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Control of Uncertain Constrained
Nonlinear Systems with Barrier
Lyapunov Function
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Objectives

To develop constructive and systematic
methods of designing adaptive controllers for
uncertain constrained nonlinear systems

To provide technically rigorous framework for
the use of Barrier Lyapunov Functions in
ensuring constraint satisfaction

To illustrate practical relevance through an
application study



Barrier Lyapunov Functions



- Barrier Functions
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A barrier function is a continuous function b(x)
whose value increases to infinity as x approaches
the boundary of the feasible region

Constrained optimization problems
— (Nocedal & Wright, 1999)

Collision avoidance problem in robotics
— (Rimon and Koditschek, 1992), (Ge and Cui, 2000),
(Gazi and Passino, 2004), (Do, 2007)
Barrier functions for control
— (Ngo, Mahony & Jiang, 2005)
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— Considered known system in Brunowski normal form 4

subjected to state constraint

— States assumed to be constrained before being
proved so
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Barrier Lyapunov Function (BLF) %NUS

Definition:
A BLFis ascalar functionV (x), defined with Vﬁ‘)
respect to
X=f(x), X(0)e D c R" (1)
on anopenregion D containing the origin, with
the properties:
— continuous, positive definite, and :
continuously differentiable at every point of D
- V(X)>w :
as x approaches the boundary of D, and ;'km 0 kb1§* X

—  V(X(t))<b Vt>0
along the solution of (1), where b is a positive constant.



Technical Lemma 5
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Suppose that there exist continuously differentiable
positive definite functions U:R' >R, andV.: Z. >R,
1=1,...,,n, such that

Vi(z)) >0 as z;—>-k, orz, >k,

7 (Iwl) <Y (w) <7 (w])

where y,, 7, are class K_ functions. Let V =) V,(z,) +U (w).
=1

For initial conditions z;(0) starting from z; e (—k, ,k, ),1=1,...,n,

If the following inequality holds

Vzﬁlhso
0z

then z(t) remains in the open set z; e (—k, ,k, ), Vt €[0, ).




Technical Lemma

Proof Logic:

1) From conditions on h, existence and uniqueness of solution
z(t)isensuredonte[0,z,, ), basedon (Sontag, 1998).

i) FromV < 0, we know that eachV,(z (t)) is bounded for
te[0,7.. ), whichimplies that
-k, <z(t)<k, fortel0,7,,).

i) Finally, show that 7 =o.From the boundedness of V (7 (t)),
we can show that 7(t) belongs to a compact set for t < [0,7., ).
Based on (Sontag, 1998), n(t) is defined for allt € [0,).
Therefore, |-k, <z(t)<k, fort e [0,00).

9
E. Sontag, Mathematical Control Theory. Second edition. Springer-Verlag, 1998.



Control of Output-Constrained
Nonlinear Systems
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Output Constraint Problem  ¢5NUS
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Consider nonlinear systems in strict feedback form

% =0y, (%) +0,(X)%.,,  1=12,..,n-1
X =0"w (X)+g, (X )u
y=X

where

X =[X,%,,...x]" €R' are the states
@ is a vector of uncertain parameters
w, and g, are known smooth functions

u e R is the input, y € R is the output

Control Objectives:
1. Track desired trajectory y, (t)
2. Ensure output constraint| | y |<k, |is met for all time

11
3. All closed loop signals bounded
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A.1l.1. There exist positive constants \_{0,\70, AY,,...,Y. such that
max{Y,,Y,} <A, <k,
-Yy < Yy (1) SY—o
v, Y, .., YP@OEY,

A.1.2. The control gain functions g.(:), 1=1,2,...,n, are known,
and there exists a positive constant g, such that
0<d,<9,0)1, 1=12,...,n
Wi ithout loss of generality, we further assume
that g.(-) are positive.

12



Motivating Example:  Known =2 NUS

Consider the system: V,

X = f,0¢)+ 9. (%)X,
X, = f,(%, %) + 9, (%, X;)u

Step1: Denote z;:=X;-Yy.

Barrier Lyapunov Function candidate:

Design stabilizing function:

& :gi(_ fy _(ké - Z12)’(121 T Yd)
1

P 2 9,Z,7Z,
9V1——K121+ 2 2
by 1




Motivating Example:  Known =2 NUS
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Step 2.
Lyapunov Function candidate:
1, repels z, away
Vo=Vit 27, from barrier

Control law:
1 .

Derivative of V, along closed loop trajectories:

2

; 2

V, = _Z KiZ
i-1

14



Motivating Example:  Known =2 NUS
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Closed loop error dynamics:

: 2 2
Z, = —(kbl — Z; )/clz1 + 0,2,

- 9.4
b_l_ - Zl /

R.H.S. is locally Lipschitz
in the set |z, <k,

Together with \/°2 < O0and |z,(0)| < k,,, we can invoke the Technical

Lemma to show

| Z,(1) |< kbl fort €[0, )

Transform bounds to x, coordinates:
RACINBACIEI FAG]
<A+ kb1
<k~ fortel0,o0)

15
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Step 1: Barrier Lyapunov function candidate
2

k o
Vi =£Iog i +16TF‘16’, where k, =k, —A
Adaptive 2 ky-z 2
Backstepping Step 2 to n: Quadratic Lyapunov function candidates
V.=V, +£zi2, i=2,..,n
2
Design stabilizing functions o , i=1,...,n-1,
control and adaptation laws to obtain
V. <0
: Invoke Technical Lemma to show that |z,(t)| <k,
Constraint
Satisfaction

From Assumption 1.1, it follows that |x,(t)| < k.,
16



Main Results: Symmetric BLF 5 NUS
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Consider the closed loop system under the proposed control.

Given that z,(0) < kbl , we have the results:

1) The signals 2,0 remain in the compact sets:

={z eR": |7, | kblxll—e_zv“, ||Zz;n||3\/2\7n}

Q. =10eR": |é|s(9M+\/ 2, —
i L)

where

2

1
V. =—lo
5 9

n

Z (0)+5 ﬂmax ()

0 22 \9(0)H+9)

i) The output is constrained || Y|< DZl +A < kcl, Vt>0
i) All closed loop signals are bounded

Iv) Asymptotic output tracking |y(t) = y,(t) as t—> 17




Symmetric vs Asymmetric BLFs =2 NUS
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Symmetric

yields smooth stabilizing functions a;, i1=1,...,n

Asymmetric
V, =—q(z,)lo +—(1-9(z))lo :
i IOq(l) gkbf_zlp (1-a(z)) gkaﬁ_lp
0= 1, if0 >0
=0, 0 <o

To ensure differentiability of o, i=1,...,n :
- choose even integer p=n
- careful design of o, and o,

18



Asymmetric BLF-based Design (SNUS
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Stabilizing functions and control law:
1 n
= (A —2) + Q- ) =2z + 3, |

1

1 (g 1.9 ) ..
az—g_z{_fz_’fzzz"'al_[kbf_zlp+kari_zlpjg1z1p }

o =—(-f-xz+d,-0,,2,), 1=3..n

Choosing (eveninteger p>n
odd integer m>max{3,n}

ensures that

(%7, is C™" in the setz, e (K, k, ) 19



Main Results: Asymmetric BLF =2 NUS
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Consider the closed loop system under the proposed control.

Given that —K, <Z,(0) <k,, we have the results:

1) The signals 2,67 remain in the compact sets:

Q. ={Z€ R":-D, <7,<D,, ||22:n||s\/2\7n}

Q,=10eR": |é|saM+\/ 2, -
Ain (L)

where v, = lo kb? ka? D =k (1—e—2\7n )%
n _Bq . —Zp(0)+p( -a)l g —2°(0) =z " b 1
+ Zz 0+ 5 (r-l)(ué(O)H+eM)2 D, =k, (1-e** )"

i) All closed loop S|gnals are bounded

lii) The output is constrained | | y(t) < D, + Ay <k, , Vt>0

iv) Asymptotic output tracking [y(t) = y,(t) as t > 20




Comparison with Quadratic Lyapunov = NUS
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CULICLIVLLS

QLF candidates: V, = ; 27+ ;67 6,

V. =V, +£z +19 r'6, i=2,.,n
2 2
Standard adaptive backstepping (Krstic et al, 1995):

> vn = _Zn: Kiziz
i—1

> 2030 () 0)-a] |

Sufficient initial conditions to ensure |21(t)| <Kk,

|Z.0)] < Jké ~ A (r-l)i(Héi O+ 64 )

2

a2 (A0),
= 21

More conservative than that of BLF-based design: |2,(0)| < Ky,



Numerical Example

. v — 2
Plant: X, = 6,X; + X,

X, = 0,% X, + 0,% + (L+ x*)u z: §>
subject to constraint: z | § >
| X, |< 0.56 @&

Desired trajectory: 04
yq(t) =0.2+0.3sint s = Quadratic
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Numerical Example
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Application Study: Control of
Electrostatic Microactuators
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Electrostatic Microactuator with Bi- = NUS
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mi'+b(|)|'+k|:gA[ Vi W ij;ﬁv
2 | (-2 (1, +0% ) 2

e Parameters unknown
e Track reference trajectory within gap
e Ensure electrodes do not contact (output constraint)

& 25
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Related Works %NUS

Extending travel range

— (Chu)& Pister, 1994), (Seeger & Crary, 1997), (Chan & Dutton,
2000

Nonlinear control of MEMs
— (Zhu et al, 2005), (Maithripala et al, 2005)

Adaptive control of MEMs

— (Shkel et al, 1999), (Park and Horowitz, 2003), (Leland, 2001),
(Piyabongkarn et al, 2005)

Problem of electrode contact is not rigorously treated

R
LT A W
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Future Research

» Different choices of Barrier Lyapunov
Functions

o States Constrained nonlinear systems
* Practical applications

27



* Rigid, Bulky and Heavy

e Steel Cold

28



Modern Robotics

* Intelligent autonomous velicles

o Semi-intelligent autonomaus vehicles= :'ir




Autonomous Robot A1

Social Robotics Lab
MNational University of Singapore
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mask
microphone

1. Mask Diffraction

2. Multiple Sampling

video

1
S.S. Ge, A.P. Loh and F. Guan, Robust Sound Localization Using Lower Number of Microphones, International Journal of Information Acquisition,
2(1), 2005.



INTERNATIONAL JOURNAL OF

SOCIAL ROBOTICS

Editor in Chief: Shuzhi Sam Ge
Co-Editor in Chief, Maja Mataric

-/lwww.editorialmanager.com/soro/



Close Collaborators: CC Hang, T.H. Lee and
Chris Harris, F. Lewis, 79 Canbibihan,

Former Postdoctoral Fellows and Phd Students
Z. Sun, KP Tee, BB Ren, B. How, G. Zhu, 1.
Zhang, C. Wang, F. Hong, Z.P. Wang, Z. L,
C.G. Yang, V. ®Pan, R, L1, ..., for their

contributions .

33



