@ Design Tradeoffs
@ Sensitivity Conservation Law

@ Linearization around trajectory

-Example: Stabilization of inverted pendulum
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Use more linear algebra to understand state space realisations

State Space Realizations (pp 139-150)

G(s), denominator and numerator, poles and zeros
Change of coordinates, diagonal and controllable form
State-feedback

Observers

Feedback from estimated states

e 6 6 ¢ ¢ ¢ ¢

Integral action by disturbance model
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State-space realization

& = Ax + Bu
y=Cx+ Du
sX(s) —x9=AX(s)+ BU(s)
Y (s) = CX(s)+ DU(s)
[s] — A]X(s) = zo + BU(s),
Y (s) = (C[sI — A]'B + D) U(s) + (C[sI — A] ")z
G(s)
y(t) = (g *u)(t) + Cetlay

Char. polynomial: det[s] — A] = s" +a1s" L + ... + a,
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Poles and Zeros

Pole ), eigenvalue to A, eigenvector v

d
d—f = Az + Bu, Av = v, ety = vt

uw=0,2(0) = v = z(t) = e*x(0) = ve™

Zero z:  Exists zq, so that 2(0) = zg och u(t) = uge

gives z(t) = zpe*, and y(t) = ype*' = 0.
zxge” = Axge® + Buge™ < [A — zI|zo + Bug =0
y(t) = Ca(t) + Dult) = (Czo + Dug)e™ =0

A—zI B 20| _q
C D Uug ’
—_—————
M(z)

z is called a zero if the matrix M (z) looses rank.
Matlab: eig([A,B;C,D],diag([1,1,0])) (forn = 2)
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Diagonalisation by coordinate change

If we have n linear independent eigenvectors then
A (vl vn] =< (vl)\l vn)\n] = (Ul vn] A
(o =
TeAtT—l = eAt
If £ = Ax, the coordinate change z = T'x gives 2 = Az.

G(s) =C(sI — A)'B=CT (I - TAT‘l)‘lz’Zi

C A B
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Coordinate change to diagonal form

Using the coordinate change T we get the diagonal form (parallell

systems)
)\1 0 ﬁl
. A2 B2
= ! z+ . u
0 An Pr
Y= [’Yl Y2 - ’Yn] z

38 30090 Bnn
G(S)_s—)\1+"'+s—)\n

Corresponds to partial fraction decomposition of G(s)
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Controllable form

A system with this structure is said to be on controllable form

—a1 —ay ... QAp—1 —0n 1
1 0 0 0 0
i = 0 1 0 0 |2+ 10]uw
0 0 1 0 0
We see that
(s+a1 as ... Gp_1 an] X(s)=U(s)

5Xp41(s) = Xp(s) = Xp_p(s) = s"Xpn(s), k=1,...,n—1
(5" +a15" V. F ap_15 + an) Xn(s) = U(s)
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Controllable form, cont'd

Since
y = (bl o Sk bn] x
Y(s) =01 X1(s) + baXo(s) + -+ + by, Xp(s)
= (518" L+ bas™ 2+ ...+ by) Xn(5)
we get
Bl gl ) Yaus i
Y(s) = (s)

s a8+ .+ ap_15+an
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State Feedback

‘fl—f:Aaz—i-Bu
y=Cx

w=—Lx+lr

dt — (A— BL)z + Bl,r
y=Cx
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State Feedback on Controllable Form

B e | AL QTR Iy
N AT D N
@ | S e
0 0 1 0 0
y:[b1 by - bn]a:
pi=a;i+1i;
Gls) = b1s™ L 4 bys™ 2 4 ... +bnlr

s +pisnl+ . +p,

Can change denominator (poles) with L. No change of numerators (zeros).
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Zero and state feedback

Zeros are never changed with state feedback

A-BL—-=zI Bl,| [(A-=2I B I 0
C 0] C 0 —L I

Looses rank for the same z. Hence same zeros.
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Observers

d
d—f:Aaz—l-Bu
y=Cx+n
Z—f:Aﬁz—FBu—i-K(y—C’ﬁz)
5 =3 Tilis
& =(A—-KC)Z—Kn
dt

K: tradeoff between estimator convergence speed and noise gain
"Duality” between state feedback and observers

A AT

B« CT

L KT
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Observer form

—al 1 0 bl
WA 01 0 b.2
E— D z + : u

—an1 0 0 1 b1

SR s A11(7 86 b,
y:[l O YA O]z

Gives A — K C a nice structure.
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Feedback from estimated states

z v
-~ <
Process r
< —
) [l —L]|
Yy u - 7
] Observerare
t(t) = A B
proess. ] E(®) = Az(®) + Blu(t) + v(t)]
y(t) = Cz(t) +n(t)

43(t) = AZ(t) + Bu(t) + K[y(t) — C2(t)]

Observer: {
u(t) = —Lz(t) + lr(t)
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Closed loop system properties

Eliminate u and y:

9 2(t) = A(t) ~ BLE(t) + Blu(t) + (1)
%A(t) — AZ(t) — BLE(t) + K[Cx(t) — CZ()] + Kn(t)

Introduce = x —

d [x(t)] B [A—BL BL ] [az(kz)} n [B(u(t)—i—v(t))}
at |z(t)| — | 0  A-KC||Z(k) —Kn(t)

Two kind of poles to the closed loop system:

Process poles: 0 =det(sI — A+ BL)
Observer poles: 0=det(sI — A+ KC)
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Example — Double integrator

A e HE
y = [1 0]:1:

Choose for example

- s —1 _ 2
det(sI — A+ BL) = det [ll s+l2] =s"4+s+1
ie. [y =1,lo =1and
s+ k1

det(sI—A—l—KC’):det[ _sl] =s24+25+4

ko
i.e. kl = 2, ]{22 =4.
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Example — Double integrator cont’d

Process P(s) = 2 with feedback
C(s)=L(sI — A+ BL+KC) 'K
gives closed loop system transfer functions
AL gqe0
[1+}§C 1?5180]
1+PC 1+PC
with Bode’s amplitude diagrams (Gang of Four)

w ﬁ
T
g W
£ W
E
. g\ #\
S w
10
10
10 W o 5 o

quency (ads)
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Integral action - alternative method

Instead of the method in AK (lec9) one can extend the system with a
disturbance model and let the Kalman filter estimate a stationary offset

ISH
e— [~ O

|

Process [« TR
Y

A

.1
Qy V)
| I A—— |

Observer

Y

u:l,«r—Lf—cj
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Integral action - design method

Introduce extended state space vector z. := [ﬂ g

Design Kalman filter for the extended system

. [AB B
e SR VR ey
y:[C O}%

and use control signal

u:l,«r—Lf—cf

It can be shown that this gives integral action in the resulting controller.
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