your results from a perform a model reduction by eliminating the
state corresponding to the smallest Hankel singular value. (2 p)

c. What is the transfer matrix of the reduced controller? (1 p)

8. You are called in as a consultant at the company SuperControl to analyze the
latest developments of one of their main rivals, UltraControl. For various rea-
sons both companies are working hard to find good controllers for the following
systems

A P (s) =
s − 3

(s + 4)(s − 2)

B P (s) =
1

s − 10

C P (s) =
s − 1

(s + 1)2

D P (s) =
1

s2 + 0.4s + 4

UltraControl claims that they have designed stabilizing controllers that result
in the sensitivity functions (S) and complementary sensitivity functions (T ) in
Figure 4.

It is known within SuperControl that UltraControl sometimes makes serious
mistakes, and your task is therefore to analyze if their control designs are
reasonable. For each of the systems A–D, analyze if the given plots of S and T
is even possible to achieve. Motivate your answers. (2 p)

3



10
−1

10
0

10
1

10
2

10
−2

10
−1

10
0

Frequency (rad/s)

M
ag

ni
tu

de
 (

ab
s)

A

 

 

10
−2

10
0

10
2

10
−3

10
−2

10
−1

10
0

10
1

Frequency (rad/s)

M
ag

ni
tu

de
 (

ab
s)

D

 

 

10
−1

10
0

10
1

10
2

10
3

10
−3

10
−2

10
−1

10
0

Frequency (rad/s)

M
ag

ni
tu

de
 (

ab
s)

C

 

 

10
−1

10
0

10
1

10
2

10
3

10
−3

10
−2

10
−1

10
0

10
1

Frequency (rad/s)

M
ag

ni
tu

de
 (

ab
s)

B

 

 

S
T

S
T

S
T

S
T

Figure 4 Plots of S and T for the different systems in problem 8.
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