Systems Engineering/Process control L6

» Linearization

» Feedback systems —an example

Reading: Systems Engineering and Process Control: 6.1-6.2
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Equilibrium points

» Nonlinear process on state-space form:

d
= =

y=g(z,u)
» Process equilibria/stationary points: all points (2, u°) with
f@®u®) =0

that is, all state time derivatives are zero
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Example: Logistic growth model

» Suppose birth rate r = 1, carrying capacity k = 100:

dx T

e I [P

it~ " ( 100) /(@)
» Equilibrium points (f(z¢) = 0):

0 0 _
0 x ' =0

1— ) =
(1-155) =0 = {xo — 100
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Linearization — one variable

Suppose nonlinear system with one (scalar) variable: & = f(z)

1. Find stationary point z° with f(2°) = 0
2. Approximate f(z) with a straight line through x:

daf

L (@) - o)

fz) ~ f(z°)+
—

=0
a

3. Change state variable to deviations Az from stationary point:

Ar =z —2°

4. System can then be written on the form

dA
d—tx ~ alAzx
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Example: Logistic growth model

30

0 50 100
x
> Linearized models:
0 Ax
=0 = TS ~ Az (locally unstable, why?)
0 dAx .
xz’ =100 = v ~ —Ax (locally asymptotically stable, why?)

» For what x values can each linearized model be used?



Linearization — general case

1. Find a stationary point (22, u°) to the system

dx
E = f(a:,u)
Yy = g(x,u)

2. Make a 1st order Taylor approximation of f and g around (z°, u°):

) ~ £ ) + 2 @0 0@ — 2% + 2L (00,0 (u — )
— - Oz U
=0
o) ~ (2, 10) + 29 (29, ) — ) + 29 (2, ) (u — )
- — Oz U

—y0
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Linearization — general case

3. Introduce variables Az =z — 20, Au = v — u® and Ay = y — °

4. The linearized system can now be written on the form

dAx  dv of of 0
W_E_f(x’u) 8;1:( u’) Az +8 (2°,u") Au
A B
dg Jg
0 o 2 (0 0
Ay =glrw) — = 60 u0) At L0 u0) A
e
C D

(Remember: The resulting linear state-space model approximates original
nonlinear model close to the stationary point (g, ug))



Linearization — general case

» Note that f and g can be vectors
» Example: Two states x; and x2, one input u one output y:

[ N
= [a) = (3)

g . 8%1 8%2 g _ ou

ox | 0fs Ofa |’ u | ofs
8.231 8.232 ou

dg dg Og g .

-~ | ==X =L - I

ox Ory Oxo )’ ou 'S scalar




Example: Linearization of conic tank

h
Qut
Suppose that g, is constant. Model:
% = % (@in — qut) = f(h,qin)
y="h = g(h, qin)
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Example: Linearization of conic tank

. Stationary point: f(h,¢2) =0 = ¢ = qu

. Compute partial derivatives:

af 0 0. 0o o af 0 0\ __ 4
%(h s Qin) = _W(hO)S (din = qut) =0 Jqin (", din) = W(h0)2
P 15)

%900 gh) =1 (10, gh) = 0

. New variables: Ah = h — h%, Agin, = ¢in — Q?n, Ay=y—1y°
. Linear state-space model:

dAh 4
at w02 !

Ay = Ah
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Example: Linearization of conic tank

1. Linear state-space model:

dAh 4
O~ s A
at - w(ro)2 !

Ay = Ah

approximates nonlinear model around hy

2. Is the system:

Locally stable

> Locally asymptotically stable
» Locally marginally stable

» Locally unstable

Why?

v
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Feedback systems — closed loop control

setpoint

B

Controller

input

isturbances

Process

measurements

Controller should be designed such that:

v

v

v

v

the closed loop system is stable

measurement signal follows setpoint (servo problem)

disturbances are eliminated (control problem)

the system is insensitive to model errors and parameter variations

too much measurement noise is not feed back to process
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Example: Temperature control

> Energy balance:

T
":” VpCy 8 = qpCy(Tin (1) = T(1))+Q(2)
> Let Ky = 0 T = 4
<——+— Temperatur T
Tl dT(t) + T= KIQ( ) zn(t)
i i > Laplace transform:
Q a.T

T(s) =t (K1Q(s) + Tin(5))

» Linear model: T', Q, T}, denote deviations from a stationary point
» Objective: Keep T' = T using () despite variations in 1%,
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Open-loop system

1+8T1

Response to step disturbance T}, = 1 (suppose @@ = 0):

1 1

G - -
1+ sTy in() s(1+ sTh)

T(s)
T(t)=1—e /N

Stationarity: T'=1
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P control

Tref(s)

Q(t) = K(Ther(t) — T(t)) = Ke(t)
Q(s) = K(Tres(s) — T(s)) = KE(s)
Tin(s)
Q(s) 1 |70
K K 1+ sTy
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P control

T(s)

(s)

Tin(s)

= T )
Ttshr K @Y T T s kR ™

» Pole: 1L KK
+ KK

Ty
» Asymptotically stable if K > —1/K;
KK 1
- T S
K YT TTREK

» Stationarity (s = 0): T Tin
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Simulation of step disturbance

Parameters: T1 =K =1:

Output

Input
e
i
ST

Time
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Pl control

Tref(s)

Q@:KG@+
Q(s) =K <1 + SLTZ
i (s 1) 90

sT;

Ky

% /t e(r) dT)

].+ST1
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Pl control

T(s) = o (T ff D (L) - 7)) + To(s))
) KK (5T, + 1) .

_ T
SPTT, + s(K K + )T, + KK

+ s
82]12} +-8(}<1}{'+’1)2} +-}{1}(

Iyn(s)

» Asymptotically stable if K > —1/K; and KT; > 0
» Stationarity (s = 0): T" = T’
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Simulation of step disturbance

Parameters:

Output

T1:K1:K:1Z

0 5
0 -
I
\'\\ T _Ti=1
-1t ~ _‘_‘ . ____,;__-‘:vz T —
Lo Ty =0.25
T; = 0.04
ot
0 5
Time
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Feedback system poles

Im

x:T; =004 x:T;=0.25

«:T;=1 x:T; — 00
X
|
|
|
|
|
X
|
|
7777x7777
|
|
X
|
|
|
|
X
3 2 -r;l{e 0 1
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Sensitivity to unmodeled dynamics

» Suppose sensor with dynamics T, (s) = ﬁT(s)
Sim
» Closed loop system becomes:
Tin ,,,,,,,,
Tref Q T" '\ T,
K (sTy+1 1 1 ! R
(SST;r S K e ol o eyl S
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Simulation with unmodeled dynamics

Parameters: T, = 0.1, 1 =K1 =K =1

1, ““““““““““““““““““““““““““““““““
0o
T; = oo
-
5
e - T=
= = = .
© T e
0 5
0 4 |
N . Tz:OO .
- N T s =1 B
= . - --di=1 . .
E -1} \‘\_-.\ _____ T T T T
. T1=0.25
9} 4
T; = 0.04
0 5
Time
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Poles for feedback system with sensor dynamics

Im

x:1T; =0.04 x:T;,=0.25
x:T; =1 x: Ty — 00
X
/
/
!
!
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i
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\!
X
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Re
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Simulation of setpoint change, disturbance

Parameters: T=K; =1, K=1.8, T;=0.45:

Output

10
Time
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Sensitivity to parameter variations

» Suppose the gain model K for () is wrong

» We get:

77777777

Lrey ke 9 | T
) (oT:+1) 5 K TTsT, >

» with 8 =0.8,1,1.2
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Simulation with wrong gain

Parameters: T =K,1=1, K =1.8, T;=0.45, +20% change in Q

Output

Input

10
Time
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Poles for feedback system with wrong gain

x:6=08 x:=1 x:=12

Xxx

Im
o

x %X
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Conclusions from example

» We can change the system dynamics with feedback

» Place poles of closed loop system using controller parameters (pole
placement), we want:

> Stability, fast and well-damped responses

» Sometimes, we get a stationary error
» What can be said about stationary errors? — F7

» Unmodeled dynamics and parameter variations affect behavior
» How to analyze closed loop system sensitivity? — F7
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